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ALGEBRAIC THEORY OF AFFINE CURVATURE TENSORS

N. BLA ZIC, P. GILKEY, S. NIK CEVI C, AND U. SIMON

Abstract. We use curvature decompositions to construct generating se ts for
the space of algebraic curvature tensors and for the space of tensors with the
same symmetries as those of a torsion free, Ricci symmetric ¢ onnection; the
latter naturally appear in relative hypersurface theory.

1. Introduction

Let V be a real vector space of dimensiomm; to simplify the discussion, we
shall assume thatm 4 henceforth; similar results hold in dimensionsm = 2
and m = 3. In Section 2, we discuss the space of curvature operatorR (V)

2V End(V). These are operators with the same symmetries as those of ¢h
curvature operator of a torsion free connection on the tanget bundle of a smooth
manifold. One has thatR 2 R(V) if and only if for all x;y;z2 V,

(1.a) R(x;y)z= R (y;x)z and
(1.b) R(x;y)z+ R(y;z)x+ R(z;x)y=0:
Equation (1.b) is called the rst Bianchi identity . We have, see for example
Strichartz [7], that
dmR(V)= tm?(m? 1):
In Section 3, we discuss the space of algebraic curvature teorsa(V) v .
This is the space of tensors with the same symmetries as thatfahe curvature

tensor de ned by the Levi-Civita connection of a pseudo-Rienannian metric; A 2
a(V) if and only if for all x;y;z;w 2V,

(1.c) A y;z,w) = A(Y; X z;w);

(1.d) A(XY;z;w)+ A(y;z;x;w) + A(z; xy;w) =0;
(1.e) A Yy;ziw) = A(Z; Wi X, Y);

1. AXyszzw) = AKXy w;z):
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We shall show in Theorem 3.2 that identities (1.e) and (1.f) ae equivalent in the
presence of identities (1.c) and (1.d). One has, see for exaie Strichartz [7], that:

. _ 2( 2 l) i
dimfa(v)g= = 5—:
If R2 R(V), itis natural to consider the traces:
wu(R)XyY):=Tr z!'R (z;X)y ;

1.9) 24(R)(Xy) :=Tr z!R (X2)y ;
au(R)(xy):=Tr z!R (X;y)z

The identities of Equations (1.a) and (1.b) show that:

2(R)=  wu(R) and

a(R)(xy) = 1a(R)(Xy)+ 1a(R)(Y;X):

In Section 4, we discuss the a ne curvature operatorsF(V) R(V). These are
the operators with the same symmetries as those of an a ne conection without
torsion; F 2 F(V) if and only if for all x;y;z2 V,

(1.h)

(1.9) Fxy)z= F (y;x)z;

.y F(x;y)z+ F(y;z)x+ F(z;xX)y =0;
(1.k) 1(F)(Xy) = 1a(F)(y:x);

(1|) 34(F) =0:

By Equation (1.h), Equations (1.k) and (1.I) are equivalent in the presence of
Equations (1.i) and (1.j); thus these are the symmetries of he curvature operator
of a torsion free, Ricci symmetric connection on the tangentbundle of a smooth
manifold. Such curvature operators appear naturally as cuvature operators of the
induced and of the conormal connections in relative hyperstface theory; see [6].

The natural structure group of the spacesR(V), a(V), and F(V) is the gen-
eral linear group GL (V). Let O(V;h; i) be the orthogonal group associated to a
non-degenerate symmetric bilinear formh; i 2 S?(V ) of signature (p;c) on V.
We can useh; i to raise and lower indices and de ne anO(V;h; i) equivariant
identi cation between 4V and 2V End(V) by means of the identity:

(1.m) R(X;y;z;w) = hR(X;y)z;wi :
We let
r(v) AV o A(Vih;i) 2V End(V); f(V;h;i) 4v

be the subspaces associated tR(V), a(V), and F(V), respectively; R 2 r(V) if
and only if for all x;y;z;w 2 V, one has

R(Xy;z;w) = R(Y; X z;w);
R(Xy;z;w)+ R(y;z;x;w) + R(z;x;y;w) =0 :
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We have A2 A(V;h; i) if and only if for all x;y;z;w 2 V one has:
Axy)= A (v;%);
A y)z+ A(y;z)x + A(z;x)y =0;
hA(X;y)z;wi = hA(z;w)X; yi;
hA(X;y)z;wi = hA (x;y)w;zi;

the last two identities being equivalent in the presence of he rst two. Finally
F 2 f(V;h; i) if and only if for all x;y;z;w 2 V one has:

(1.n) FOGY;zw) = F(y;xz;w);
(1.0) F(xy;Z;w) + F(Y;Zixgw) + F(Z;Xy;w) = 0;
(1.p) 1(F)(Xy) = 1a(F)(y;x);

(1.0 (d THF=0:

Again, identities (1.p) and (1.q) are equivalent given the identities of Equations
(1.n) and (1.0).

The spacesA(V;h; i) and f(V;h; i) depend upon the choice of the inner prod-
uct; the spacer(V) does not. Thus it is convenient to keep the distinction between
subspaces of 2V End(V) and *#V ; this will play a crucial role in the proof of
Theorem 4.2. The spacefR(V), A(V), and F(V) are subspaces of 2V End(V);
elements of these spaces will be denoted bR, A, and F, respectively, and are
operator valued bilinear forms. The spaces(V), a(V), and f(V) are subspaces of

4V ; elements of these spaces will be denoted 4y, A, and F, respectively, and
are quadralinear forms. We have the inclusions:

A(V:h; i) F(V) R(V);
a(Vv) f(V;h; i) r(vV):

Let fegbe abasisforv. If 2 2V andif 2 4V, set
i = (e;g) and  ju = ( &;6;&;8@):

Let f€ g be the associated dual basis fov . Then
P

. . P . .
= ijoi ¢ € and = i ik e ¢ e e

If h; i is a non-degenerate inner product orV, let

P .
(1) j =he;gi and T o= )

where is the Kronecker symbol. One then has:

N P "
i 'heig=x and Trf g= ; ' j:

We shall decompose the natural action ofGL(V) and of O(V;h; i) on the
spacesR(V), a(V), and F(V) as the direct sum of irreducible modules and use
these decompositions to exhibit generating sets for thesgpaces and to derive other

natural geometric properties.
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Our motivation in this paper is to study a ne curvature opera tors; as already
stated above, these are the curvature operators which natually appear as curva-
ture operators of the induced and of the conormal connectios in relative hyper-
surface theory. Moreover, in this situation, there naturally appears a metric, the
so called relative metric, which permits us to raise and loweindices. Our aim is
a characterization of the a ne curvature operators, arising from torsion free and
Ricci symmetric connections, in the space of all curvature perators arising from
torsion free connections. Via the decomposition results ofSection 4, these are
characterized by the vanishing of the componenw;. We will study the geometric
meaning of the various components in this decomposition, ateast in the case of
relative hypersurfaces, in a subsequent paper.

2. Curvature Operators

In this section, we study operators with the same symmetriesas those of a
torsion free connection on the tangent bundle of a smooth maifold.

2.1. Geometric representability of curvature operators. If r is a torsion
free connection on the tangent bundle of a smooth manifoldM, let R" be the
associated curvature operator; ifP 2 M and if x;y;z 2 Tp M, then

Rp(GY)Z:= rxry I yrx I [xy] Z:
One then hasR} 2 R(Tp M) since the symmetries of Equations (1.a) and (1.b)

hold. Conversely, every curvature operator is geometricdy representable by an
torsion free connection:

Theorem 2.1. Let R 2 R(V) be given. RegardV as a smooth manifold in its
own right. Let O be the origin of V and identify ToV = V. Then there exists a
torsion free connectionr onV so thatRj = R.

P
Proof. Let R2 R(V). Expand R(e;g)ex = | Rik 'e relative to some basis
]‘:,e.g for V. Let fx;g be the associated dual coordinates; ie 2 V, then e =
. Xi(e)e.. De ne a connectionr on TV by setting
d.— 1

re,@ = 4 '@, for a%:= 2 xR ac? + Rucag:
Sincer @, @, =1 @,@,, r istorsion free. As (0) =0,
Ry (@; @)@, = P (@ k' @ whe,
fRik'+Rki R ik R i'o@,
f 2R+ R '+ R '9@, = Ri '@, :
This completes the proof of the desired result.

(SIS

2.2. The Jacobi operator.  This operator is de ned by setting:
Jr(X)y = R(y;x)x:
It plays a central role in the study of geodesic sprays. The fbowing result is known

in the context of Riemannian geometry; it extends easily to he more general
setting.
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Lemma 2.2. Let R2 R(V). If Jg =0, thenR =0.
Proof. Jg(X) is quadratic in x. The associated bilinear form is given by
Jr(6y):z! } @Ir(x+"Y) Zimo = 3 R(Z;X)y+ R(Z;Y)X
If Jr(x) =0 for all x 2 V, one has the additional curvature symmetry
R(z;x)y + R(z;y)x =0
for all x;y;z 2 V. We compute:
0=R(X;y)z+ R(y;2)x + R(z;X)y
R(xy)z R (v;x)z R (x2)y
R(xy)z+ R(x;y)z+ R(X;y)z:

The Lemma now follows.

2.3. The action of the general linear group on R(V). This action is not
irreducible, but decomposes as the direct sum of irreducild modules. Let
(2.a) U(V):=kerf 149\ R(V):

The decompositionV V. = 2(V ) S?V )is a GL(V) equivariant decom-
position of V.V into irreducible modules; we let ; and ¢ be the appropriate
projections where

(2.b) a( i = 50 i) and  s( )i = 3( G+ i)
We may therefore decompose 4 = a4 14 s 14 Where 14 is as de ned in
Equation (1.g). One has the following result of Strichartz [7]:

Theorem 2.3. The map 14 de nes a GL(V) equivariant short exact sequence
ol YVv)! R(V)!' * v ) S v)! o

which is equivariantly split by the map . Where

o w(6Y)Z= mef2L(cy)z+ L (x2)y L(y;2)xg for 12 2V );
cuw(O)xy)Z= Rt (62)y  (yiz)xg for 2 SAH(V ):
This gives aGL (V) equivariant decomposition of
R(V)=U(V) *V) S*V)
as the direct sum of irreducibleGL (V) modules. We have
dimfU(V)g= tm2(m? 4); dimf 2V )g= im(m 1);
dimfS?(V )g= im(m+1); dimfR(V)g= im?(m? 1):
Proof. We check the splitting as follows. If! 2 2(V ), let R, := w ().

a

Then R, (x;y) = R | (y;Xx). We check the Bianchi identity by computing:
R (x;y)z+ Ry (y;2)x+ Ry (z;X)y = —=f2l (x;y)z+ ! (x;2)y ! (y;Z)x

1+m
+21(y;2)x+ L (y;x)z P (zix)y + 21 (z;x)y + ! (ziy)x 1 (Xy)zg
=0:
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Thus R, 2 R(V). One also has that:

1R )(Y:2) = 5 PieifZ! (e;y)z+ ! (e;2)y !(y;2)eg
= g=f2 (ziy)+ 1 (y;2) ml(y;2)g=! (v:2):

Let 2 S?(V )andletR = w (). Again, R (x;¥) = R (y;x). We

verify the Bianchi identity by compLSJting:
R (xy)z+ R (y;2)x+ R (z;X)y

= %f (xz2)y  (:ox+ (yix)z  (Zx)y+ (Zy)x  (xy)zg

m
=0:
This shows that R 2 R(V). Furthermore:

P
1R IY:D= o7 ef @iy (vizeg
= 1=f (y;2) m (v;29= (y;2):

Consequently one has an equivariant decomposition d® (V) into GL (V) modules:
R(V)=UV) V) S*V):
We refer to [7] for the proof of the remaining assertions of tle Theorem.

We say that two torsion free connectionsr and r on a di erentiable manifold
M are projectively equivalentif and only if every every geodesic forr can be
reparametrized to be a geodesic for , or equivalently if there exists a smooth
1-form! so

rxy rxy="!1Hxy+!(yx:

The summand U(V) plays the role of the Weyl projective tensor; it also plays a
role in the a ne setting as we shall see presently in Theorem 41. Let y be the
associated projection on this summand in the decompositioof Theorem 2.3. One
has [6, 7, 8]:

Lemma 2.4. Letr andr be torsion free connections onM .

(1) If r andr are projectively equivalent, then yR = yR.
(2) The connectionr is projectively at if and only if (R =0.

2.4. The action of the orthogonal group on R (V). The associated orthogonal
group O(V;h; i) acts on R(V) and on r(V); the natural map from R(V) to r(V)
given by Equation (1.m) is an equivariant isomorphism. Let be as in Equation
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(1.r). We de ne:

2(vy="fl2 2v 1y = ljg;
S5V ;h;i):=1f 2 2V @ = ji; Pij iy =0g;
w(Vih;iy:=f 2 4V @ iy + +P kit =0;
ikl = ikl =K s L ik =09;
203V )="Ff 2 YV @ Gu = k= ik = kO
5C 2V ) =f 2 23V ): ? i ' =0g;
S(Vih;i):==1 2 %V : ju = ikl =ik ;P i " =0,
kit ikl ljik ik =0g:

Note that 2( 2(V )), 3( 2(V )), and S(V;h; i) are not subsets ofa(V).
Theorem 2.5.
(1) There is an O(V;h; i) equivariant orthogonal decomposition of

R(V) r(V) =W, Wg
as the direct sum of irreducibleO(V;h; i) modules where:

dimfW;g=1; dimf W,g = dim fWsg = (" m*2)
dimfWag = dim fw,g= ™0 1 dimfWeg= "M D0 (m+2)° :
dimfw,g = (M D(m 2)(m+1)(m+4> . dimfWag= MM DT 3(m2) .

(2) There are the following isomorphisms agO(h; i) modules:
(a) W1 R, W Ws Sg(V ,h, I), and W3 Wy 2(V )
(b) W w(V;h; i) is the space of Weyl conformal curvature tensors.
(© W; S(Vih;i)andWs  3( 2(V ).

We refer to Bokan [1] for the proof of Assertion (1) in the context of a positive
de nite inner product; it extends immediately to the inde n ite inner products.
We will prove Assertion (2a) later in this section. We will pr ove Assertion (2b) in
Section 3. We will prove Assertion (2c) in Section 4.

Remark 2.6. SinceW, and Ws are isomorphic asO(V;h; i) modules and since
W3 and W, are isomorphic asO(V;h; i) modules, the decomposition ofR (V) into
irreducible module summands is not unique; this fact plays a important role in
the analysis of Bokan [1].

We shall need a technical result before proving Theorem 2.52). We use Equa-
tion (1.m) to lower indices and to de ne a curvature tensor R associated to a
curvature operator R. Let be as in Equation (1.r). Then:

P ) P ,
1(R)(Xy) = b TR(e;xye);  2a(RXXy):= 4 YR(Xeigy),
4Ry = TR(xe;y;8);  1R(XY)= ; TR(@:xe;y);

aR)(xy)=  TRyerg)=  1a(RGY)+ 1a(R)(Y:X):
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There is anO(V;h; i) equivariant decomposition:
V. V. = %V) S3V:h;i) R
where S3(V ;h; i) is the space of trace free symmetric bilinear forms, and whe

R is the trivial O(V;h; i) module. If 5, o, and are the associated orthogonal
projections, then

a()xy) =3 (xy)  (y;X)g;

s( )xy) = Hoy)+ (vix)g;
@) ()= i L (e:8);

o )XY) = s Xxy) & ()h;i:

There is only one non-trivial scalar curvature arising fromR 2 r(V) since

P .
(1uR)=pu " *Rlaigiese)= (2(R)=  (2(R);
(aRN= 4 ' “R(a;g;e;)=0:

If 2 S3(V ;h;i)andif! 2 2(V ), let
1( )Y zyw) = (X w)hy; zi (y;w)hx; zi;
20 )Xy z;w) = bgwi (y;z) hy,wi (x;2);
31Xy, z;w) =21 (xy)he,wi + 1 (xz2)hy;wi ! (y; 2)hx; wi;
4Gy z;w) = 1 (w)hy;zi 1 (y;w)hx; zi
Lemma 2.7.

(1) 1 and ; are O(V;h; i) equivariant maps from S3(V ;h; i) to r(V), 3
and 4 are O(V;h; i) equivariant maps from 2(V ) to r(V), and

4 1 23 1 _ id (m 1)id .
14 2 23 2 (m 1)id id
13 3 34 3 _ 3id 2(m + 1) id
13 4 34 4 - (1 m) id 2id

(2) We haveO(V;h; i) equivariant sequences which are equivariantly split:
:r(V)! R! G

o 14 o 13:r(V)! S§(V ;h;i) SV ;h;i)! o
a 13 a 34:r(V)! 2(V) 2(V)! 0:

Proof. Let 2 S3(V ;h;i)andlet! 2 2(V ). SetR;:= 1( ), Ra:= (),
Rz == 3(!),and Ry := 4(!). Itis immediate Ri(X;y;z;w) = R;i(y;X;Z;w).
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To show that R; 2 r(V), we must verify the rst Bianchi identity is satis ed:

Ri(Xy;z;w) + Ra(y; Z;x;w) + R1(z; X y; W)
= (x;w)hy; zi (y; w)hx; zi
+o(ywhzxi (Z;w)hy;xi
+ (@whgyi o (xw)heyi =0
Ra(X;y;Z; W) + Ra(y; Z;x;w) + Ra(z; X y; W)
= h;wi (y;2) hy;wi (x;2)
+ hy;wi (z;x) hz;wi (y;x)
+he;wi (x;y) hx;wi (z;y)=0;
Ra(X;y;Z;w) + Ra(y; z; X, w) + Ra(z;X;y;w)
=21 (x;y)hez;wi + 1 (x;2)hy;wi ! (y; z)bx; wi
+2! (y; )b wi + 1 (y;x)he;wi 1 (z;x)hy; wi
+2! (z;x)hy;wi + ! (z;y)hwi (X y)he;wi =0
Ra(x;y;Z;w) + Ra(y; Z;x,W) + Ra(z; Xy, W)
=1 (x;w)hy;zi 1 (y;w)hx; zi
+ 1 (y;whg; xi ! (z;w)hy; xi
+ 1 (z;w)hyi T (x;w)he;yi =0:

We complete the proof of Assertion (1) by computing:

1(R1)(y;2) = Pij It (esg)yizi (y;g)he;zig
= ( )z ;2= (;2);
23(R1)(x;w) = P i T (swhe g (e;w)hx; g ig

=(m 1) (x;w);

14(R2) (v;2) = Pij Ithei;gi (v;2) hyigi (e;2)9
=(m 1) (y;2);

23(R2)(X; W) = Pij i fthx;wi (e;g) he;wi (x;e)g
= () wi (x;w) = (x;w);

aRY;W) = i U F2(esy)hgwi + ! (ese)hyswi ! (yie)hewig
= 3 (y;w);

3a(R3)(x;y) = i i T2 (cy)hesgi+l (xe)hyigi ! (y;e)hxeiig
=2(m+1) 1 (xy);
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SR =y T @iyl ! iwieigig =@ m)! (yiw);

P i . .
a(RA(Xy) = "fl(xe)hyei ! (yig)xeig =2! (xy):
We now prove Assertion (2). We show the rst sequence splits § computing:
ik f

1 .o _ 1
m(m 1) (1a( 1h;0)) = mm 1 ik ik ik 1 g

i
P - o

- 1 i i —1 -

S mm Do ifig ij9=1:
As the determinants of the two coe cient matrices in Asserti on (1) are non-zero,
the desired splitting of the second and of the third sequencefollows.

Proof of Theorem 2.5 (2a) . By Lemma 2.7, R has multiplicity 1, S3(V ;h; i)
has multiplicity 2, and  2(V ) has multiplicity 2 in the decomposition of r(V) as
an O(h; i) module. These modules are irreducible and

dimfRg=1; dimfSA(V ;h;i)g= M M2 . gimf 2y )g= 200 D .
Theorem 2.5 (2a) now follows from Theorem 2.5 (1).
3. Algebraic Curvature Tensors

In this section, we study the quadralinear forms with the sane symmetries as
those of the Levi-Civita connection of a pseudo-Riemanniarmanifold.

3.1. The action of the general linear group on a(Vv).
Theorem 3.1. a(V) is an irreducible GL (V) module.

We postpone the proof of this result until Section 5 as we mustrst establish
some additional notation.

3.2. The action of O(V;h; i) on a(V). Let
3.a) (d HR)N(xY;z;w) = %fR(x;y;z;w)+ R(x;y;w;z)g for R2r(V):
If ; 2 S?(V ), one can de ne an algebraic curvature tensor ~ 2 a(V) by:
forgxyizw) = 3f (xw) (v;2)  (%2) (y;w)

+ (i) (Kw)  (yiw) (X 2)g:
(This has a di erent normalizing constant than the usual Kul karni-Nomizu prod-

uct). These tensors arise naturally. IfL is the second fundamental form of a
hypersurfaceM in R™*1 | then

(3.b)

Rmv =L~L:
De ne:
w(V;h; i) :=kerf 149\ a(V);
(3.0) id (S = Siju + 3fSqi + Sy Sk Sik 9;
a;u()::ﬁ Ahal Wh,ll\h,l
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Theorem 3.2.

(1) Let R 2 4V satisfy Equations (1.c) and (1.d). Then Equations (1.e)
and (1.f) are equivalent.

(2) The mapsid s and 14 dene GL(V) and O(V;h; i) equivariant short
exact sequences, respectively,

0! aV)! r(V)!? = 2v) Sv)! o;
0! w(V;h;i)! aVv)! * S%(v)! o:

which are equivariantly split, respectively, by the mapsiqy , and a. ,,.
(3) This gives anO(V;h; i) equivariant decomposition of

a(V) w(V;h;i) S3V ;h;i) f Rg
as the direct sum of irreducibleO(V;h; i) modules where

dimfw(V;h; i)g= %m(m +1)(m+2)(m 3); dmfRg=1;
dimfS§(V ;h;i)g= 3(m 1)(m+2); dimfa(v)g= £m2(m2 1):

Proof. It is immediate that (1.c) and (1.e) imply Equation (1.f). Co nversely,
suppose that Equations (1.c), (1.d), and (1.f) hold. We use he following notation:

R(1; 2 3 4)= a1, R(3; 4 1;2)= ar+ "1;
R(1; 3 2, 4)= @2, R(2; 4 1;3)= az+ "2;

R(2; 3 15 4)= az; R(1; 45 2; 3)= ag+ "3:

We establish Assertion (1) by showing"; = ", = "3 = 0. We compute:

0=R(1; 25 30 4)+* R(2; 35 15 4)+ R( 3, 1, 2, 4)
=ataz ap;

0=R(1; 2; 45 3)+ R(2; 45 15 3)+ R(4; 1; 2; 3)

= ayta azt"y "z3="2 "3;
0=R(1; 354 2)* R(3; 4 15 2)+ R( 4 1, 3, 2)

= atatazt"1+"3="1+"3;
0=R(2; 3 4 1)+ R(3; 45 25 1)+ R( 4 25 3; 1)

- as a;+ a "L, = ",

This yields the equations 0 =", "3="1+"3= "1+ ", from which it follows
that "y = ", = "3 = 0; this proves Assertion (1).
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LetS2 2(V ) S?(V ). We compute:
id Sk + id (S
= Sju + 3(Sqi * Skt Sik  Sik )
1
+ Sjig + E(Skijl + Sk Sijk  Sjik )=0;
id S + i (O + id (Sl
= Sju + 3(Sqi *+ Skt Sik  Sik )
+ Sk + (S + Sjw Ski Siki )
+ S + 2(Sjk *+ Skt Sij  Swij ) =0
This shows that 4 _ takes values inr(V). Let (S):= 4 .S S. Then
(3.d) (Shik = 3(Skii + Sk Sk Sk )2 (V) AV ):

The map will also play a role in Section 4.3. Since id ¢ vanishes on the space
2(V)  2(V), one has that

(id )i (S)=@d HS)+(d ) (S)=S:

This shows that id s is an equivariant splitting. We refer to Singer and Thorpe
[5] or to Strichartz [7] for the proof of the remaining assertons.

Proof of Theorem 2.5 (2b) . Becausew is the space oWeyl conformal tensors,
dimfw(V;h; i)g= 1—12m(m +1)(m  3)(m+2)=dim fWeg:

Sincew V;h; i is anirreducible O(V;h; i) module, we may use Theorem 2.5 (1)
to identify Wg = w(V;h; i).
Theorem 2.1 generalizes immediately to this setting:

Theorem 3.3. Let A 2 a(V) be given. RegardV as a smooth manifold in its
own right. Let 0 be the origin of V and identify ToV = V. There exists a pseudo-
Riemannian metric g de ned on V so that R§ = A where RJ is the curvature
tensor of the associated Levi-Civita connection.

Proof. Let fegbe an orthonormal basis forV. Let x; be the associated coordinate
system. We de ne the germ of a pseudo-Riemannian metric orv by setting

P
O = 0(@,; @,) = heajeni 3 i AscabXcXq:

Clearly gab = Gba- AS gjT,v = h; i, gis non-degenerate near 0. One may then use
a partition of unity to extend g to be non-degenerate on all of/ without changing
it near 0. One has

ik =00 e @:@)= 3(@Qgk + @k @F):
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Since ik (0) =0, one has
Rijk (0):= R(@;@;;@,;@)0)=f@ w @ i 90)
=@ @w+ @9 @u) @@u+@u @0k)0O)
= %f Ajii A+ Ajik T Ak + Ajk A Ajk . Ak 9
= HAAj 2Rk Ak 9= Aja ¢
The desired result now follows.

The following result was rst proved by Fiedler [3] using Young symmetrizers;
subsequently Gilkey [4] established it using a direct constiction and Daz-Ramos
and Garca-Ro [2] derived it from the Nash embedding theorem. We adopt the
notation of Equation (3.b) to dene ~ 2 a(V)for ; 2 S?(V ).

Theorem 3.4. a(V)=Spangf ~ : 2 S%(V )g.
We use Theorem 3.2 to establish a slightly stronger versionfoTheorem 3.4:

Theorem 3.5.
(1) If A2 a(V), there is a nite collecipn of elements 2 S?(V ) such that
Rankf g=2 and such thatA = N
(2) Suppose givenp;g) with 2 p+qg m. Let sfp;q)(v ) be the set of all
symmetric bilinear forms on V of signature (p;d). Then

a(V) = Span 282, (V LA

Proof. Consider the following GL (V) invariant subspace ofa(V):

b(V):=Spangf ~ : 2 SV );Rankf g=2g:
We apply Theorem 3.1 to showb(V) = a(V). This shows that we may express
any A2 a(V)intheformc 1~ 1+ + ¢ k™ k wherethe are symmetric
bilinear forms of rank 2 and where thec 2 R. By rescalingthe , we may assume
thatthe c = 1.Set ;:=¢e' et+€& € and =€ e&+¢& e Wehave

(17 (eenene)=+1 and ( 2" 2)(er;e;ere)= 1t

Thus 17~ 1 = 2N 5. Consequently, by replacing a de nite form by an
inde nite form or an inde nite form by a de nite form if neces sary, we can change
the sign and assume that all the constantsc are equal to 1. Assertion (1) nhow
follows.

To prove Assertion (2), we set

b(V) := Span 282, (V LA E

As this is a non-empty GL (V) invariant subspace of a(V), Theorem 3.1 shows
a(V) = b(V) as desired.
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4. Affine Curvature Tensors in the Algebraic Setting

4.1. The action of the general linear group on F(V). We adopt the notion
of Equation (2.a) to de ne U(V); the geometrical signi cance of this subspace is
given in Lemma 2.4.

Use Equations (1.g) and (2.b) to dene 14, a,and s. Let , ,,and _ ,,
be as in Theorem 2.3. The following is an immediate consequer of Theorem 2.3:

Theorem 4.1. We have the followingGL (V) equivariant short exact sequences
0! F(V)! RV * * 2(v)! o0;
0! UV)! F(V)!® * s)v)! 0

which are equivariantly split by the maps
gives aGL (V) equivariant decomposition of

F(V)= UV) S%V)

and 1 » respectively. This

a 14 s

as the direct sum of irreducibleGL (V) modules where

. _ m?(m? 4.
dimfy(v)g= ™ 4.
dimfdimf S*(V )g= Im(m +1);

We use this result to generalize Theorem 3.4 to the setting ahand. We exploit
in an essential way that the spaceA(V;h; i) depends non-trivially on the par-
ticular bilinear form which is chosen. Let Gy.q)(V) be the set of non-degenerate
bilinear forms on V of signature (p;q). Let Gpq)(M) be the set of all pseudo-
Riemannian metrics on a smoothm-dimensional manifold M of signature (p; 0.
If g2 Ggom)y(M) and if P 2 M, let R(g;P) be the curvature operator of the
Levi-Civita connection de ned by g.

Theorem 4.2.
(1) If p+ g= m, then F(V) = Spany,. 5 (piq)fA(V;h; i)g.
(2) We have thatF(Tp M) = Spangze((J (M yfR (9; P)g.
Proof. Let
B (V) :=Spany. i ,,, fAV:h; 1)g:

Let 2 GL(V). If A2 A(V;h; i), then
A2 AWV; h;i):

Thus B (V) is invariant under the action of GL(V). SinceB (V) 6 f0g, Theorem
4.1 shows exactly one of the following alternatives holds:

(1) B(V)=kerf s 140
(2) B(V) S?\V).
(3) B(V) = F(V).
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Ifh; i2Gpq (V) let Ay.; 2 A(V;h; i) be the associated algebraic curvature
operator of constant sectional curvature:

An.i(Xy)z = ty;zix hxziy:

Since 14(Ap.i)=(m 1)h; i, B(V) 6kerf 1409. This eliminates the rst possi-
bility. Since m 4, m(m + 1) > 6. Consequently,

. . e iy mZ(m? 1 +1) _ .
dimfB(V)g dimfA(V;h; i)g= ™ @ D > n@ = gimfS2(V )g:

This eliminates the second possibility. Thus the third possbility holds; this proves
Assertion (1).
Let V= TpM. Let go 2 Go.m)(Tp M ). By Theorem 3.3,

AV;) = [ 92Go;m ):0iTp M :gofR (9;P)g:

Assertion (2) now follows from Assertion (1).

4.2. Centro a ne geometry. Leth2 S?(V )and let C2S?(V ) V. Dene
Rh(x;y)z := h(y;z)x h(x;2)y;
Rc(w;v)u := C(v;C(w;u)) C (w;C(v;u)):
The decomposition of Theorem 4.1 has geometric signi cancelLet h be the cen-
troa ne metric, let r be the induced connection, and letr be the conormal
connection. Then Ry, is the curvature operator of both r and of r  while the

Riemannian curvature tensor of the associated Levi-Civitaconnection is given by
Rc + Ry.

Theorem 4.3.
() Rn2 , ,S*(V)and , ,S*V )=Spany,szv (fRng
(2) Rc2 F(V) and F(V) = Spanczsz(v ) v iR cg.

Proof. Assertion (1) follows from the discussion given to establis Theorem 4.1.
We begin the proof of Assertion (2) by computing:

Re(viw)u = Qw; C(v;u)) C (v;Qw;u)) = R c(w;Vv)u;
Re(w;v)u + Re(v;u)w + Re(u;w)v = C(v; Cw; u)) C (w; Cv; u))
+ Qw; u;v)) C (u;Gw;v)) + Cu; Aviw)) C (v; Clu;w))
=0:
Let C(e;g) = P « Cij Kex wherefe g is a basis forV. We show that R¢ 2 F(V)
by checking:
Rec(e;g)e = P in FCi"Cik!  Cia"Ci 'gen;
u(Re)(erg) = fCi*Cik' Ci*Ci'g=0:
Let B(V) = Spanc,sz(v ) vfR cg. For " 60, let the non-zero components of
C be given by:

1_ 1_ 2 _ 1_ 1_ 3_ w.
Coi"=Cppm=Cp11“°=0C317 = Cz" = Cy1” ="
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We have p _ _
1a(Re)(er; &) = |;ifC2|'Ci2| Cn'szlg: "260:
This shows that 14(Rc)(e2; e2) 6 0. Consequently

wSV)  B(V):

S

We also compute
Re(ers e)er

P infCa"Cut'  Cy"Cai'ge,
Cai'Culer Cui’Coiter Cii®Coiles
= "Yex+ e):
. S?(V ), then R¢(er;e2)e; 2 Sparf e;; e,g which is false. Thus
LS%(V )6 B(V):

If Rg 2

S

S

The desired result now follows.

4.3. The action of O(V;h; i) on F(V). We can use Theorems 2.5 and 4.1 to see
that there is an O(V;h; i) equivariant orthogonal decomposition of

f(V;h; i) w(V;h;i) R SV ;h;i)
S§(V shii) (V) W7 Ws
is a direct sum of 7 irreducibleO(V;h; i) modules. SinceSZ(V ;h; i) is repeated
with multiplicity 2, the decomposition is not unique.
We now make this decomposition a bit more explicit to identify the factors W,
and Wg. We adopt the notation of Equation (3.a) and letid ¢ symmetrize the

last two components of T 2 4V . Let g . be the splitting of Equation (3.c).
Finally, let  be the map of Equation (3.d).

Lemma 4.4. We have anO(V;h; i) equivariant short exact sequence
0! a(v)! f(vih;i)t™ °  2(v) SV :h;i)! 0
which is equivariantly split by the map iq
Proof. Let F 2 f(V;h; i). We have
(d  )(F)xy;ziw) = 3FF(xy;Z;w) + F(Xy;w;2)g;
(d $)F)=0 , FXxy;zzw)= F(Xy;w;z) 8Xy;Z;w2V:

This implies F 2 a(V). Conversely, ifF 2 a(V), then 3 (F)=0and (id ¢)F =
0 and henceF 2 f(V;h; i). Thus

kerfid <g\ f(V;h;i)= a(V):

s -

Furthermore
(F)=@Gd Tn(id s)F)
and consequently (id ) takes values in 2(V ) SZ(V ;h;i).
In the proof of Theorem 3.2, we showed that iy . takes values inr(V) and
that(id <) g . istheidentityon 2(V) S?\V ). Thus iy .S2f(V;h;i)
ifand only if S2 2(V ) S3(V ;h;i).
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This shows that
f(vih; i) a(v)  2(V) SRV ;h;i);
so
2(V') S§(V ;hyi) SEV oihyi)  A(V) Wz Ws:

We therefore study 2(V ) S?(V ) as anO(V;h; i) module and identify the
copies of 2(V )and S(V ;h;i)in 2(V ) Si(V ;h;i). Let

2 2(V) S3V ;h;i); 283V ;h;i); 12 %V):

Let be as in Equation (1.r). De ne:

1s() k =CsC k=% 4 "f i+ w0

1a() k =Cal Nk =3 4 " ju ijl 95
O i = 30 G + g ljik ik )

e i = 2F 0 ik ikt okl ik i,

v (Wi = =2l + ! it kil owo;
O i = 3 i kil ) ;

( 2(V ) = : ikl = jikl = Klij P il . jk =0

S(V;h;i):=kerf 1sg\ kerf 1.9\ kerf g\ 2V ) SV ;h;i):

Lemma 4.5. We haveO(V;h; i) equivariant short exact sequences
0! kerf 159! 2V ) S3(V ;h;i)y ™ SV ;h;i)! 0;
0! kerf 149! 2(V ) SEV ;h;i) ™ Zv)! o;
0! kerf 1.9\ kerf g! kerf 140! 202V )! o:

These sequences are equivariantly split, respectively, by, , and . This

gives anO(V;h; i) equivariant decomposition of

(V) oSSV ihii)  SE(Voshii) o A(V) G AV ) S(Vihii)

l;a?

as the direct sum of irreducibleO(V;h; i) modules where

dimfS3(V ;h; i)g= (" 1Am+2) .
dimf 2(v )g= ™0 B

dimf 3( (V )g= m(m 1)(m 3)(m+2) .
dimfS(V;h; i)g= (m_1)(m 2)(m+l)(m+4)
dimf 2(V ) SV ;h; |)g— M:

We haveWs 2( 2(v ) andW;  S(V;h;i).
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Proof. It is clear that
We show that ;.5 takes values inS3(V ;h; i

P .
Trf 1s() 9= z ikl Ik f
= i Tk

|i!')kl

ikl

It is clear that
values in 2(V )

., takes values in 2(V )

CEVI C, AND U. SIMON

) by checking:

ik ikl O
P -

ijkI
Trf 1;5()

ikl

jilk

g:

S?(V ). We verify that

SZ(V ;h; i) by checking the trace condition:

W O =2 g M gk ikt ki ik
=Lf i+ i9=0:
We check that . is a splitting by verifying:
P )
s e ( Nik == o+ "ok ikt ikl ikl
+ ok kKot o ok kK 19
= %fm ik ik + ik ik Trf g
+ m kj Kj + ki Kj Trf gg
Clearly 1. takesvaluesin 2(V )and ,, takesvaluesin 2(V )

We check the trace condition by computing:

fid T™(C .. ()gj =%Pk| ME b+ w!y gtk klitaly o wg
=B ofly+li 1y Ly +Amlyg
= P (4+dm)y =0:
To check , is a splitting, we compute:
tal WDk =377 0 "f otk owly o altk wlit Ay oW
ik il Wyt gl ol g
=sarafmbgpe vl T+ aly mby Dy +ly  2lyg
=P fm gty =1y
Let S2 kerf 1..9\f 2(V ) S3(V ;h;i)g. Tocheck that takes values in
2( 2(V )), we compute:
(S)iw = 2(Ski + Skt Sik Sk );
(S = 2(Skji + Sii Sik  Sjik ) = (Siw
(Suij = %gilkj + S Sk Ski )= (S
1w SNk =5 4 "fSgi + Sy Sik  Sik g
=2 2(S)+ 1a(S)gk =0:

1:s takes values inS?(V ). Let be as in Equation (1.r).

takes

1;s

irg

SV ).
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Let T 2 3( %(V )). To check takes values in 2(V ) S3(V ;h;i), we
compute:

(Mik = 2T T );
(Mi = (T T ) = (M
Mik = (M Tk )= 3T T )
= 1T T )= (M
P 1X
b N M = > M(Tgi Ty )=0:
K
Finally, we verify that is a splitting by computing
foC Mg =3 M+ (Mg (T)ijki (T)ing )
= %(Tijkl Tigr + Tt T Tigi + T T + Tt )
= T -

We compute dimensions:

dimf %(V )g= im(m 1);
dimf 2( %V ))g= ifim(m 1gfimm 1) 1g;
dimf 2( 2V )g=dimf 2( %V ))g dimf 2V )g
fim(m 1)gfimm 1) 1g Im(m 1)

fimm 1gfim(m 1) 1 1g
Hm(m Lgfm(m 1) 6g= fm(m 1)(m 3)(m+2)
dim f Wgg

and

dimfS(V;h; i)g=dimf 2(V ) SV ;h;i)g dimf 3( %V )g
dimfS3(V ;h;i)g dimf %V )g

=dimf %(V ) SV ;h;i)g
dimf 2( (V ))g dimfS3(V ;h;ig

m(m 1)“1 1(m+2) m(m 1)(rr;3(m 1) 2 (m 1)2(m+2)

= DAf2m(m 1)(m+2) m(m 2)(m+1) 4m+2)g
— (m 1)(m 2)ém+1)(m+4) =dime7g:

The remaining assertions now follow from Theorem 2.5 (1); tlis also establishes
Theorem 2.5 (2c).
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As an immediate consequence, we have
Theorem 4.6.
(1) There is an O(V;h; i) equivariant orthogonal decomposition of
F(V) f(V)=W; W, W; Ws Wg W; W;s
as the direct sum of irreducibleO(V;h; i) modules where:

dimfW;g=1; dimfW,g = dim f Wsg = (" m*2)
dimfW,g = m(m b . dimf Weg = m(m+D(m 3(m+2)°.

12
dimfw,g= (O Sm’ MM . Gimf\yeg = DM DO H(m2)

(2) There are the foIIowmg isomorphisms a®(h; i) modules.
(@ W1 R,W; Ws S3(V ;h;i), and W, 2(V ).
(b) W w(V;h; i) is the space of Weyl conformal curvature tensors.
(© W7 S(Vih;i)andWs  3( 2(V ).

5. The proof of Theorem 3.1

Let b be a non-empty subspace o&(V) which is invariant under the action of
GL (V). We must show that b = a(V). Choose a positive de nite inner prod-
uct h; i on V. Then b is invariant under the action of O(V;h; i) as well. Let

w, 0, and gr be the projections on the appropriate module summands in the
decomposition of Theorem 3.2 (3);

rR(R) = ( 14(R)); oR):= wu(R) X (uR)h;i;
w(R)=R a4 ,( 14(R)) where
a; 14( )::ﬁ Ah;i Wh;i’\h;ii

Since O(V;h; i) is a compact Lie group acting orthogonally, the projectiors are
orthogonal projections. Furthermore:

w(b) & f0g) w(V;h;i) b;

o(b) 6 f0g) & ., (S§(Vih; i) b;

r(D) 8 f0g) & ,(h; i) b
Let fe g be an orthonormal basis forV. Let f ;g be distinct positive constants.
Dene 2 GL(V) by setting:

(e)= i&:
Suppose r(b) 6 f0g. The component corresponding toR in a(V) is generated

by A:= h; i~h ;i. ConsequentlyA 2 b; the non-zero components of (A) and

14( (A)) are, up to the usual Z, symmetries and modulo a suitable normalizing
constant which plays no role, given by

(ANeigieie)= 27 and w( (A)eie)= 2 e 2

This shows the projection of (A), and hence ofb, on Sp(V ;h; i) is non-zero.
Let A; be the algebraic curvature tensor whose only non-zero compent, up to
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the usual Z, symmetries, isAi(er1; e; €;€1). As b is closed, we show thatA; 2 b
by taking the limit

1 21 j! Oforj 3:
As fA; a: 1. ( 14(A1))0(e1; e3;€3;€1) 60, one has (b) 6 0. We summarize:
r(b)60 ) b=a(V):

Suppose o(b) 6 0. Then 4 ,,(S3(V ;h;i)) b. Dene 2 S3(V ;h;i)
with non-zero components

(er;e1)=1; (exe)=1; and (es;e3)= 2:
Let A= 4 ()= =% "h;i2 b. We compute:

(A)esg;ace)= i k 1=25f (a:@) k + (8:&)
(e &) ji (g;e) k0,
(1 A= 7%  Aleig;ee) 5
=53+ 3 29, g 75 f i1+ 3 230

This is non-zero for generic values of’. This shows gr(b) 6 f0g. Combining this
result with the result of the previous paragraph yields:

14(b) 6 fO0g ) b=alV):
Finally, suppose (b) 6 0. Then w(V;h;i) b. Let A 2 abe de ned with
non-zero components, up to the usualZ, symmetries, by
A(er;es;eqe1) =+1 and  A(ep;es ese) = 1t
Then 14(A)=0so0 A 2 w(V;h; i). We have
(A)(er;es;es;81)= § 3 4 and (A)(ezies;es;€2)= 5 3 4t

Thus 14( (A))(es;eq) = 3 4( 5 %) 60. Since 14( (A)) 6 0 we may
conclude that b = a(V).
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