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GEODESIC GRAPHS ON SPECIAL 7-DIMENSIONAL
G.O. MANIFOLDS

ZDEN �EK DU �SEK AND OLD �RICH KOWALSKI

Abstract. In [3], the present authors and S. Nik�cevi�c constructed th e 2-
parameter family of invariant Riemannian metrics on the hom ogeneous man-
ifolds M = [SO(5) � SO(2)]=U(2) and M = [SO(4 ; 1) � SO(2)]=U(2). They
proved that, for the open dense subset of this family, the cor responding Rie-
mannian manifolds are g.o. manifolds which are not naturall y reductive. Now
we are going to investigate the remaining metrics (in the com pact case).

1. G.o. spaces and geodesic graphs

Let G � I (M ) be a connected Lie group which acts transitively on a Riemannian
manifold M and let o 2 M be a �xed point. If we denote by H the isotropy group
at o, then M can be identi�ed with the homogeneous manifoldG=H. In general,
there may exist more than one such groupG � I (M ). If, for example, we take a
connected Lie groupG0 such that G 6= G0 � I (M ) and G0 also acts transitively on
M , then there is another expression ofM asG0=H0 (where H 0 is the new isotropy
group).

For any �xed choice M = G=H, G acts e�ectively on G=H from the left. The
Riemannian metric g on M can be considered as aG-invariant metric on G=H.
The pair (G=H; g) is then called a Riemannian homogeneous space. Such space is
always a reductive homogeneous spacein the following sense (cf. [5]): we denote
by g and h the Lie algebras of G and H respectively and consider the adjoint
representation Ad: H � g ! g of H on g. There exists a direct sum decomposition
(reductive decomposition) of the form g = m+ h where m � g is a vector subspace
such that Ad(H )(m) � m. For a �xed reductive decomposition g = m + h there
is a natural identi�cation of m � g = TeG with the tangent space ToM via the
projection � : G ! G=H = M . Using this natural identi�cation and the scalar
product go on ToM we obtain a scalar product h; i on m. This scalar product is
obviously Ad(H )-invariant.
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De�nition 1.1. A Riemannian homogeneous space (G=H; g) is said to be natu-
rally reductive if there exists a reductive decompositiong = h + m of g satisfying
the condition

(1) h[X; Z ]m; Y i + hX; [Z; Y ]m i = 0 for all X; Y; Z 2 m:

Here the subscript m indicates the projection of an element ofg into m.

It is also well-known that the condition (1) is equivalent to the following more
geometrical property:

(2) The curve exp(tX )(o) is a geodesic for allX 2 m:

De�nition 1.2. Let (M; g) be a homogeneous Riemannian manifold. Then (M; g)
is said to be naturally reductive if there is a transitive group G of isometries for
which the corresponding Riemannian homogeneous space (G=H; g) is naturally
reductive in the sense of De�nition 1.1.

Examples are known such thatM = G=H is not naturally reductive for some small
group G � I 0(M ) but it becomes naturally reductive if we write M = G0=H0 for
a bigger group of isometriesG0 � I 0(M ). By the straightforward generalization of
the property (2) we get the following de�nition.

De�nition 1.3. A Riemannian homogeneous space (G=H; g) is called a g.o. space
if each geodesic of (G=H; g) (with respect to the Riemannian connection) is an orbit
of a one-parameter subgroupf exp(tZ )g; Z 2 g, of the group of isometriesG. A
homogeneous Riemannian manifold (M; g) is called a Riemannian g.o. manifold if
each geodesic of (M; g) is an orbit of a one-parameter group of isometries.

For more information about the relation between naturally r eductive spaces and
g.o. spaces and also for the references to related topics see[3].
Our technique used for the characterization of Riemannian g.o. spaces and g.o.
manifolds is based on the concept of \geodesic graph". The original idea (not
using any explicit name) comes from J. Szenthe [9].

De�nition 1.4. Let (G=H; g) be a g.o. space. A vectorZ 2 g is called ageodesic
vector if the curve exp(tZ )(o) is a geodesic.

De�nition 1.5. Let (G=H; g) be a g.o. space andg = m + h an Ad(H )-invariant
decomposition of the Lie algebrag. A (general ) geodesic graph is an Ad(H )-
equivariant map � : m ! h which is rational on an open dense subset ofm and
such that X + � (X ) is a geodesic vector for eachX 2 m.

On every Riemannian g.o. space (G=H; g) there exists at least one geodesic graph.
The constuction of the canonical geodesic graphand general geodesic graphsis
described in details in [3], [6], [7]. The components� i of a geodesic graph are
always rational functions in the form � i = Pi =P, wherePi and P are homogeneous
polynomials (of the coordinates onTo(M )) and deg(Pj ) = deg(P) + 1. The degree
of a geodesic graphis de�ned as the degree of the denominatorP in the situation
when Pi and P are relatively prime.
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De�nition 1.6. If ( M; g) is a g.o. manifold, then the degree of (M; g) is the
minimum of degrees of all geodesic graphs (either canonicalor general ) constructed
for all possible g.o. spaces (G=H; g) where G � I 0(M ) and M = G=H.

According to the results of J. Szenthe, the degree of (M; g) is zero if and only
if (M; g) can be made a naturally reductive space (G=H; g) for a suitable choice
G � I 0(M ).
For the examples of geodesic graphs of various degrees ve refer to [6], [7], [1], [2].
The systematic description of temporary results was given in [3].

2. G.o. spaces in dimension 7

First, let us quote explicitly the main result of [3], Proposition 1.6.

Proposition 2.1. On a homogeneous spaceG=H = (SO(5) � SO (2))=U(2) (or
G=H = (SO(4 ; 1) � SO (2))=U(2), respectively) there is a family f gp;qg of invariant
metrics depending on two parametersp > 0, q > 0 (or p > 0, q < 0, respectively)
with the following properties:

(A) If p, q satisfy the system of inequalities

p 6= 2 ; q2 6= 4 p2 1 � p
2 + p

; q2 6= 2 p3 6 � p
3p2 + 4

; q2 6= p2;(3)

then G is the maximal connected group of isometries of(G=H; gp;q ).

(B) If p, q satisfy the inequality p 6= 1 , then (G=H; gp;q ) is a Riemannian g.o.
space which is not naturally reductive; forp = 1 it is naturally reductive.

(C) If p; q satisfy the inequalities

p 6= 2 ; q2 6= p2(2 � p) ; q2 6= 4 ( p � 2)2;(4)

then (G=H; gp;q ) is locally irreducible.

(D) The group SO(5) (or SO(4; 1), respectively) acts as a transitive group of
isometries on (G=H; gp;q ) but the corresponding Riemannian homogeneous space
(SO(5)=SU(2); gp;q ) (or (SO(4; 1)=SU(2); gp;q ), respectively) is never a g.o. space.

Let us recall the construction of the examples in [3] at the Lie algebra level. Letm
be a 7-dimensional vector space with the (positive) scalar product h; i . Choose an
orthonormal basis (E1; : : : ; E4; Z1; Z2; Z3) in m. We denotev = span(E1; : : : ; E4),
z = span(Z1; Z2; Z3) and thus m = v+ z. Further we denoteA ij (for 1 � i < j � 4)
the elements ofso(v), B �� (for 1 � � < � � 3) the elements fromso(z) and Ci�

(for 1 � i � 4 and 1 � � � 3) the elements fromso(m) with the corresponding
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action given by the formulas

(5)

A ij (Ek ) = � ik E j � � jk E i ;

B �� (Z 
 ) = � �
 Z � � � �
 Z � ;

Ci� (E j ) = � ij Z � ; Ci� (Z � ) = � � �� E i

(for i; j; k = 1 ; : : : ; 4 and �; �; 
 = 1 ; : : : ; 3) :

We consider now the algebrah = span(A; B; C; D ) ' u(2), where

(6)

A = A34 � A12 ;

B = A13 + A24 ;

C = A14 � A23 ;

D = 2 B12 + A14 + A23

and we put g = m + h. Now we de�ne the Lie algebra structure on g by the
additional relations

[E1; E2] = p(Z1 � A) ; [E2; E3] = qZ3 � pC ;

[E1; E3] = p(Z2 + B ) ; [E2; E4] = � p(Z2 � B ) ;

[E1; E4] = qZ3 + pC ; [E3; E4] = p(Z1 + A) ;
(7) [Z1; Z2] =

2q
p

Z3 ; [Z2; Z3] =
2p
q

Z1 ; [Z3; Z1] =
2p
q

Z2 ;

where p and q are the parameters satisfyingp > 0, q 6= 0 and p 6= jqj, and by the
adjoint action of the elements from z on v given by:

(8)

ad(Z1)jv = ( A12 + A34) ;

ad(Z2)jv = ( A13 � A24) ;

ad(Z3)jv =
p
q

(A14 + A23) :

If we denote bg = span(m; A; B; C ), then for q > 0 the algebrabg is isomorphic to
so(5) via the map ' : bg ! so(5) given by

' (E i ) =
p

2pAi 5 for i = 1 ; : : : ; 4 ;

' (Z1) = A12 + A34 ; ' (A) = A34 � A12 ;

' (Z2) = A13 � A24 ; ' (B ) = A13 + A24 ;

' (Z3) =
p
q

(A14 + A23) ; ' (C) = A14 � A23

and for q < 0 the algebrabg is isomorphic to so(4,1). Since the vectorZ3 � p
q D is

the central element in g, the algebra g is isomorphic to so(5) + so(2) for q > 0 or
g ' so(4; 1) + so(2) for q < 0.

We can choose for the corresponding Lie groupsG = SO(5) � SO(2), H = U(2)
or G = SO(4; 1) � SO(2), H = U(2). Because the decompositiong = m + h is
Ad(H )-invariant, we obtain a G-invariant Riemannian metric gp;q on M = G=H
which comes from the inner product h; i on m. We use the symbolh; i also for
the scalar product (gp;q )o on ToM and the notation (5) also for the corresponding
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operators onToM .

In [3], the curvature tensor and the Ricci form of the spaceG=H was computed.
Using the notation

r =
1
4p

(p3 � 4p2 + 2 q2) ; s =
1
p2 (3q2 � 4p2) ;

t =
1
4

(p2 � q2) ; u =
1
4

q(p � 2) ;

v =
3
4

p2 � 2p ; w =
3
4

q2 � 2p

the components of the curvature operator are

(9)

R(E1; E2) = vA12 + tA 34 + 2 uB23

R(E1; E3) = vA13 � tA 24 � 2uB13

R(E1; E4) = wA14 � 2tA 23 + 2 rB 12

R(E1; Z1) = � 1=4p2C11 � uC33 + rC42

R(E1; Z2) = � 1=4p2C12 + uC23 � rC41

R(E1; Z3) = � 1=4q2C13 � uC22 + uC31

R(E2; E3) = � 2tA 14 + wA23 + 2 rB 12

R(E2; E4) = � tA 13 + vA24 + 2 uB13

R(E2; Z1) = � 1=4p2C21 + rC32 + uC43

R(E2; Z2) = � uC13 � 1=4p2C22 � rC31

R(E2; Z3) = uC12 � 1=4q2C23 � uC41

R(E3; E4) = tA 12 + vA34 + 2 uB23

R(E3; Z1) = uC13 � rC22 � 1=4p2C31

R(E3; Z2) = rC21 � 1=4p2C32 + uC43

R(E3; Z3) = � uC11 � 1=4q2C33 � uC42

R(E4; Z1) = � rC12 � uC23 � 1=4p2C41

R(E4; Z2) = rC11 � uC33 � 1=4p2C42

R(E4; Z3) = uC21 + uC32 � 1=4q2C43

R(Z1; Z3) = � 2uA13 + 2 uA24 � q2=p2B13

R(Z1; Z2) = 2 rA 14 + 2 rA 23 + sB12

R(Z2; Z3) = 2 uA12 + 2 uA34 � q2=p2B23 :

The components of the Ricci form (which are also the components of the corre-
sponding Ricci operator) are given by the diagonal matrix � , where

(10) diag(� ) = ( � 1; � 1; � 1; � 1; � 2; � 2; � 3);
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and the only (multiple) eigenvalues � i of the Ricci operator are

(11) � 1 = 6 p � p2 �
1
2

q2 ; � 2 =
p4 + 4 p2 � 2q2

p2 ; � 3 =
q2(p2 + 2)

p2 :

One can easily check that the inequalities (3) correspond tothe condition of dis-
tinct Ricci eigenvalues� 1, � 2, � 3. We are now going to study the other possibilities
for the eigenvalues. These are:

Case 1: � 1 6= � 2 = � 3. This is satis�ed if q = � p.

Case 2: � 2 6= � 1 = � 3. This is satis�ed if q2 = 2 p3 6� p
3p2 +4 .

Case 3: � 1 = � 2 6= � 3. This splits into
Subcase 1:q2 = 4 p2 1� p

2+ p ,
Subcase 2:p = 2.

Case 4: � 1 = � 2 = � 3. This splits into
Subcase 1:p = 2, q = � 2,
Subcase 2:p = 2 =5, q = � 2=5.
This is the special situation of the previous cases.

We are now going to �nd the maximal isometry groups in these cases, and if
the group is bigger than that considered in [3], we compute geodesic graphs with
respect to this group. For the sake of brevity, we shall consider further only the
compact case. The calculations for the non-compact case areanalogous.

3. New computations for the compact case

Case 1: � 1 6= � 2 = � 3, p = q.

For the eigenvalues of the Ricci operator it holds

(12) � 1 = 6 p �
3
2

p2 ; � 2 = � 3 = p2 + 2 :

First we �nd the maximal isotropy algebra h. We are going to �nd the necessary
condition for the skew-symmetric operatorD on ToM to preserve the eigenspaces
of the Ricci operator and to satisfy the condition D � R = 0.

To preserve the eigenspaces of� , the operator D should be of the form

(13) D =
X

1� i<j � 4

aij A ij +
X

1� k<l � 3

bkl Bkl :

The condition D � R = 0 can be rewritten explicitly in the form

(14)


(D � R)(X; Y; Z ); W

�
= 0 for all X; Y; Z; W 2 m:
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For the choices of the quadruplet (X; Y; Z; W ) as

(E1; Z3; E4; Z1) ; (E1; Z3; E4; Z2) ; (E1; Z3; Z1; E2) ;
we obtain the necessary conditions

(15)

(p � 2) � (a12 + a34 � b23) = 0 ;

(p � 2) � (a13 � a24 + b13) = 0 ;

(p � 2) � (a14 + a23 � b12) = 0 :

Let us consider the casep 6= 2 ( p = q = 2 will be studied in Case 4). The basis of
the operators which satisfy these conditions can be chosen as

A = A34 � A12 ; D1 = 2 B12 + A14 + A23 ;

B = A13 + A24 ; D2 = 2 B23 + A12 + A34 ;

C = A14 � A23 ; D3 = 2 B13 � A13 + A24 :

Let us denote the algebra generated by these operators ash0. It is clear that
h0 ' so(3) + so(3). Next, let us denote asg0 the algebra generated by the vector
spacem (with the Lie brackets (7) and (8)) and the algebra h0. Denote ask the
subalgebra ofg0 generated by the elementsD1 � Z3; D2 � Z1 and D3 + Z2. We
have k ' so(3) and the elements ofk commute with bg. Becausebg ' so(5) and
g0 = bg + k, we see thatg0 ' so(5) + so(3).

We choose for the corresponding Lie groupsG0 = SO(5) � SO(3), H 0 = SO(3) �
SO(3). Because the decompositiong0 = m+ h0 is Ad(H 0)-invariant, we obtain (from
the inner product h; i on m) a G0-invariant Riemannian metric g on M = G0=H0.

We are now going to compute the canonical geodesic graph� : m ! h0. We use
the following lemma.

Lemma 3.1 ([8]). A vector Z 2 g is geodesic if and only if

(16) h[Z; Y ]m ; Zm i = 0 for all Y 2 m:

Here the subscriptm indicates the projection of an element ofg into m.

We write each vector X 2 m in the form

X = x1E1 + � � � + x4E4 + z1Z1 + � � � + z3Z3 ;

each vectorF 2 h0 in the form

F = � 1A + � 2B + � 3C + � 4D1 + � 5D2 + � 6D3

and consider the equation (16) in the form

(17) h[X + F; Y ]m ; X i = 0 ;

where Y runs over all m. We have to determine the correspondingF to the given
X . For Y 2 m we substitute, step by step, all 7 elementsE1; : : : ; E4; Z1; : : : ; Z3

of the given orthonormal basis into the formula (17) and we obtain a system of
7 linear equations for the parameters� 1; : : : ; � 6 (satisfying the Frobenius criterion
of compatibility). Now, for a generic vector X , the rank of this system is 5. We
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select, in a convenient way, a subsystem of 5 linearly independent equations. The
matrix A of the coe�cients of the corresponding homogeneous system and the
vector b of the right-hand sides are given by

(18)

A =

2

6
6
6
6
6
6
4

� x2 x3 x4 x4 x2 � x3

x1 x4 � x3 x3 � x1 x4

x4 � x1 x2 � x2 x4 x1

0 0 0 2z2 0 2z3

0 0 0 � 2z1 2z3 0

3

7
7
7
7
7
7
5

;

b =

2

6
6
6
6
6
6
4

(p � 1) (x2 z1 + x3 z2 + x4 z3)

� (p � 1) (x1 z1 + x4 z2 � x3 z3)

(p � 1) (x4 z1 � x1 z2 � x2 z3)

0

0

3

7
7
7
7
7
7
5

:

Now we are going to add the condition� (X ) ? qX . Here qX is the subalgebra
de�ned by the condition

(19) qX = f A 2 h0 j [A; X ] = 0 g

and the orthogonality is considered with respect to some invariant scalar product
on h0. The algebraqX is generated by the vectors, whose components (with respect
to the basis f A; B; C; D 1; D2; D3g of h0) are the solutions of the homogeneous
system of equations whose matrix is equal toA (see [6] or [3] for the details about
the construction of the canonical geodesic graph). In our case dimqX = 1 and the
components of the generatorQX can be obtained by the Cramer's rule. We obtain

QX =
�
(� x3

2 � x4
2 + x2

2 + x1
2)z1 + (2 x3 x2 + 2 x4 x1)z2

+ (2 x4 x2 � 2x1 x3)z3; (� 2x3 x2 + 2 x4 x1)z1

+ ( x2
2 � x1

2 + x4
2 � x3

2)z2 + ( � 2x1 x2 � 2x4 x3)z3;

(� 2x4 x2 � 2x1 x3)z1 + ( � 2x4 x3 + 2 x1 x2)z2

+ ( x2
2 + x3

2 � x4
2 � x1

2)z3; (x2
2 + x1

2 + x3
2 + x4

2)z3 ;

(x2
2 + x1

2 + x3
2 + x4

2)z1; (� x2
2 � x1

2 � x3
2 � x4

2)z2
�

:(20)

Now, let us denote byqj the components of the vectorQX . The condition � (X ) ?
qX can be described by the equation

(21)
6X

j =1

qj � � j = 0 :

The system of equations described by the matrixA and the vector b in (18) and
the equation (21) give the system of 6 equation for 6 variables. For the unique
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solution � we obtain by the Cramer's rule

� 1 =
p � 1
2 jxj2

�
�

�
x1

2 + x2
2 � x3

2 � x4
2�

z1

� (2 x1 x4 + 2 x2 x3) z2 � (� 2x1 x3 + 2 x2 x4) z3

�
;

� 2 =
p � 1
2 jxj2

�
� (2 x1 x4 � 2x2 x3) z1

�
�
� x1

2 + x2
2 � x3

2 + x4
2�

z2 � (� 2x1 x2 � 2x3 x4) z3

�
;

� 3 =
p � 1
2 jxj2

�
� (� 2x1 x3 � 2x2 x4) z1

� (2 x1 x2 � 2x3 x4) z2 �
�
� x1

2 + x2
2 + x3

2 � x4
2�

z3

�
;

� 4 =
p � 1

2
z3 ;

� 5 =
p � 1

2
z1 ;

� 6 = �
p � 1

2
z2 :(22)

Here we denotejxj2 = x1
2 + x2

2 + x3
2 + x4

2. The degree of the canonical geodesic
graph is equal to 2. Now we are going to �nd the geodesic graph� : m ! h0 of
lower degree. Let us de�ne for everyX 2 m the vector � (X ) 2 h0 by the relation

(23) � (X ) = � (X ) +
p � 1
2jxj2

QX :

We easily check that it holds

(24)

� 1 = � 2 = � 3 = 0

� 4 = ( p � 1)z3 ;

� 5 = ( p � 1)z1 ;

� 6 = � (p � 1)z2 :

For each X 2 m, the vector X + � (X ) is geodesic and the map� is Ad(H 0)-
equivariant. It is a generalgeodesic graph. (See [2] or [7] for detailed information
about general geodesic graphs.) This geodesic graph is linear and we conclude
that the manifold M = G0=H0 is naturally reductive.

Case 2: � 2 6= � 1 = � 3.

In this case we obtainq2 = 2 p3 6� p
3p2 +4 and for the eigenvalues of the Ricci operator

it holds

(25) � 1 = � 3 = � 2
p(p � 6)

�
p2 + 2

�

3p2 + 4
; � 2 =

3p4 + 20 p2 � 24p + 16
3p2 + 4

:
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To preserve the eigenspaces of� , the skew-symmetric operatorD on ToM should
be of the form

(26) D =
X

1� i<j � 4

aij A ij + b12B12 +
X

1� k � 4

ck3Ck3 :

>From the condition

(27) h(D � R)(X; Y; Z ); W i = 0

applied step by step to the quadruplets
(E1; E4; E1; E2), (E1; E4; E1; E3), (E1; E3; Z3; Z2),

(E1; E2; Z3; E1), (E1; E2; Z3; E2), (E1; E2; Z3; E3), (E1; E2; Z3; E4),

we obtain the necessary conditions

(28)

p3(5p � 2)(p � 2) � (a13 � a24) = 0 ;

p3(5p � 2)(p � 2) � (a12 + a34) = 0 ;

q(p � 2) � (a14 + a23 � b12) = 0 ;

p(p � 2)(7p2 + 2 p + 16) � c23 = 0 ;

p(p � 2)(7p2 + 2 p + 16) � c13 = 0 ;

p2(5p � 2)(p � 2) � c43 = 0 ;

p2(5p � 2)(p � 2) � c33 = 0 :

If p 6= 2 and p 6= 2 =5, we obtain

(29)
a13 � a24 = a12 + a34 = a14 + a23 � b12 = 0 ;

c13 = c23 = c33 = c43 = 0

and the basis of all the operators of the form (26) which satisfy the conditions
(28) is given by the formula (6). It follows that the isotropy algebra h (and also
the isometry group G) considered in [3] is maximal. The special casesp = 2 and
p = 2 =5 are considered in Case 4.

Case 4: � 1 = � 2 = � 3.

Subcase 1: p = 2, q = 2.
For the eigenvalues of the Ricci operator we have

� 1 = � 2 = � 3 = 6 :(30)

To preserve the eigenspaces of� , the skew-symmetric operatorD on ToM should
be of the form

D =
X

1� i<j � 4

aij A ij +
X

1� �<� � 3

b�� B �� +
X

1� k � 4;1� 
 � 2

ck
 Ck
 :(31)

It is possible to verify by the direct computation that all th e elementary operators

A ij ; B �� ; Ck
 ; i; j; k = 1 ; : : : ; 4; �; �; 
 = 1 ; : : : ; 3(32)
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satisfy the condition D � R = 0. Further, it can be veri�ed by the direct com-
putation that r R = 0. Hence, the maximal isotropy algebra is generated by all
the operators A ij ; B �� ; Ck
 and it is isomorphic to so(7). We conclude that M is
locally isometric to the symmetric space SO(8)=SO(7).

It is worth mentioning here, that the algebra g = so(5)+ so(2) cannot be extended
to g0 = so(8) simply by considering the vector spacem (with the Lie brackets
(7) and (8)) and the operators A ij ; B �� ; Ck
 . Even though so(5) + so(2) is the
subalgebra ofso(8), the operators Ck
 do not act as derivations onm (hence on
g = so(5) + so(2)). In other words, they are not `compatible' with the orig inal Lie
algebra structure on g.

Subcase 2: p = 2 =5, q = 2 =5.
For the eigenvalues of the Ricci operator we have

� 1 = � 2 = � 3 =
54
25

:(33)

For the operator of the form (31) we apply the condition (27) for example to the
quadruplets
(E1; E2; E2; Z1), (E1; E3; E3; Z2), (E1; E4; E4; Z3),

(E1; E2; E1; Z2), (E2; E4; E4; Z2), (E2; E3; E3; Z3),

(E3; E4; E4; Z1), (E1; E3; E1; Z2), (E2; E3; E2; Z3),

(E3; E4; E3; Z1), (E2; E4; E2; Z2), (E1; E4; E1; Z3).

We obtain the conditions

ck
 = 0 k = 1 ; : : : ; 4; 
 = 1 ; : : : 3 :(34)

Further, for the quadruplets
(E1; Z3; E4; Z1), (E1; Z3; E4; Z2), (E1; Z3; Z1; E2)
we obtain the conditions (15). Herer R 6= 0 and the manifold M is not symmet-
ric. But we are in the same situation as in Case 1 and the manifold is naturally
reductive. In particular, the group considered in Case 1 is the maximal isometry
group also here.

Case 3: � 1 = � 2 6= � 3.

In this case we obtainq2 = 4 p2 1� p
2+ p or p = 2.

Subcase 1: q2 = 4 p2 1� p
2+ p .

For the eigenvalues of the Ricci operator we have

� 1 = � 2 =
p

�
12 + 2 p + p2

�

2 + p
; � 3 = � 4

(p � 1)
�
p2 + 2

�

2 + p
:(35)
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To preserve the eigenspaces of� , the skew-symmetric operatorD on ToM should
be of the form

D =
X

1� i<j � 4

aij A ij + b12B12 +
X

1� k � 4;1� 
 � 2

ck
 Ck
 :(36)

If we apply the condition (27) step by step to the quadruplets
(E1; E4; E1; E2), (E1; E4; E1; E3), (E1; E2; Z3; Z1),

(E1; E2; E2; Z1), (E1; E2; E2; Z2), (E2; E4; E4; Z1), (E2; E4; E4; Z2),

(E1; E3; E1; Z1), (E1; E3; E1; Z2), (E2; E4; E2; Z1), (E2; E4; E2; Z2),
we obtain the necessary conditions

(37)

p2(2 � 5p) � (a13 � a24) = 0 ;

p2(2 � 5p) � (a12 + a34) = 0 ;

q(2 � p) � (a14 + a23 � b12) = 0 ;

(p2 � 4) � c11 = ( p2 � 4) � c12 = 0 ;

(p2 � 4) � c21 = ( p2 � 4) � c22 = 0 ;

(p2 � 4) � c31 = ( p2 � 4) � c32 = 0 ;

(p2 � 4) � c41 = ( p2 � 4) � c42 = 0 :

It follows that, if p 6= 2 and p 6= 2
5 , the maximal isotropy algebra is u(2), like in

[3]. Hence the manifoldM is not naturally reductive.

Subcase 2: p = 2.
For the eigenvalues of the Ricci operator we have

� 1 = � 2 = �
1
2

(q � 4) (q + 4) ; � 3 =
3
2

q2 :(38)

Again, let us consider the operator of the form (36) and the equation (27). For
the quadruplets
(E1; E2; E1; E4), (E1; E3; E1; E4), (E1; E2; E3; Z2), (E1; E2; E3; Z1),

(E1; E2; E4; Z2), (E1; E2; E4; Z1)
we obtain the necessary conditions

(39)

(q2 � 4) � (a13 � a24) = ( q2 � 4) � (a12 + a34) =

(q2 � 4) � (c11 � c42) = ( q2 � 4) � (c12 + c41) =

(q2 � 4) � (c21 � c32) = ( q2 � 4) � (c22 + c31) = 0 :

We are going to consider the situation whenq 6= � 2. The operators which satisfy
these equalities are

A = A34 � A12 ; C1 = C11 + C42 ;

B = A13 + A24 ; C2 = C12 � C41 ;
C3 = C21 + C32 ;

A14; A23; B12; C4 = C22 � C31 :
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It can be veri�ed by the direct computation that these 9 operators satisfy also
the conditions D � R = 0, D � r R = 0, D � r 2R = 0, D � r 3R = 0 (the necessary
conditions for the operator D to belong to the full isotropy algebra h0).
For the Lie bracket of these operators it holds

[A; B ] = 2( A14 � A23) ;

� [A; A 14] = [ A; A 23] = B ;

[B; A 14] = � [B; A 23] = A ;

[A14; A23] = [ B12; A14] = [ B12; A23] = [ B12; A] = [ B12; B ] = 0 ;

[C1; C2] = 2( B12 � A14) ;

[C3; C4] = 2( B12 � A23) ;

[C1; C3] = [ C2; C4] = � A ;

� [C2; C3] = [ C1; C4] = � B ;

[A; C1] = � C3 ; [B; C1] = � C4 ;

[A; C2] = � C4 ; [B; C2] = C3 ;

[A; C3] = C1 ; [B; C3] = � C2 ;

[A; C4] = C2 ; [B; C4] = C1 ;

[A14; C1] = � C2 ; [A23; C1] = 0 ; [B12; C1] = C2 ;

[A14; C2] = C1 ; [A23; C2] = 0 ; [B12; C2] = � C1 ;

[A14; C3] = 0 ; [A23; C3] = � C4 ; [B12; C3] = C4 ;

[A14; C4] = 0 ; [A23; C4] = C3 ; [B12; C4] = � C3 :

It is easy to verify that A14 + A23 + B12 is the central element. It can be also
veri�ed that the algebra h0 generated by the 9 operators (40) is isomorphic to
u(3). The isomorphism is given by the identi�cation of the element h 2 h0

(whose coordinates with respect to the basisf A; B; A 14; A23; B12; C1; C2; C3; C4g
are (a; b; a14; a23; b12; c1; c2; c3; c4)) with the matrix

2

6
6
6
6
4

ia14 a + ib � c1 + ic2 0

� a + ib ia23 � c3 + ic4 0

c1 + ic2 c3 + ic4 ib12 0

0 0 0 0

3

7
7
7
7
5

:(40)

Here it is natural to expect that the algebra g0 (corresponding toh0) is isomorphic
to u(4). However, as in Case 4, the operatorsCi do not act as derivations on
m (and hence ong = so(5) + so(2)) and we cannot simply extend the algebra
g = so(5) + so(2) into g0 = u(4) by adding the 5 operatorsCi ; B12.
We are going to investigate the properties of the Riemannianmanifold M 0 =
G0=H0 = U(4) =U(3) with a 1-parameter family of metrics which has the same
curvature tensor as the manifoldM = [SO(5) � SO(2)]=U(2).
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We decompose the algebrag0 = u(4) as g0 = h0 + m0, where the algebrah0 = u(3)
is given by the matrices of the form (40) and the vector spacem0 is identi�ed with
Te(G0=H0). To preserve the adjoint action of h0 on m0 (given by the operators (40)
and the formulas (5)), we identify every elementX 2 m0 (whose coordinates with
respect to the basisf E1; E2; E3; E4; Z1; Z3; Z3g are (x1; x2; x3; x4; z1; z2; z3)) with
the matrix

2

6
6
6
6
6
4

(q � 2
q )iz3 0 0 x1 + ix 4

0 (q � 2
q )iz3 0 x2 + ix 3

0 0 (q � 2
q )iz3 z1 + iz2

� x1 + ix 4 � x2 + ix 3 � z1 + iz2 � 2
q iz3

3

7
7
7
7
7
5

:(41)

It is clear that the algebra g0 = h0 + m0 is isomorphic to u(4). It can be easily
veri�ed that the decomposition g0 = h0+ m0 is reductive.

We obtain by the direct computations the relations for the Li e bracket on m0:

� [E1; E2] = [ E3; E4] = A ;

[E1; E3] = [ E2; E4] = B ;

[E1; E4] = qZ3 + (2 � q2)(B12 + A23) + (4 � q2)A14 ;

[E2; E3] = qZ3 + (2 � q2)(B12 + A14) + (4 � q2)A23 ;

[Z1; Z2] = qZ3 + (2 � q2)(A14 + A23) + (4 � q2)B12 ;

[Z2; Z3] = qZ1 ; [Z3; Z1] = qZ2 ;

[Z1; E1] = � C1 ; [Z2; E1] = � C2 ; [Z3; E1] = qE4 ;

[Z1; E2] = � C3 ; [Z2; E2] = � C4 ; [Z3; E2] = qE3 ;(42)

[Z1; E3] = C2 ; [Z2; E3] = � C3 ; [Z3; E3] = � qE2 ;

[Z1; E4] = C4 ; [Z2; E4] = � C1 ; [Z3; E4] = � qE1 :

Now let us consider the invariant scalar product onm0 de�ned by the orthonormal
basis f E1; E2; E3; E4; Z1; Z2; Z3g and consider the invariant metric g on G0=H0 =
U(4)=U(3) which comes from the identi�cation of Te(G0=H0) ' m0. We are going
to verify that all the vectors X 2 m0 are geodesic.
According to the equation (16), the vector X 2 m0 is geodesic if the equation

h[X; Y ]m0; X i = 0(43)

is satis�ed for all Y from m0. In relations (42), the projections of the bracket
[X; Y ] to m0 are nonzero only in 9 cases. If we write the vectorX 2 m0 in the form
X = x1E1 + � � � + x4E4 + z1Z1 + � � � + z3Z3, it is easily seen that the equation (43)
is satis�ed for every Y from the basis of m0. It follows that the space (G0=H0; g)
is naturally reductive.
By the direct computation (using the computer and the same method as in [3])
it can be veri�ed that the curvature tensor of the homogeneous spaceG0=H0 =
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U(4)=U(3) is the same as the curvature tensor given by the formulas(9) for the
homogeneous spaceG=H = [SO(5) � SO(2)]=U(2) (for p = 2). The equality holds
also for the �rst covariant derivatives of the curvature ten sors. In particular, for
both spacesr R 6= 0, unless q = 2. Hence the spaces are not locally symmetric
for any q > 0; q 6= 2. We conjecture that, for each q > 0, these Riemannian
homogeneous spaces are locally isometric and the manifoldM = G=H is naturally
reductive.
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