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SPECTRUM GENERATING ON TWISTOR BUNDLE
THOMAS BRANSON AND DOOJIN HONG

Abstract. Spectrum generating technique introduced by Olafsson, rsted,
and one of the authors in the paper [5] provides an e cient way  to con-
struct certain intertwinors when K -types are of multiplicity at most one.
Intertwinors on the twistor bundle over S S" 1 have some K -types of
multiplicity 2. With some additional calculation along wit h the spectrum
generating technique, we give explicit formulas for these i ntertwinors of all
orders.

1. Introduction

It was shown in [5] that one can construct intertwining operators of princi-
pal series representations induced from maximal parabolisubgroups without too
much e ort when K -types occur with multiplicity at most one. On the di erenti al
form bundle over S S" 1, a double cover of the compacti ed Minkowski space,
someK -types occur with multiplicity two. One of the authors showed that the
spectrum generating technique can also handle this multiptity 2 case provided
that some extra computation is performed.

It is thus natural to do the same thing on general tensor-spiror bundle. In-
tertwinors on spinors like the Dirac operator have eigenspees with multiplicity
one overS! S" land explicit spectral function was given in [7]. On twistors,
however, the eigenspaces of the intertwinors including Rara Schwinger operator
have multiplicity two on some K -types. In this paper, we present the spectral
function for these operators.

We brie y review conformal covariance and intertwining relation (for more de-
tails, see [2], [5]).

Let M be an n-dimensional spin manifold. We enlarge the structuregroup
Spin(n) to Spin(n) Rs in conformal geometry. (V( ); ") are nite dimen-
sional Spin(n) R.: representations, where ¥ ( ); ) are nite dimensional rep-
resentations of Sping) and "(h; ) = ' (h) for h 2 Spin(n) and 2 R..
The corresponding associated vector bundles ar®¥/( ) = Pgpin(n) V() and
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V() = Pspin(ny r. V() with structure groups Spin(n) and Spin(n) R..
r is called the conformal weight of V'. Tangent bundle TM carries conformal
weight 1 and cotangent bundleT M carries conformal weight +1. In general, if
V is a subbundle of TM) P (T M) 9 ( M)" ( M) S thenV carries
conformal weight g p, where M is the contravariant spinor bundle.

A conformal covariant of bidegree @; b) is a Spin(n) R. -equivariant di erential
operatorD : V'( ) ! VS( )which is a polynomial in the metric g, its inverseg !,
the volume elementE, and the fundamental tensor-spinor with a conformal
covariance law

12Cc*(M); g=¢e*g; E=e"E; ~=e' ) D=e ™D (&¥);

where (e ) is multiplication of € .

Given a conformal covariant of bidegree §;b), D : V' ( ) ! VS( ), we can
assign new conformal weights to geD : Vro( ) ! VSO( ) whose bidegree is then
(a r%+ b s+ s). Calling this D again is an abuse of notation. Ifr°=r + a
ands®= s+ b, then D : V'*3( )| Vs*B( ) becomes conformally invariant and
we call @+ r;b+ s) the reduced conformal bidegree oD. To see how conformal
covariants behave under a conformal transformation and a coformal vector eld,
we recall followings.

A dieomorphism h : M ! M is called a conformal transformation if h
g = € ng, where \ " is the natural action of h on tensor elds; in particular,
h = (h %) on purely covariant tensors like g. A conformal vector eld is a
vector eld X with Ly g=2!xg for some! x 2 C' (M). A conformal covariant
D :VO()! VO ) of reduced bidegree §; b) satis es

D(¥rh ')=€"rh (D()) and D(Lx +alx) =(Lx + blx)D':
forall' 2 (VO()). Thusif D :V'( )! VS( ) of reduced bidegree §;b), then
(1.2) D(Lx +(a r)'x) =(Lx +(b s)!x)D

for' 2 (V'())and D" 2 (V3()).
Note that conformal vector elds form a Lie algebra o(M;g) and give rise to
the principal series representation

U, :cM;g)! End( Vo)) by X 7'Lyx +aly:

So a conformal covariantD : V" ( ) ! V3( ) of reduced bidegree §; b) intertwines
the principal series representation

DUa rI = Ub le
for' 2 (V'())and D" 2 (V3()).

2. Spinors and twistors

Let M = S S" 1 n even, be a manifold endowed with the Lorentz metric
dt2 + gsn 1.
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To get a fundamental tensor-spinor for M from the corresponding object
onS" 1 let

and
o_ 01

10

Since M is even-dimensional, there is achirality operator \ , equal to some
complex unit times °~s, where

N s O .
S 0 s ’
s being the chirality operator on S. The chirality operator is always normalized

to have square 1; thus ( s)? and (~s)? are identity operators, and since © ° =1,
we have ( °~5)2 = 1. As a result, we may take

1 o_ .
M = S-
A spinor on M can be viewed as a pair of time-dependent spinors o8" !;

ie., ; where' and are t-dependent spinors onS" 1: But by chirality
consideration ([6]), we get = 1 spinors:
. _P—
_ = 1
Recall that twistors are spinor-one-forms  with = 0. Given a chirality

, a twistor is determined by a t-dependent spinor-one-form ; on S" ! via

= d~r  ° o+ 1
0 j
where L p_l-'
] - p_kl'
0o = 15
o = Kk

Let ; be a spinor-one-form onS" *: Then, it can be written as

1 1 i
22) P= 0 =g PO g T E g
where is a spinor and ; is a twistor on S" ! since I(;+ L-; 1) =0:1t
turned out ([6]) that we can Hodge decompose the twistor bunde over the sphere

so that a twistor ; can be written as
PET oA )
whereT; :=r; + ;D (hereD is the Dirac operator on the sphere) is thej -th

component of the twistor operator applied to a spinor and j is a spinor-two
form with ' j =0.
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Therefore, a twistor on M can be decomposed as follows:

(n ]FP p_]., + 0 p_lTi
(n 1) _1 i 0 Ti
p__ .
|-
(2.3) + 8 rjl_r_ io=hi+f oge[ ]
ji

for some spinors , and some spinor-two form .

3. Intertwining relation on twistors

Let us briey review some standard materials on the conforma structure on
the manifold S S" 1. Let G = Spiny(2;n) and P the maximal parabolic
subgroup for which G=P is the 4-fold cover of the compacti ed Minkowski space
(St s" 1)=z,, where the Z, action comes from the product of antipodal maps
on St and onS" 1. G’=P’, where G’ = SO,(2;n) and P?its maximal parabolic
subgroup, is the double coverst S" ! of (S! S" 1)=Z,. Then G=P is the
double cover ofSt  S" ! obtained from the standard covering ofS! factor. The

Lie algebrag can be realized in homogeneous coordinates (1;:::; n) ([1, 9]):

L =" @ " @ ; = 1L::;n;
where@ = @=@, and " ;= "g=";1= =", =1. The L 1, generates
SO(2) group of isometries and theL  for ; = 1;:::;n generate SOQ) group

of isometries. If g = k+ s is a Cartan decomposition ofg, then k corresponds to
the so(2) so(n) and s corresponds to theproper conformal vector elds:

L, g=2! g; with! 60;

where L denotes Lie derivative. So they are just the ones with mixed ndices:

L for 1 0< n. Let t be the angular parameter onS* so that
1 =cost and o =sint. And set , = cos and complete a set of spherical
angular coordinates (; 1;:::; n 2)onS" !sothat @ isgss :-orthogonal to the

@, . Then we get a typical conformal vector eld T and its conformal factor $ :

L 1.n =cos sint@+costsin @ =T
I 1, =costcos = $:
Let A = Ay be an intertwinor of order 2r. That is, an operator satisfying the
intertwining relation ((1.1), [2, 3, 5])
n
2

(3.4) A I+ rS = i+ ooer S A

where 7 is the reduced Lie derivative On a tensor-spinor with tensor

p
q
content, this is

Cr=Lr+(p 9$:
So here (with only 1-form content), itis Lt $. Note that we are using the
convention where spinors do not have an internal weight; otlerwise the spinor
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content would in uence the reduction.
Since intertwinors change chirality, we want to consider anexchange operator

E:= °((@"(dt)y "(dt) (@)
a1 2'(dt) (@) ;

where is the interior multiplication and " is the exterior multiplication. It is
immediate that E? = Id. Because of the © factor, E reverses chirality. To see
that E takes twistors to twistors, note that, for a twistor ,

(@"(dt)y "(d)(@): 7 2 %o

Thus
(E) = o( 2 99
= 299 2 0 g+2 0 %5
00
1Lty otz 0
2 9 1
:O;
as desired.

We want to convert the relation (3.4) for EA. So we will eventually needL 1 E.
We have:
LrE=Lrf (d)1 2'(dt) (@)9
f$ (d)+ (dTt)gd 2'0o)

2 %f(dt) ((T; @)+ "(d(TY) (@)g:

But
Tt=cos sint;
d(Tt)= sin sintd +cos costdt;
[T;@ = cos cost@ +sintsin @ :
This reduces the above to

LtE =sint (d')1 20 2sint °("° (Y)+ "(d!) o)

(3:5) =sintsin f 1 2095 279", "l

By Kosmann ([8], eq(16)), the Lie and covariant derivativeson spinors are related
by

Lx I x = M @Xg ®P°= §(dX)a 2 °:
Note that
T, = cos sintdt +costsin d;
dT; =2sin sintd ~ dt:
and

ds = T[;R ;
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where [;R is the musical isomorphism in the \Riemannian" metric. According to
the above,

1 . .
(3.6) Lt r 1= 5 sin sint * ©

on spinors.
On a 1-form
Ly r 1):;Xi=h;(Ly r 1)Xi;

sinceLt r 7 Kills scalar functions. But by the symmetry of the pseudo-Riemannian
connection,

[T;X]r X =71 xT:
We conclude that

(Ly r 1) =h;rTi;
where in the last expressionh; i is the pairing of a 1-form with the contravariant

1
part of a -tensor:

1
(Lr r 1)) = T
Combining this with what we derived above for spinors (3.6),for a spinor-1-form
, we have
1. :
(Ly r 1)) = r T 5 sin sint 1 ©

But r T a priori has projections in 3 irreducible bundles, TF$, ©, and 2 (after
using the musical isomorphisms). By conformality, the TFS part is gone. We
expect a © part, essentially $ . We also found the 2 part above,

dT; =2sin sintd ~ dt:
More precisely, tracking the normalizations,
1
(rT) =0T ) +(r T 1=(8g + 5dT)
Now note that
1
r T =$%g + 5((dT[) ")

=5+ (T P+ (AT )

=$ + %(( 2sin sint"® 1 +2sin sint'! 9))

=$ sin sint(("°* "19))
=% sin sint(("o 1t "1 0))
As a result,
Lt r 1=% sin sint 2 1 0+"0,+"1,

$ sin sintP
% P
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and

Ly r =P
An explicit calculation using (3.5) gives

(LyE)E= 2P:
Since E? = Id, we conclude that

LtE= 2PE:

With the above, the intertwining relation for EA becomes
r+ 5+r $ EA =E L7+ S+r $ A+(LTE)A
=EA 7+ 5 r $ 2P EA,;

so that, with B = EA,

BrT+E r$ P = rq+ Tirs+pP B:
2 2
To see whatP does, let us de ne two convenient operations.
="
7 TN Y
] u= 1 i J
whereu= k .
Note that
eﬂ)a u i _p 1 u
e - 7 7P -
! U=p 1 j u=p 1
i 0 "1y i p_—
| _ P "ly= .
T P 9t u= 1
As for the "9 1 term, anything in the range of "° has aslot of 0.
Finally,
P— p—
;7 U i= 1o 01 p =
u= 1 j 10 u= 1 i
_p -1 1 _p 1
_ u= 1 b 7I1 u= 1 ip
u = 1 tu y=1
So p__ p__
slot Pexpa: ;70 3 ;= "1 ("tuy= 1
- (111 = (L1 4 1)-
p—=(z =+ (")) =z * i jru):
Up to a factor of a complex unit, slot P expa is
1
é 1 j + i 1 k Ko

We can also get this expression by successively taking the gonutator of $ with
@ and the operator D de ned by

1
slot Dexpa : j 7! >
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That is, p__
P= 1[@;[D;$]]:

Recall that P =sin sintP .

After some straightforward computation, we get the block matrix for D relative

to the decomposi(t)ionfh i;f g;[ ]g(2.3) as follows.

n+1 n 2 n 2 ., 0 1
2(n 1) 4 (n 1)2
2(n 1) L ’
0 0 EL

whereJ andJ are the Dirac eigenvalues of and onS" !, respectively andL
is the Rarita-Schwinger eigenvalue of [] on S" 1.
The spectrum generating relation takes the following form:

[N;$1=2 rT+%$ ;

wherer ‘Rr := N is the Riemannian Bochner Laplacian. Therefore the relatio
(3.4) becomes

(3.7)
B SINS] 8 U I@Dis] = SINsI+rs + | L@Dis]) B:

As explained in detail in ([3]), the recursive numerical spetral data come from
the compressed relation of the above.

4. Projections into isotypic summands
Let us denote theK = Spin(2) Spln(n) type with highest Welght as follows:
V(i t+ gl dis)=(f) (12+q,%;::"§ ?

n=2 entries

wherej 2 % +qg+N,"= 1,g=00r1, and (f) is a Spin(2)-type generated by
the function e 1 on S? factor.

Proper conformal vector elds and corresponding conformalfactors map such
a K -type to a sum of di erent K -types under the classical selection rule ([3]).

Consider a spinor . Since' = = p_l, we have

0 —
= _P—

Here denotes a top entry that is computable from the bottom entry, but whose
value is not needed at the moment.
In addition,

sint = . = ;
sint [@; cost]
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Proj! . sin = . ;
H 1 — — .
sin = . = ;
sin 1 [D; cos ]
Projdsin 1 = A = . ;
Ib Proj2sin 1! (Jp Ja)cos jd
where D = 'r; is the Dirac operator on S" 1, a and b (resp., f and f9 are

abbreviated labels for the Spinf)-types (resp., Spin(2)-types) in question andJ,
(resp., Jp) is the Dirac eigenvalue ona (resp., b).

For the compressed relations o = cost cos between Cli ord range part, twistor
range part, and divergence part (2.3), we note that cos is the conformal factor
corresponding to the conformal vector eld sin @ on S" . Cliord range piece
is essentially spinor onS" ! while twistor range piece and divergence piece are
twistors on S" 1. So, for example,$ hi is a sum of Cli ord pieces only. Thus we

have: O 1 0 1 0o 1
hi Wi L
$@0A=@ o0 A7.@ o A
0 % 1 0 OO 1 0 OO 1 0 1
48 $@fgA=@jsjif gA=@ciisjgA 7T @crgA
0 i$ jf i$jf []
0o J1 0 9 0o g

$@0A=@jsj[]A TV @1 gA .
[] 1$il ] [~

where C is a quantity we will compute in the following lemma.

Lemma 4.1. Let =V (f;];
1. Then we have

N[

" . n0 "
;Y5 and =V (F%i%3 4,5, =

i $jf g=20Cafi $j g;
where
1 1, 1 Jpda  n(n 1)

e _Jb + — ;

(T T) 2 2 1 4
Ja (resp., Jp) is the Dirac eigenvalue on Spiiin)-type at  (resp., Spin(n)-type at

), b(T T) is the eigenvalue ofT T on Spin(n)-type at , and T is the twistor
operator (with adjoint T ) over S" 1.

Cha =

\H

Proof. It su ces to show that
jol jaT = Cpa T(jo! ja );
where! =cos . Let D be the Dirac operator onS" . Then

[D2;1]1 =[r r;!'] by Bochneridentity
=(r r!) 2r%ry, =(n 1) +2sin r
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Also
T(CT) =71 i(¢r; +-11 D)
=sin ry +!r r + t-sin ;D LoD 2
1% (nowy o+t p2 DAy 1np D
n—ll!D 2 py the above and Bochner identity
ip?( )+ 4ib2 L.p(ep ) oDy

Therefore
. 1 o
| = - |
jo! jaT T T T)T 1(Jb. JaTl) ) o 1
nn
=T —— __ 232+ 232 _—_ b S A T
T Ty 20t pla gpdda gz vl

Remark 1. Eigenvalues ofD and T T onS" ! are known due to Branson ([4]).

With the above (4.8) at hand, we get
4.9 0 1
(Dyy D gy
i [D:$1 hi= (D) CoaDy)f g X ; Where
0 D xl ] 1
(CbaDy, D 15)h-i e
j [D;$] f g= %) Cba(Dy, D ,)f~g K : where f~g__.J $.J g : and
Do D [1=]%)jfg
o (Ds D ]
D,,hi -
. _ f g=
(D33 D 33)[~]
Here we use subscripts to refer to the speci c entries of thé and superscripts to
indicate where these entries are computed.

Let us now consider the compressed relation of (3.7) betweeN -types related
by the selection rule.

hi=j$jhi
[1=i8ifg’

Case 1: Multiplicity 2 $ 1

_ B _ o
_V(f’J’Z' '2'2)$ _V(f lJ!

Note that the operator B in block form looks

NI w
NI =
|

0
By Bz O
B = @ le Bzz 0 A .
0 0 Bass

With
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and (4.9), we get ! transition quantities
B B A A
! : 11 12 1 -B 1 and
B,; B, E ¥ E*
B B
| A E 11 12 =B A E+ :
2 BZl BZZ 3 2
where

Ar:=(f f9Dy,;
Az:= (f f9Dy;

E = 3(f2 f®)

r+(f 9Dy D g);

. 2
E =512 1% Do S+r (f 19Dy D g):

In particular, we can write all 2 2 entries of B in terms of B,; and Bg;:
B11 =(E Bz A2Bg3)=As;

(4.10) By, = Ai1B,;=Az; and
By =( A1By + ETBy3)=E

Thus if we can expressB,, in terms of B 55, we can completely determine all entries
inthe 2 2 block.

Case 2: Multiplicity 2 $ 2
1

)
=V 3

= V f . g - - e e .
( 1]1 21 il 21 2 21 il 21 2)
Here we have
iNj =f® £2+32 J2:
So using (4.9), we ge't the transition quantities
Bll BlZ Fl G2 - F1+ GZ Bll BlZ .
(4.11) = v ;
By, By G1 CuaF, G1 CraF; Bai Bz
where

From 5% 12+ 208 3D 1+ (10 1Dy D 1);
Fi= (0% 19+ 202 9+ 1 (10 £)(Dy D p);
Fp = (1% 19+ 202 92) 1+ (10 1)(Dy D );
Fi= (0% 1294 (02 3+ 1 (1% f)Dy D )
Gy:=( f% f)D, CpaD,); and

Gp:= ( f% f)(ChaDy, D 15):
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Therefore we get determinant quotients ofB on multiplicity 2 part.
Note the following diagram of reachable multiplicity 2 isotypic summands from

V (f;j; & ;3 3) under the selection rule:

vV Lj+1:d 513 vV (F+Lj+1L0 549)
- %
. &

VI L L3 379) VFE+Li L3 i35

The determinant quotients corresponding to the above diagam are:

@12 1
( f+J+1 + r+ E )( f+I+l++ 1+ ) (f+J+1 +or 5 )(f+J+1++ r z )
(f+3+1 roy )( f+I+ls roy ) (f+a+a +5 )(f+I+1+ r+5 )
(+h wrt ) feder rta) (43 e et a)(ider re )

f+l r+t J)( f+ 3+ ret ) (F+3% roa)(F+ie 0 D)
(fF 31 +r ) f 34+ o5 ) (f 3+ 4y ) J+les oty )
(1t Ja+n r+x ) f J+e re i) (F oI+ roz )(F are o 3)

whereJ = "J,.
And these data can be put into the following Gamma function expression:
1 FE+I+r ) (f+I+r+3)

4 1 +3 r+3) (f+3 r 3)

IE+Jd+2+r1 3) (f+J3+2+ 71+ 3)
If+3+2 r+3) I(F+3+2 1 3)

Case 3: Multiplicity 1 $ 1

1." — 0.'03.1. .1."0 .
A A _V(f1J 2121 1212)'

Again we have
jNj =f2 f®+ 02 Jf:
And the transition quantities are
(4.13) BysP = P'Bgs;
where
P =2(f2 f®+ 102 J2) r+(f f9Ds D 53) and
P* = 3(f2 %)+ 308 I)+r (f f9(Dg D g):
The diagram of reachable multiplicity 1 isotypic summands fom
3.1 1"

vV (f;]; 505 ,5,5)
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under the selection rule looks:

vV Li+1:5L Ly V(IE+Lj+1:55 157)
- %

VAGEEESHE S TS HI ) bV (LR 5 )
. &

Ve L 1%L 5L VE+L L35 53

And the eigenvalue quotients are:
0

f+J+1+r+ f+J+1+r

2 2
f+J+1 r 5 f+J+1 r+5
f+l+r "7 f+l+r+" ] _
f+3 r+" ] f+2 r "3 ’
f oJ+l+r 5 f J+l+r+5
f o J+1 r+5 f J+1 r

whereJ = "J,.
Thus, following the normalization on the multiplicity 2 par t, we get the spectral
function on the multiplicity 1 part:
(4.14)
" 1 " 1 "
Z(rf3 "= 5 i(f+‘]+1+r z) f(f+‘]+1+r+?)
sF+J+1 r+5) s(fF+J3+1 1 3)

In particular,

1..."_} ll_}p_' PO T TR
Z(zf3 = 3 )= L1eigERikI; )

where ER is the exchanged Rarita-Schwinger operator.

5. Interface between multtiplicity 1 and 2 parts
Consider the following diagram:

1=V iy L) L =V (F+1j+1:3 555
| |

1=V (E+L0 55 i59) 2=V (Fii+1:3:5 39t
Then (4.11) reads
B 2M1= M3B *:
So

deth

detB *:
detM 1

detB 2 =
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deth

detM 1
From (4.10), we get a relation betweenB;, and Bs3:

Note that

is a determinant quotient computed in (4.12).

B B
det Bi BZ = BB BB
1
= ———Bs3 BysAET  (E ET + A1A)Bn
AsE

We can also compare (21) entries of both sides in (4.11). Applying (4.10) and
(4.13) to the both relations, we can nally write B»; in terms of B3z with a \big"
help from computer algebra package.

2 2 block on
T
V (f 1]1 éy ) 21 2)
in terms of (3;3)
.31 1"
15 21 L
V (f 11]1 21 ’ 121 2)
is:
0 4C1C2 2(n 2) C5C2
(n 1)C3C4 (n 1)2C3C4 . -7 My
615 © 0 D L ity " e R z@rif+1:3 ")
C3C4 (n 1)C1C3C4 C1
where

Ci=2fn 2 2n+1+ n?+2m 2r 2 J,;
Co=2fr + Jg;

Cz3=n 1+2r;

Ca=(2f +2r +2 J)@2f +2r + 2Ja);
Cs=(n 1+2J)(n 1 23,); and
Ce=2fn 2f 2n+1+n? 2rn+2r+2 J,:

Remark 2. In particular, if r = % and (3; 3) entry
P P1

of the exchanged Rarita-Schwinger operator is put into the &ove formula, we
recover the other 2 2 entries

0 n 2p_1 f+n+1 . P (n D(n 2) n 2‘]2 1
% n n 1 n(n 1) 4 n 1 K
1 P D 3Py

n 1

of the operator ([7]).
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