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GEODESIC GRAPHS ON SPECIAL 7-DIMENSIONAL
G.0. MANIFOLDS

ZDEN EK DU SEK AND OLD RICH KOWALSKI

Abstract. In [3], the present authors and S. Nilcevc constructed th e 2-
parameter family of invariant Riemannian metrics on the hom  ogeneous man-
ifolds M =[SO(5) SO(2)]=U(2) and M =[SO(4;1) SO(2)]=U(2). They

proved that, for the open dense subset of this family, the cor responding Rie-
mannian manifolds are g.o. manifolds which are not naturall y reductive. Now

we are going to investigate the remaining metrics (in the com pact case).

1. G.o. spaces and geodesic graphs

Let G 1 (M) be aconnected Lie group which acts transitively on a Riemanian
manifold M and leto2 M be a xed point. If we denote by H the isotropy group
at o, then M can be identi ed with the homogeneous manifoldG=H. In general,
there may exist more than one such groupgG |1 (M). If, for example, we take a
connected Lie groupG°such that G& G° | (M) and G°also acts transitively on
M, then there is another expression oM as G°=H° (where H %is the new isotropy
group).

For any xed choice M = G=H, G acts e ectively on G=H from the left. The
Riemannian metric g on M can be considered as #&-invariant metric on G=H.
The pair (G=H; g) is then called a Riemannian homogeneous spaceSuch space is
always areductive homogeneous spacim the following sense (cf. [5]): we denote
by g and h the Lie algebras of G and H respectively and consider the adjoint
representation Ad: H g! gofH ong. There exists a direct sum decomposition
(reductive decompositior) of the form g= m+ h wherem g is a vector subspace
such that Ad(H)(m) m. For a xed reductive decomposition g = m+ h there
is a natural identi cation of m g = T.G with the tangent space T,M via the
projection :G ! G=H = M. Using this natural identi cation and the scalar
product g, on T,M we obtain a scalar producth;i on m. This scalar product is
obviously Ad(H )-invariant.

2000 Mathematics Subject Classi cation.  22E25, 53C30, 53C35, 53C40.
Key words and phrases. naturally reductive spaces, Riemannian g.0. spaces, geode sic graph.
The paper is in nal form and no version of it will be submitted elsewhere.



214 Z. DU SEK, O. KOWALSKI

De nition 1.1. A Riemannian homogeneous spaceG=H;g) is said to be natu-
rally reductive if there exists a reductive decompositiong = h+ m of g satisfying
the condition

(1) HX;Z Im; Yi+ PX; [Z;Y]mi =0 forall X;Y;Z 2 m:
Here the subscriptm indicates the projection of an element ofg into m.

It is also well-known that the condition (1) is equivalent to the following more
geometrical property:

(2) The curve exp(tX )(o) is a geodesic for allX 2 m:

De nition 1.2.  Let (M; g) be a homogeneous Riemannian manifold. Then\; g)
is said to be naturally reductive if there is a transitive group G of isometries for
which the corresponding Riemannian homogeneous spac&€H;g) is naturally
reductive in the sense of De nition 1.1.

Examples are known such thatM = G=H is not naturally reductive for some small
group G 1o(M) but it becomes naturally reductive if we write M = G%=HP for
a bigger group of isometriesG® 14(M). By the straightforward generalization of
the property (2) we get the following de nition.

De nition 1.3. A Riemannian homogeneous space3=H; g) is called a g.0. space
if each geodesic ofG=H; g) (with respect to the Riemannian connection) is an orbit
of a one-parameter subgroupf exp(tZ)g;Z 2 g, of the group of isometriesG. A
homogeneous Riemannian manifold¥l; g) is called a Riemannian g.o. manifold if
each geodesic ofNl; g) is an orbit of a one-parameter group of isometries.

For more information about the relation between naturally r eductive spaces and
g.0. spaces and also for the references to related topics &

Our technique used for the characterization of Riemannian ¢. spaces and g.o.
manifolds is based on the concept of \geodesic graph". The dginal idea (not
using any explicit name) comes from J. Szenthe [9].

De nition 1.4.  Let (G=H;g) be a g.0. space. A vectoiZ 2 g is called ageodesic
vector if the curve exp(tZ )(o) is a geodesic.

De nition 1.5.  Let (G=H;g) be a g.o. space andy= m+ h an Ad(H )-invariant
decomposition of the Lie algebrag. A (general) geodesic graph is an Add)-
equivariant map : m ! h which is rational on an open dense subset ofn and
such that X + (X)) is a geodesic vector for eaciX 2 m.

On every Riemannian g.o. space®=H; g) there exists at least one geodesic graph.
The constuction of the canonical geodesic graphand general geodesic graphss
described in details in [3], [6], [7]. The components; of a geodesic graph are
always rational functions in the form ; = P;=P, whereP; and P are homogeneous
polynomials (of the coordinates onT,(M )) and deg(P; ) = deg(P)+1. The degree
of a geodesic graphis de ned as the degree of the denominatoiP in the situation
when P; and P are relatively prime.
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De nition 1.6. If (M;g) is a g.0. manifold, then the degree of ;g) is the
minimum of degrees of all geodesic graphs (either canonicat general) constructed
for all possible g.o0. spacesG=H;g) whereG 1o(M)and M = G=H.

According to the results of J. Szenthe, the degree ofN; g) is zero if and only
if (M;g) can be made a naturally reductive space G=H; g) for a suitable choice
G Ilo(M).

For the examples of geodesic graphs of various degrees vearefo [6], [7], [1], [2].
The systematic description of temporary results was givenn [3].

2. G.o. spaces in dimension 7

First, let us quote explicitly the main result of [3], Proposition 1.6.

Proposition 2.1. On a homogeneous spac&=H = (SO(5) SO (2))=U(2) (or
G=H =(S0(4;1) S0O(2))=U(2), respectively there is a family f g,,qg of invariant
metrics depending on two parameterp > 0, g > 0 (or p > 0, q < 0O, respectively)
with the following properties:

(A) If p, q satisfy the system of inequalities

10p 6 p
. 2 2 . 2 3 .
3) pe62; q64p2+p, q62p3p2+4.

a6 p’;
then G is the maximal connected group of isometries ofG=H; gpq).

(B) If p, q satisfy the inequality p & 1, then (G=H;gpgq) is a Riemannian g.o.
space which is not naturally reductive; forp =1 it is naturally reductive.

(C) If p;qsatisfy the inequalities

4 p62; d6p2 p; F64(p 2%

then (G=H; gp,q) is locally irreducible.

(D) The group SO(5) (or SO(4;1), respectively) acts as a transitive group of
isometries on (G=H; gp,q) but the corresponding Riemannian homogeneous space
(SO(5)=SU(2); gp;q) (or (SO(4; 1)=SU(2); gp,q). respectively) is never a g.o. space.

Let us recall the construction of the examples in [3] at the Le algebra level. Letm
be a 7-dimensional vector space with the (positive) scalar pduct h;i. Choose an

orthonormal basis (E1;:::;E4;Z1;Z2;Z3) in m. We denotev = span(Ey;:::;E4),
z=span(Zi;Z,;Z3) and thus m= v+ z. Further we denote A (forl <] 4)
the elements ofso(v), B (for 1 < 3) the elements fromso(2) and C;

(for1 i 4andl 3) the elements fromso(m) with the corresponding
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action given by the formulas
Aij(Ex)= kE; kEi;

B (z)= Z zZ ;
(5) C(El= 7 - C = :
C ()= 42 ;GC (2)= E;
(for i;;k =1;:::;4 and ; ; =1;::1;3):
We consider now the algebrah = span(A;B;C;D )" u(2), where
A=Az An;
B = Azt A
(6) _ :
C=Au A,

D=2812+ A14+ A23

and we put g = m+ h. Now we de ne the Lie algebra structure ong by the
additional relations

[E1;E2]=p(Z1 A); [Ez;E3]=09Zs pC;
[E1;Es]= p(Z2+ B); [Ez2;Ea]l= p(Z2 B);
[E1; EA%q: 4Zs + pC; [EzzF; Ea] = p(Z1+ A); 0
(7) [Z1;Z2] = FZS: [Z2:Z3] = Ezl; [Z3;Z4] = Ezzi
where p and g are the parameters satisfyingp > 0, g6 0 and p 6 jqj, and by the
adjoint action of the elements from z on v given by:
ad(Z1)jv = (A12 + Asza);
@8) ad(Zz)jv = (A1z  Az);
ad(Zs)jv = g(AlA + A):

If we denote j = span(m; A; B; C), then for q > 0 the algebral is isomorphic to
so(5) viathe map ' : §! so(5) given by

'(Ei)=pﬁ)Ai5 fori=1;::::4;

"(Z1) = A+ Az "(A)= A A
"(Z2)= A1z Ao "(B)= Az + Ax;
" (Z3) = S(AM"' Ag3); "(C)= A Ax

and for q < 0 the algebraly is isomorphic to so(4,1). Since the vectorZs %D is

the central element in g, the algebrag is isomorphic to so(5) + so(2) for q > 0 or
g' so4;1)+ so?2) for g< 0.

We can choose for the corresponding Lie group& = SO(5) SO(2), H = U(2)
or G =S0O(4;1) SO(2), H = U(2). Because the decompositiong = m+ h is
Ad(H )-invariant, we obtain a G-invariant Riemannian metric g, on M = G=H
which comes from the inner producth;i on m. We use the symbolh;i also for
the scalar product (gp.q)o 0N ToM and the notation (5) also for the corresponding
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operators onToM .

In [3], the curvature tensor and the Ricci form of the spaceG=H was computed.
Using the notation

1 1
r= 4—p(p3 4 +2¢F) ; s= @(3q2 4p%) ;
_ 1 2y . _1 .
t= 4(|o a); us= 4q(lo 2);
_3. ) _3.

v= 2P 2p; w=2q 2p

the components of the curvature operator are
R(E1;E2) = VA2 + tAg, +2UB23
R(E1;E3) = VA3 tAz 2uBi3
R(E1;E4) = WA,  2tAo3+2rB 1
R(E1;Z1)= 1=4p°Cy; UCg3 + rCya2
R(E1;Z2)= 1=4p°Cio+ UCy3 1Cay
R(E1;Z3)= 1=4¢°Cy3  UCy + UCag
R(E2;E3)= 2tA1s+ WA23 +2rB 12
R(E2;E4) = tA13+ VA +2uBg3
R(E2;Z1) = 1=4p®Cy + rCap + UCy3
R(E2;Z2)= uCiz 1=4p°Cy;  1Ca

) R(E2;Z3) = uCi» 1=4fCos uCa
R(E3;E4) = tA1o + VA3 + 2UB 23
R(Es;Z1) = uCiz rCp 1=4p’Ca
R(E3;Z2) = rCy; 1=4p?Cay + uCyz
R(E3;Z3)= UCy; 1=4¢°Css  UCs
R(E4;Z1)= rC1p UCpy 1=4p°Cyy
R(E4;Z2)= rCyy  uCsz 1=4p°Cyp
R(E4;Z3) = uCy1 + UCsp  1=4¢°Cus
R(Z1;Z3) = 2uA13+2UAy q22p2813
R(Z1;Z2) =2rA 14 +2rA 23 + SB1o
R(Z2;Z3) =2uA> +2UAzs  F=p’Bs:

The components of the Ricci form (which are also the componds of the corre-
sponding Ricci operator) are given by the diagonal matrix , where

(10) diag( )=( 1, 1; 15 1, 25 2 3);
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and the only (multiple) eigenvalues ; of the Ricci operator are

_ptHap? 28 | f(pP+2)
2
One can easily check that the inequalities (3) correspond tdhe condition of dis-

tinct Ricci eigenvalues 1, 2, 3. We are now going to study the other possibilities
for the eigenvalues. These are:

1
(11) 1=6p p’ qu;

Case 1: 16 ,= 3. Thisissatisedif q= p.

Case 2: ,6 ;= 3. Thisissatisedif of = 2p3322f4 .
Case 3: 1= .6 3. This splits into

Subcase 1:¢? = 4p?3:2,

Subcase 2:;p=2.

Case 4. 1= = 3. This splits into

Subcase 1)p=2, q= 2,

Subcase 2.p=2=5,q= 2=5.

This is the special situation of the previous cases.

We are now going to nd the maximal isometry groups in these caes, and if
the group is bigger than that considered in [3], we compute gedesic graphs with
respect to this group. For the sake of brevity, we shall congler further only the

compact case. The calculations for the non-compact case aanalogous.

3. New computations for the compact case

Casel: 16 2= 3, p=20
For the eigenvalues of the Ricci operator it holds
3
(12) 1=6p épz; 2= 3= P2

First we nd the maximal isotropy algebra h. We are going to nd the necessary
condition for the skew-symmetric operatorD on T,M to preserve the eigenspaces
of the Ricci operator and to satisfy the conditionD R =0.

To preserve the eigenspaces of, the operator D should be of the form

X X
(13) D= aj Aj + b By :
1 i<j 4 1 k<l 3

The condition D R =0 can be rewritten explicitly in the form

(14) (D R)(X;Y;Z);W =0 forall X;Y;Z;W 2 m:
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For the choices of the quadruplet K;Y;Z; W) as

(E1;Z3;E4;Z1); (E1,Z3;E4;Z2); (E1;Z3;Z1,E2);
we obtain the necessary conditions
(p 2) (au2+as bpg)=0;
(15) (P 2) (u3 axu+b3)=0;
(p 2) (aga+ ax bp)=0:

Let us consider the casgp 6 2 (p= gq= 2 will be studied in Case 4). The basis of
the operators which satisfy these conditions can be chosersa

A=Az Ap; D1 =2B1+ A+ Aoz,
B=An+ Ay, D> =2Bo3+ App+ Azg;
C=Awu A, D3=2B1z Ap+ Ax:

Let us denote the algebra generated by these operators d¥. It is clear that

h' so(3) + so(3). Next, let us denote asg’ the algebra generated by the vector
spacem (with the Lie brackets (7) and (8)) and the algebra h®. Denote ask the

subalgebra ofg® generated by the elementsD; Z3;D, Z; and D3+ Z,. We

have k' so(3) and the elements ofk commute with . Becausel ' so(5) and

g°= b+ k we see thatg?' so(5) + so(3).

We choose for the corresponding Lie group§®= SO(5) SO(3), H?= SO(3)
SO(3). Because the decompositiog®= m+ h%is Ad(H 9-invariant, we obtain (from
the inner product h;i on m) a G%invariant Riemannian metric gon M = G%=H°,

We are now going to compute the canonical geodesic graph: m! h°% We use
the following lemma.

Lemma 3.1 ([8]). A vector Z 2 g is geodesic if and only if
(16) HZ;Y m;Zmi =0 forall Y 2 m:
Here the subscriptm indicates the projection of an element ofg into m.
We write each vector X 2 min the form
X = x1E1 + + X4Bsq+ 2121 + + 7373
each vectorF 2 h%in the form
F= 1A+ B+ 3C+ 4D1+ sD2+ D3
and consider the equation (16) in the form
a7) X + F;Y]n; Xi=0;
where Y runs over allm. We have to determine the corresponding~ to the given

of compatibility). Now, for a generic vector X, the rank of this system is 5. We
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select, in a convenient way, a subsystem of 5 linearly indepelent equations. The
matrix A of the coe cients of the corresponding homogeneous systemral the
vector b of the right-hand sides are given by

2 3
X2 X3 Xgq Xa X2 X3
X1 X4 X3 X3 X1 X4
A= X4 X1 X2 X2  Xa X1 ;
0 0 0 2z, 0 273

0 0 221 2123 0
(18) 2
(P 1)(X2z1+ X322+ X423)

(P 1)(Xaza+ X422 X3Z3)
b=8 (p 1)(Xaz1 X122 X223)
0
0
Now we are going to add the condition (X) ? gx. Here gx is the subalgebra
de ned by the condition
(19) ax = fA2h°j[A;X]=0g

and the orthogonality is considered with respect to some inariant scalar product
onh® The algebragy is generated by the vectors, whose components (with respect
to the basis fA;B;C;D 1;D»;D3g of h% are the solutions of the homogeneous
system of equations whose matrix is equal t&A (see [6] or [3] for the details about
the construction of the canonical geodesic graph). In our cse dingy = 1 and the
components of the generatoiQyx can be obtained by the Cramer's rule. We obtain

Qx = ( X3® Xa?+ X%+ x1%)21 + (2 X3 X2 + 2 X4 X1) 22
+(2 X4X2  2X1X3)Z3;( 2X3X2+2X4X1)Z1
+(x2® Xi®+ Xa® x3D)Zp+( 2X1X2  2X4X3)Zs;
( 2XaX2 2X1X3)Z1+( 2X4X3+2X1X2)Z2
+(X22+ X3®  Xa®  X19)za; (X% + X2® + X3® + X4?)z3;

2 2

(20) (x22 + X122+ X32 + x42)z1;( X222 X122 X3%2 x49)zp

Now, let us denote byg the components of the vectorQx . The condition (X) ?
gx can be described by the equation

(21) 4 =0

The system of equations described by the matrixA and the vector b in (18) and
the equation (21) give the system of 6 equation for 6 variabls. For the unique
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solution we obtain by the Cramer's rule

1= SJ—X; X1% + X22 X32 x4 71
(2X1X4+2X2X3)Z2 ( 2X1X3+2X2X4) 23 ;
2= FZ)J—in (2X1Xa  2X2X3)Z1
X212+ X2 Xz®+ Xa® o ( 2X1X2 2X3X4)Z3 ;
3=gj—xji ( 2x1X3s 2X2X4)Z1
(2X1X2  2X3X4) 22 X2+ X%+ x3® x4? z3 ;
4= p2123;
5= pzlzl;
(22) 6 = pzlzz:

Here we denotgjxj? = x12+ x»2+ X32+ x4°. The degree of the canonical geodesic
graph is equal to 2. Now we are going to nd the geodesic graph: m! h° of
lower degree. Let us de ne for everyX 2 m the vector (X) 2 h®by the relation

p 1

(23) (X)= (X)+ 22

Qx :

We easily check that it holds

1= 2= 3=0

a=(p 1)zs;
(24) s=(p Dzs;
6= (P 1z

For each X 2 m, the vector X + (X) is geodesic and the map is Ad(H9-
equivariant. It is a generalgeodesic graph. (See [2] or [7] for detailed information
about general geodesic graphs.) This geodesic graph is leweand we conclude
that the manifold M = G%HP?is naturally reductive.

Case 2: ,6 1= 3.
In this case we obtaing? = 2p3%2f? and for the eigenvalues of the Ricci operator
it holds

p(p 6) p*+2 _ 3p*+20p? 24p+16

(25) 1= 9= 2 3p2+4 ! 3p2+4
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To preserve the eigenspaces of, the skew-symmetric operatorD on T,M should
be of the form

X X
(26) D= aj Aj + bipBio + ck3Cys:
1 i<j 4 1k 4
>From the condition
(27) hD R)(X;Y;Z);Wi=0

applied step by step to the quadruplets
(E1;E4 E1;E2), (E1;Es; Eq; Eg), (E1;Es;Z3;2)),
(E1;E2;Z3;E1), (E1;E2;Z3;E2), (E1;E2;Z3 E3), (E1;E2; Z3; Ea),
we obtain the necessary conditions
pP°Gp 2)(p 2) (as @) =0;
pP°Gp 2)(p 2) (a2 + @) =0;
ap 2) (aua+ as bi)=0;
(28) p(p  2)(7p*+2p+16) 3 =0;
PP 2)(7p*+2p+16) c13=0;
p’Gp 2)(p 2) cx3=0;
PGP 2)(p 2) €3 =0:
If p62 and p 6 2=5, we obtain
29) a3 az4ialzi'a34f a141- a b2=0;
C13 = C3=C33= C3=0

and the basis of all the operators of the form (26) which satif/ the conditions
(28) is given by the formula (6). It follows that the isotropy algebrah (and also
the isometry group G) considered in [3] is maximal. The special caseg = 2 and
p = 2=5 are considered in Case 4.

Case 4. 1= L,= 3.

Subcase 1: p=2, g=2.
For the eigenvalues of the Ricci operator we have
(30) 1= 2= 3= 6:

To preserve the eigenspaces of, the skew-symmetric operatorD on T,M should

be of the form
X X X
(31) D= ajj Aij + b B + c Ck :

1 i 4 1 < 3 1 k 41 2
It is possible to verify by the direct computation that all th e elementary operators
(32) Aj;B ;Ck ; bk =1;::54 ;; =1;::5;3
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satisfy the conditon D R = 0. Further, it can be veri ed by the direct com-
putation that r R = 0. Hence, the maximal isotropy algebra is generated by all
the operatorsAj ;B ;Cx and it is isomorphic to so(7). We conclude that M is
locally isometric to the symmetric space SO(83SO(7).

It is worth mentioning here, that the algebra g = so(5)+ so(2) cannot be extended
to g° = so(8) simply by considering the vector spacem (with the Lie brackets
(7) and (8)) and the operators Aj ;B ;Cx . Even though so(5) + so(2) is the
subalgebra ofso(8), the operators Cx  do not act as derivations onm (hence on
g = so(5) + s0(2)). In other words, they are not “‘compatible’ with the orig inal Lie
algebra structure ong.

Subcase 2: p=2=5,q=2=5.
For the eigenvalues of the Ricci operator we have

(33) 1= 2% = oo

For the operator of the form (31) we apply the condition (27) for example to the
quadruplets

(E1,E2;E2;Z1), (E1,E3;E3;Z2), (E1,EsEs; Z3),

(E1,E2;E1;Z2), (E2;E4;Es; Z2), (E2; E3;Es; Z3),

(Es;E4;Es;Z1), (E1; E3E1; Z2), (E2; E3;E2; Z3),

(E3;E4;E3;Z1), (E2,E4;E2;Z5), (E1,Es E1; Z3).

We obtain the conditions

(34) c =0 k=1;:::;4, =1;:::3:

Further, for the quadruplets

(E1;Z3;E4;Z1), (E1,Z3;E4;Z2), (E1;Z3;Z1;E))

we obtain the conditions (15). Herer R 6 0 and the manifold M is not symmet-
ric. But we are in the same situation as in Case 1 and the manifd is naturally
reductive. In particular, the group considered in Case 1 is he maximal isometry
group also here.

Case3: 1= ,6 3.

In this case we obtaing? = 4p2§TE orp=2.

Subcase 1: ? = 4p2;+—s.
For the eigenvalues of the Ricci operator we have

_p12+2p+ p? _ 4(p 1) p?+2 _

(35) 1= 2 2+p ’ 2+p
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To preserve the eigenspaces of, the skew-symmetric operatorD on T,M should

be of the form
X

X
(36) D= aj Aj + baBio + c Ck :
10 4 1k 41 2

If we apply the condition (27) step by step to the quadruplets
(E1;E4 E1;E2), (E1;Es; Eq; Eg), (E1;E2;Z3;21),

(E1;E2;E2;Z1), (E1; E2 E2; Z2), (E2;E4;E4; Z1), (E2;E4;Eg Z2),
(E1;E3iE1;Z1), (E1; B3 Ea;Z2), (B2 EaiE2;Z1), (B2 B4 E2; Z2),
we obtain the necessary conditions
p’(2 5p) (a1z a@u)=0;
p’(2 5p) (a2 + au)=0;
g2 p) (aza+ aa bp)=0;
(37) (P 4) cu=(p* 4) c2=0;
(P 4) ca=(p* 4) c2=0;
(P® 4) ca=(p* 4) c=0;
(P 4) cau=(p* 4) cp=0:

It follows that, if p6 2 and p 6 % the maximal isotropy algebra is u(2), like in
[3]. Hence the manifoldM is not naturally reductive.

Subcase 2: p=2.
For the eigenvalues of the Ricci operator we have

1 3

(38) 1= 2= E(q 4)(q+4) ; 3=§q2:
Again, let us consider the operator of the form (36) and the eqation (27). For
the quadruplets
(E1,E2,E1,Ea), (E1,E3 E1;Es), (E1; E2 Es; Z2), (E1; E2; E3;Z1),
(E1;E2;E4;Z2), (E1;E2; Eq;Z1)
we obtain the necessary conditions

(F 4) (s au)=(q" 4) (az+ as)=
(39) (F 4) (cu Ca2)=(F 4) (Crz+ Car) =

(F 4) (cr C2)=(d" 4) (cp+cCu)= O

We are going to consider the situation whenq6& 2. The operators which satisfy
these equalities are

A=Az Ap; C1= Cp1+ Cyz;
B=An+ Ay, Co=Cpo Cy;
C3= Cy1 + Czp;

A14;A23;B12;C4 = Cxpp Cap:
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It can be veried by the direct computation that these 9 operators satisfy also
the conditonsD R=0,D r R=0,D r 2R=0, D r 3R =0 (the necessary
conditions for the operator D to belong to the full isotropy algebra h9).
For the Lie bracket of these operators it holds
[A;B]=2(A14a  Azs);
[AJAs] =[AjA23] = B;
[B;A1]= [BjAzs]=A;
[A14;A23] = [B12;A14] = [B12;A23] = [B12;A] =[B12;B] =0 ;
[C1;Co]l =2(B12  Aud);
[C5;Ca]l =2(B12  Azs);
[C1;C3] =[C2;Cyl = A;
[C2;C3] =[C1;C4]= B;
[A;Ci]= Cz; [B;Ci]= Ca;
[A;C2]= C4; [B;C2]= Cs;
[A;C3] = Cy; [B;C3]= Cz;
[A;C4]l = Co; [B;C4] = Cy;

[A14;Ci] = Cp; [A23;C1] =0 [B12;C1] = Cz;
[A14;C2] = Cy; [A23;C2]=0;  [B12;Co]= Cu;
[A14;C3]=0; [A23;Cs] = Ca; [B12;Cs]= C4;
[A14;C4] =0 [A23;Ca]l = C3; [B12;C4a]l= Cas:

It is easy to verify that A4 + A3 + B, is the central element. It can be also
veri ed that the algebra h° generated by the 9 operators (40) is isomorphic to
u(@). The isomorphism is given by the identication of the element h 2 h°
(whose coordinates with respect to the basig A; B; A 14; A23;B12;C1;Cy; C3; Csg
are (a; b; as; @3; bio; C1; C2; C3; C4)) with the matrix

2

ia1a a+ib cp+ico O

(40) a+. ib iag;.; c.3 +icy O § _
Ci+icy C3+icy ib1o 0
0 0 0 0

Here it is natural to expect that the algebra g° (corresponding to h% is isomorphic
to u(4). However, as in Case 4, the operator; do not act as derivations on
m (and hence ong = so(5) + so(2)) and we cannot simply extend the algebra
g= so5) + so(2) into g°= u(4) by adding the 5 operatorsC;;B1».

We are going to investigate the properties of the Riemannianmanifold M ° =

G%=H° = U(4) =U(3) with a 1-parameter family of metrics which has the same
curvature tensor as the manifoldM =[SO(5) SO(2)]FU(2).
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We decompose the algebra’= u(4) as g°= h°+ m° where the algebrah®= u(3)
is given by the matrices of the form (40) and the vector spacen®is identi ed with
Te(G%=H9. To preserve the adjoint action of h® on m® (given by the operators (40)
and the formulas (5)), we identify every elementX 2 m° (whose coordinates with
respect to the basisf E1; Ey; Es; Eq; Z1; Z3;Z30 are (X1;X2; X3; X4; 21; Z2; Z3)) With
the matrix

) .3
(g %)|23 0 0 X1+ iXg4
0 (q 2)izs 0 Xp + iX3
(41) ‘ N .
0 0 @ gizs zn+izz
X1+ X4 Xo + iX3 z1+ izo giZg

q

It is clear that the algebra g° = h°+ m°is isomorphic to u(4). It can be easily
veri ed that the decomposition g°= h®+ m%is reductive.

We obtain by the direct computations the relations for the Lie bracket on m®
[E1;E2] =[E3;Eq] = A;
[E1;Es] =[E2;Eq] = B;

[E1;E4]= 0Zs+(2 )(Bua+ An)+(@  ¢)Au;
[E2;Es]l=qZzs+(2 ) (Bro+ Au)+(@ o)Az

[Z1;Z2]= qZz+(2 ) A+ Ax)+(4 ¢’)Biz;
[Z22;Z3] = qZ1; [Z3;Z1] = 922,

[Z1;E1l= Ci; [Z2;Ed]l= Gz [Z3Ei]l = qEs;
(42) [Z1;E2]l= Cs; [Z2;E2]= Ca; [Z3;E2] = gEs;

[Z1,E3] = Cy; [Z2;E3]= Cs; [Z3;E3]= qEz;

[Z1;E4] = C4; [Z2;E4]= Ci1; [Z3;E4]= qE::

Now let us consider the invariant scalar product onm®de ned by the orthonormal

basisfE1;Eo;Es; E4;Z1;Z2;Z3g and consider the invariant metric g on G=H%=

U(4)=U(3) which comes from the identi cation of T¢(G=H% ' m’ We are going
to verify that all the vectors X 2 m°are geodesic.

According to the equation (16), the vector X 2 mPis geodesic if the equation

(43) HX: Y Jmo: Xi =0

is satis ed for all Y from mC In relations (42), the projections of the bracket
[X; Y ]to mPare nonzero only in 9 cases. If we write the vectoX 2 mCin the form

X =x1E1+ + XaEs4+ 21721 + + z3Z3, it is easily seen that the equation (43)
is satis ed for every Y from the basis of mC. It follows that the space (G=H? g)

is naturally reductive.

By the direct computation (using the computer and the same mehod as in [3])
it can be veri ed that the curvature tensor of the homogeneows spaceG%=H° =
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U(4)=U(3) is the same as the curvature tensor given by the formulag9) for the
homogeneous spac&=H =[SO(5) SO(2)]=U(2) (for p=2). The equality holds
also for the rst covariant derivatives of the curvature ten sors. In particular, for
both spacesr R 6 0, unless q = 2. Hence the spaces are not locally symmetric
for any q > 0;q 6 2. We conjecture that, for each q > 0, these Riemannian
homogeneous spaces are locally isometric and the manifoM = G=H is naturally
reductive.
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