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Abstra ct. Quadratic quaternion forms, intro duced by Seip-Hornix
(1965), are special casesof generalizedquadratic forms over algebras
with involutions. We apply the formalism of these generalizedqua-
dratic forms to give a characteristic free version of di®erent results
related to hermitian forms over quaternions:
1) An exact sequenceof Lewis
2) Involutions of central simple algebrasof exponent 2.
3) Trialit y for 4-dimensionalquadratic quaternion forms.

1991Mathematics Subject Classi¯cation: 11E39,11E88
Keywords and Phrases:Quadratic quaternion forms, Involutions, Tri-
alit y

1. Intr oduction

Let F bea ¯eld of characteristic not 2 and let D bea quaternion division algebra
over F . It is known that a skew-hermitian form over D determinesa symmetric
bilinear form over any separablequadratic sub¯eld of D and that the unitary
group of the skew-hermitian form is the subgroup of the orthogonal group
of the symmetric bilinear form consisting of elements which commute with a
certain semilinear mapping (seefor example Dieudonn¶e [3]). Quadratic forms
behave nicer than symmetric bilinear forms in characteristic 2 and Seip-Hornix
developed in [9] a complete, characteristic-free theory of quadratic quaternion
forms, their orthogonal groups and their classical invariants. Her theory was
subsequently (and partly independently) generalized to forms over algebras
(even rings) with involution (see[11], [10], [1], [8]).
Similitudes of hermitian (or skew-hermitian) forms induce involutions on the
endomorphism algebra of the underlying space. To generalizethe casewhere
only similitudes of a quadratic form are considered,the notion of a quadratic
pair was worked out in [6]. Relations betweenquadratic pairs and generalized
quadratic forms were ¯rst discussedby Elomary [4].
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The aim of this paper is to apply generalizedquadratic forms to give a charac-
teristic freepresentation of someresults on forms and involutions. After brie°y
recalling in Section2 the notion of a generalizedquadratic form (which, follow-
ing the standard literature, we call an ("; ¾)-quadratic form) we give in Section
3 a characteristic-free version of an exact sequenceof Lewis (see[7], [8, p. 389]
and the appendix to [2]), which connectsWitt groupsof quadratic and quater-
nion algebras. The quadratic quaternion forms of Seip-Hornix are the main
ingredient. Section 4 describes a canonical bijective correspondencebetween
quadratic pairs and ("; ¾)-quadratic forms and Section 5 discussesthe Cli®ord
algebra. In particular wecomparethe de¯nitions given in [10] and in [6]. In Sec-
tion 6 we develop trialit y for 4-dimensionalquadratic quaternion forms whose
associated forms (over a separablequadratic sub¯eld) are 3-P¯ster forms. Any
such quadratic quaternion form µ is an element in a triple (µ1; µ2; µ3) of forms
over 3 quaternions algebrasD 1, D2 and D3 such that [D1][D2][D3] = 1 in the
Brauer group of F . Trialit y acts as permutations on such triples.

2. Generalized quadra tic f orms

Let D be a division algebra over a ¯eld F with an involution ¾: x 7! x. Let V
be a ¯nite dimensional right vector spaceover D . An F -bilinear form

k : V £ V ! D

is sesquilinear if k(xa; yb) = ak(x; y)b for all x, y 2 V , a, b 2 D. The additiv e
group of such maps will be denoted by Sesq¾(V; D). For any k 2 Sesq¾(V; D)
we write

k¤(x; y) = k(y; x):

Let " 2 F £ be such that " " = 1. A sesquilinear form k such that k = "k ¤

is called "-hermitian and the set of such forms on V will be denoted by
Herm"

¾(V; D). Elements of

Alt "
¾(V; D) = f g = f ¡ "f ¤ j f 2 Sesq¾(V; D)g:

are "-alternating forms. We obviously have Alt ¡ "
¾ (V; D) ½ Herm"

¾(V; D). We
set

Q"
¾(V; D) = Sesq¾(V; D)=Alt "

¾(V; D)

and refer to elements of Q"
¾(V; D) as ("; ¾)-quadratic forms. We recall that

("; ¾)-quadratic forms wereintro ducedby Tits [10], seealsoWall [11], Bak [1] or
Scharlau [8, Chapter 7]. For any algebraA with involution ¿, let Sym" (A; ¿) =
f a 2 A j a = "¿(a)g and Alt " (A; ¿) = f a 2 A j a = c ¡ "¿(c); c 2 Ag. To
any classµ = [k] 2 Q"

¾(V; D), represented by k 2 Sesq¾(V; D), we associate a
quadratic map

qµ : V ! D=Alt " (D ; ¾); qµ(x) = [k(x; x)]

where [d] denotesthe classof d in D=Alt "
¾(D ). The "-hermitian form

bµ(x; y) = k(x; y) + "k ¤(x; y) = k(x; y) + "k(y; x)
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dependsonly on the classµ of k in Q"
¾(V; D). We say that bµ is the polarization

of qµ.

Pr oposition 2.1. The pair (qµ; bµ) satis¯es the following formal properties:

qµ(x + y) = qµ(x) + qµ(y) + [bµ(x; y)]
qµ(xd) = dqµ(x)d
bµ(x; x) = qµ(x) + "qµ(x)

(1)

for all x, y 2 V , d 2 D. Conversely, given any pair (q; b), q : V !
D=Alt " (D ; ¾), b 2 Herm"

¾(V; D) satisfying (1), there exist a unique µ 2
Q"

¾(V; D) such that q = qµ, b = bµ.

Proof. The formal properties are straightforward to verify. For the converse
see[11, Theorem 1].

Example 2.2. Let D = F , ¾= I dF and " = 1. Then sesquilinearforms are
F -bilinear forms, Alt " (D ; ¾) = 0 and a (¾; " )-quadratic form is a (classical)
quadratic form. We denote the set of bilinear forms on V by Bil (V; F ). Ac-
cordingly we speak of " -symmetric bilinear forms instead of " -hermitian forms.

Example 2.3. Let D be a division algebra with involution ¾ and let D be a
¯nite dimensional (right) vector spaceover D . We usea basisof V to identify
V with D n and EndD (V ) with the algebra M n (D ) of (n £ n)-matrices with
entries in D . For any (n£ m)-matrix x = (x ij ), let x¤ = x t , wheret is transpose
and x = (x ij ). In particular the map a 7! a¤ is an involution of A = M n (D ). If
we write elements of D n as column vectors x = (x1; : : : ; xn )t any sesquilinear
form k over D n can be expressedas k(x; y) = x¤ay, with a 2 M n (D ), and
k¤(x; y) = x¤a¤y. We write Alt n (D ) = f a = b ¡ "b¤g ½ M n (D ), so that
Q"

¾(V; D) = M n (D )=Alt n (D ).

Example 2.4. Let D be a quaternion division algebra, i.e. D is a central
division algebra of dimension 4 over F . Let K be a maximal sub¯eld of D
which is a quadratic Galois extension of F and let ¾: x 7! x be the nontrivial
automorphism of K . Let j 2 K nF be an element of trace 1, so that K = F (j )
with j 2 = j + ¸ , ¸ 2 F . Let ` 2 D be such that `x` ¡ 1 = x for x 2 K ,
`2 = ¹ 2 F £ . The elements f 1; j ; `; `j g form a basisof D and D = K © `K is
also denoted [K ; ¹ ). The F -linear map ¾: D ! D , ¾(d) = TrdD (d) ¡ d = d
is an involution of D (the \conjugation") which extends the automorphism
¾ of K . The element N(d) = d¾(d) = ¾(d)d is the reduced norm of d. We
have Alt ¡ 1

¾ (D ) = F and (¾; ¡ 1)-quadratic forms correspond to the quadratic
quaternion forms intro ducedby Seip-Hornix in [9]. Accordingly we call (¾; ¡ 1)-
quadratic forms quadratic quaternion forms.

The restriction of the involution ¿ to the center Z of A is either the identit y
(involutions of the ¯rst kind) or an automorphism of order 2 (involutions of the
second kind). If the characteristic of F is di®erent from 2 or if the involution
is of secondkind there exists an element j 2 Z such that j + ¾(j ) = 1. Under
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such conditions the theory of (¾; " )-quadratic forms reducesto the theory of
" -hermitian forms:

Pr oposition 2.5. If the center of D contains an elementj suchthat j + ¾(j ) =
1, then Herm¡ "

¾ (V; D) = Alt "
¾(V; D) and a (¾; " )-quadratic form is uniquely

determined by its polar form bµ.

Proof. If k = ¡ "k ¤ 2 Herm¡ "
¾ (V; D), then k = 1k = j k + j k = j k ¡ j "k ¤ 2

Alt "
¾(V; D). The last claim follows from the fact that polarization induces an

isomorphism Sesq¾(V; D)=Herm¡ "
¾ (V; D) »¡! Q"

¾(V; D).

For any left (right) D -spaceV we denote by ¾V the spaceV viewed as right
(left) D -spacethrough the involution ¾. If ¾x is the element x viewed as an
element of ¾V, we have ¾xd = ¾

¡
¾(d)x

¢
. Let V ¤ be the dual ¾HomD (V; D) as

a right D-module, i.e., (¾f d)(x) = ¾(df )(x), x 2 V , d 2 D. Any sesquilinear
form k 2 Sesq¾(V; D) induces a D-module homomorphism bk : V ! V ¤, x 7!
k(x; ¡ ). Conversely any homomorphism g : V ! V ¤ induces a sesquilinear
form k 2 Sesq¾(V; D), k(x; y) = g(x)(y) and the additiv e groups Sesq¾(V; D)
and HomD (V; V ¤) can be identi¯ed through the map h 7! bk. For any f :
V ! V 0, let f ¤ : V 0¤ ! V ¤ be the transpose, viewed as a homomorphisms
of right vector spaces. We identify V with V ¤¤ through the map v 7! v¤¤ ,
v¤¤(f ) = f (v). Then, for any f 2 HomD (V; V ¤), f ¤ is again in HomD (V; V ¤)
and bk¤ = ck¤. A (¾; " )-quadratic form qµ is callednonsingular if its polar form bµ

inducesan isomorphism bbµ. A pair (V; qµ) with qµ nonsingular is called a (¾; " )-
quadratic space. For any vector spaceW , the hyperbolic space V = W © W ¤

equipped with the quadratic form qµ, µ = [k] with

k
¡
(p;q); (p0; q0)

¢
= q(p0);

is nonsingular. There is an obvious notion of orthogonal sum V ? V 0 and
a quadratic space decomposeswhenever its polarization does. Most of the
classical theory of quadratic spacesextends to (¾; " )-quadratic spaces. For
example Witt cancellation holds and any (¾; " )-quadratic spacedecomposes
uniquely (up to isomorphism) asthe orthogonal sum of its anisotropic part with
a hyperbolic space. Moreover, if we exclude the case¾= 1 and " = ¡ 1, any
(¾; " )-quadratic spacehas an orthogonal basis. A similitude of (¾; " )-quadratic
spacest : (V; q) »¡! (V 0; q0) is a D-linear isomorphism V »¡! V 0 such that
q0(tx ) = ¹ (t)q(x) for some¹ (t) 2 F £ . The element ¹ (t) is called the multiplier
of the similitude. Similitudes with multipliers equal to 1 are isometries. As in
the classicalcasethere is a notion of Witt equivalenceand corresponding Witt
groups are denoted by W " (D ; ¾).

3. An exa ct sequence of Lewis

Let D be a quaternion division algebra. We ¯x a representation D = [K ; ¹ ) =
K © `K , with `2 = ¹ , as in (2.4). Let V be a vector spaceover D . Any
sesquilinearform k : V £ V ! D can be decomposedas

k(x; y) = P(x; y) + `R(x; y)
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with P : V £ V ! K and R : V £ V ! K . The following properties of P and
R are straightforward.

Lemma 3.1. 1) P 2 Sesq¾(V; K ), R 2 Sesq1(V; K ) = Bil (V; K ).
2) k¤ = P¤ ¡ `R t , where P ¤(x; y) = P(y; x) and Rt (x; y) = R(y; x).

The sesquilinearity of k implies the following identities:

R(x`; y) = ¡ P(x; y); R(x; y`) = P(x; y)
P(x`; y) = ¡ ¹R (x; y); P(x; y`) = ¹ R(x; y)
P(x`; y`) = ¡ ¹ P(x; y); R(x`; y`) = ¡ ¹ R(x; y)

(2)

Let V 0 be V consideredas a (right) vector spaceover K (by restriction of
scalars)and let T : V 0 ! V 0; x 7! x` . The map T is a K -semilinear automor-
phism of V 0 such that T 2 = ¹ . Conversely, given a vector spaceU over K ,
together with a semilinear automorphism T such that T 2 = ¹ 2 F £ , we de¯ne
the structure of a right D-module on U, D = [K ; ¹ ), by putting x` = T(x).

Lemma 3.2. Let V be a vector space over D . 1) Let f 1 : V 0 £ V 0 ! K be a
sesquilinear form over K . The form

f (x; y) = f 1(x; y) ¡ `¹ ¡ 1f 1(Tx; y)

is sesquilinear over D if and only if f 1(Tx; Ty) = ¡ ¹ f 1(x; y).
2) Let f 2 : V 0 £ V 0 ! K be a bilinear form over K . The form

f (x; y) = ¡ f 2(Tx; y) + `f 2(x; y)

is sesquilinear over D if and only if f 2(Tx; Ty) = ¡ ¹ f 2(x; y).

Proof. The two claims follow from the identities (2).

Let f be a bilinear form on a spaceU over K and let ¸ 2 K £ . A semilinear
automorphism t of U such that f (tx; ty) = ¸ f (x; y) for all x 2 U is a semilinear
similitude of (U; f ), with multiplier ¸ . In particular Tx = x` is a semilinear
similitude of R on V 0, such that T 2 = ¹ and with multiplier ¡ ¹ . The following
nice observation of Seip-Hornix [9, p. 328] will be usedlater:

Pr oposition 3.3. Let R be a K -bilinear form over U and let T be a semilinear
similitude of U with multiplier ¸ 2 K £ and such that T 2 = ¹ . Then:
1) ¹ 2 F ,
2) For any » 2 K and x 2 U, let ½»(x) = x». There exists º 2 K £ such that
T0 = ½º ±T satis¯es T02 = ¹ 0 and R(T0x; T0y) = ¡ ¹ 0R(x; y).

Proof. The ¯rst claim follows from ¹ = ¸ ¸ . For the secondwe may assumethat
¸ 6= ¹ (if ¸ = ¹ replaceT by T ±½k for an appropriate k). For º = (1 ¡ ¹¸ ¡ 1)
we have ¹ 0 = 2¹ ¡ ¸ ¡ ¸ .
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Assume that k 2 Sesq¾(V; D) de¯nes a (¾; " )-quadratic space[k] on V over
D . It follows from (3.1) that P de¯nes a (¾; " )-quadratic space[P] on V 0 over
K and R a (I d; ¡ " )-quadratic space[R] on V 0 over K . Let K = F (j ) with
j 2 = j + ¸ . Let r (x; y) = R(x; y) ¡ "R (y; x) be the polar of R.

Pr oposition 3.4. 1) q[P ](x) = "j [r (x; Tx)]
2) q[k ](x) = "j [r (x; Tx)] + `q[R ](x)
3) The map T is a semilinear similitude of

¡
q[R ]; V 0

¢
with multiplier ¡ ¹ .

Proof. It follows from the relations (2) that

P(x; x) + "P (x; x) = R(x; Tx) ¡ "R (Tx; x) = r (x; Tx)(3)

and obviously this relation determinesP(x; x) up to a function with values in
Sym¡ " (K ; ¾). SinceSym¡ " (K ; ¾) = Alt + " (K ; ¾) by (2.5), [P] is determined by
(3). Since r (x; Tx) = "r (x; Tx) by (2), we have "j r (x; Tx) + "

¡
"j r (x; Tx)

¢
=

r (x; Tx) and 1) follows. The secondclaim follows from 1) and 3) is again a
consequenceof the identities (2).

Cor ollar y 3.5. Any pair
¡
[R]; T

¢
with [R] 2 Q"

1(U; K ) and T a semilinear
similitude with multiplier ¡ ¹ 2 F £ and such that T 2 = ¹ , determines the
structure of a (¾; " )-quadratic space on U over D = [K ; ¹ ).

Pr oposition 3.6. The assignmentsh 7! P and h 7! R induce homomor-
phisms of groups ¼1 : W " (D ; ¡ ) ! W " (K ; ¡ ) and ¼2 : W ¡ " (D ; ¡ ) !
W " (K ; I d).

Proof. The assignments are obviously compatible with orthogonal sums and
Witt equivalence.

We recall that W " (K ; ¡ ) can be identi¯ed with the corresponding Witt group
of " -hermitian forms (apply (2.5)). However, it is more convenient for the
following computations to view "-hermitian forms over K as (¾; " )- quadratic
forms. Let i 2 K £ be such that ¾(i ) = ¡ i (take i = 1 if Char F = 2). The map
k 7! ik inducesan isomorphism s : W " (K ; ¡ ) »¡! W ¡ " (K ; ¡ ) (\scaling"). For
any spaceU over K , let UD = U ­ K D. We identify UD with U © U` through
the map u ­ (x + `y) 7! (ux; uyl) and get a natural D -module structure on
UD = U © U`. Any K -sesquilinearform k on U extends to a D-sesquilinear
form kD on UD through the formula

kD (x ­ a; y ­ b) = ak(x; y)b

for x, y 2 U and a, b 2 D.

Lemma 3.7. The assignmentk 7! (ik )D induces a homomorphism

¯ : W " (K ; ¡ ) ! W ¡ " (D ; ¡ )

Proof. Let ek = (ik )D . We have (ek)¤ = ¡ fk¤.
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Theorem 3.8 (Lewis). With the notations above, the sequence

W " (D ; ¡ )
¼1¡ ¡ ¡ ¡ ! W " (K ; ¡ )

¯
¡ ¡ ¡ ¡ ! W ¡ " (D ; ¡ )

¼2¡ ¡ ¡ ¡ ! W " (K ; I d)

is exact.

Proof. This is essentially the proof given in Appendix 2 of [2] with somechanges
due to the useof generalizedquadratic forms, instead of hermitian forms. We
¯rst check that the sequenceis a complex. Let [k] 2 Q"

¾(V; D) and let V 0 = U.
We write elements of UD = U©U` aspairs (x; y`) and decomposekD = P + `R.
By de¯nition we have ¯ ¼1([k]) = [¯ (P)] and

¯ (P)
¡
(x1; y1); (x2; y2)

¢
= i

¡
P(x1; x2) + P(x1; y2)` + `P (y1; x2)

+ `P (y1; y2)`
¢
:

Let (x`; x` ) 2 U © U`. We get ¯ (P)
¡
(x`; x` ); (x`; x` )

¢
= 0 hence W =

f (x`; x` )g ½ U © U` is totally isotropic. It is easy to see that W ½ W ? ,
so that [¯ (P)] is hyperbolic and ¯ ± ¼1 = 0. Let [g] 2 Q"

¾(U; K ). The sub-
spaceW = f (x; 0) 2 U © U`g is totally isotropic for ¼2¯ ([g]) and W ½ W ? .
Hence ¼2¯ ([g]) = 0. We now prove exactnessat W " (K ; ¡ ). Since the claim
is known if Char 6= 2, we may assume that Char = 2 and " = 1. Let
[g] 2 Q"

¾(U; K ) be anisotropic such that ¯ ([g]) = 0 2 W ¡ " (D ; ¡ ). In par-
ticular ¯ ([g]) 2 Q¡ "

¾ (UD ; D ) is isotropic. Hencethe exist elements x1, x2 2 U
such that [eg]

¡
(x1; x2`); (x1; x2`)

¢
= 0. This implies (in Char 2) that

g(x1; x1) + ¹ g(x2; x2) 2 F; g(x1; x2)` + `g(x2; x1) = 0:(4)

Let V1 be the K -subspaceof V generatedby x1 and x2. Since[g] is anisotropic,
[g] = [g1] ? [g2] with g1 = gjV1 . We make V1 into a D-spaceby putting

(x1a1 + x2a2)` = ¹x 2a1 + x1a2

To seethat the action is well-de¯ned, it su±ces to show that dimK V1 = 2.
The elements x1 and x2 cannot be zero since [g] is anisotropic, so assume
x2 = x1c, c 2 K £ . Then (4) implies g(x1; x1) + ¹c cg(x1; x1) 2 F , which
contradicts the fact that g is anisotropic. Let g1(x1; x1) + ¹ g1(x2; x2) = z 2 F .
Let f 2 Sesq¾(V1; K ). Replacing g1 by g1 + f + f ¤ de¯nes the sameclass in
Q"

¾(V1; K ) (recall that Char F = 2). Choosing f as

f (x1; x1) = j z; f (x2; x2) = 0; f (x1; x2) = f (x2; x1) = 0;

we may assumethat

g1(x1; x1) + ¹ g1(x2; x2) = 0; g1(x1; x2)` + `g1(x2; x1) = 0:(5)

By (3.2) we may extend g1 to a sesquilinearform

g0(x; y) = g1(x; y) + `¹ ¡ 1g1(x`; y)

over D if g1 satis¯es

g1(x`; y`) = ¡ ¹ g1(x; y)

This can easilybe checked using (5) (and the de¯nition of x` ). Then g1 is in the
imageof ¼1. Exactnessat W " (K ; ¡ ) now follows by induction on the dimension
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of U. We ¯nally check exactnessat W ¡ " (D ; ¡ ). Let [k] be anisotropic such
that ¼2([k]) = 0 in W ¡ " (K ; I d). In particular ¼2([k]) is isotropic; let x 6= 0
be such that ¼2k(x; x) = 0 and let W be the D-subspaceof V generatedby x.
Since [k] is anisotropic, [k0] = [kjW ] is nonsingular and [k] = [k0] ? [k00]. The
condition ¼2k(x; x) = 0 implies k(x; x) 2 K . Let W1 be the K -subspaceof W
generatedby x. De¯ne g : W1 £ W1 ! K by g(xa; xb) = k(xa; xb)i ¡ 1 for a,
b 2 K . Then clearly [g] de¯nes an element of W " (K ; ¡ ) and ¯ (g) = k0. Once
again exactnessfollows by induction on the dimension of V .

4. Inv olutions on central simple algebras

Let D bea central division algebraover F , with involution ¾and let b : V £ V !
D be a nonsingular " -hermitian form on a ¯nite dimensionalspaceover D . Let
A = EndD (V ). The map ¾b : A ! A such that ¾b(¸ ) = ¾(¸ ) for all ¸ 2 F and

b
¡
¾b(f )(x); y) = b

¡
x; f (y)

¢

for all x, y 2 V , is an involution of A, called the involution adjoint to b. We
have ¾b(f ) = bb¡ 1f ¤bb, where bb : V »¡! V ¤ is the adjoint of b. Conversely,
any involution of A is adjoint to somenonsingular " -hermitian form b and b is
uniquely multiplicativ ely determined up to a ¾-invariant element of F £ .
Any automorphism Á of A compatible with ¾b, i.e., ¾b

¡
Á(a)

¢
= Á

¡
¾b(a)

¢
, is of

the form Á(a) = uau¡ 1 with u : V »¡! V a similitude of b. We say that an invo-
lution ¿ of A is a q-involution if ¿ is adjoint to the polar bµ of a (¾; " )-quadratic
form µ. We write ¿ = ¾µ. Two algebraswith q-involutions are isomorphic if the
isomorphism is induced by a similitude of the corresponding quadratic forms.
Over ¯elds q-involutions di®er from involutions only in characteristic 2 and for
symplectic involutions. In view of possiblegeneralizations(for examplerings in
which 2 6= 0 is not invertible) we keepto the generalsetting of (¾; " )-quadratic
forms. Let F0 be the sub¯eld of F of ¾-invariant elements and let TF =F0 be the
corresponding trace.

Lemma 4.1. The symmetric bilinear form on A given by Tr(x; y) =
TF =F0

¡
TrdA (xy)

¢
is nonsingular and Sym(A; ¿)? = Alt (A; ¿).

Proof. If ¿ is of the ¯rst kind F0 = F and the claim is (2.3) of [6]. Assumethat ¿
is of the secondkind. Sincethe bilinear form (x; y) ! TrdA (xy) is nonsingular,
Tr is also nonsingular and it is straightforward that Alt (A; ¿) ½ Sym(A; ¿)? .
Equality follows from the fact that dimF0 Alt (A; ¿) = dimF0 Sym(A; ¿) =
dimF A.

Pr oposition 4.2. Let (V; µ), µ = [k] be a (¾; " )-quadratic space over D and
let h = bk + "bk¤ : V »¡! V ¤. The F0-linear form

f µ : Sym(A; ¾µ) ! F0; f µ(s) = Tr(h¡ 1bks); s 2 Sym(A; ¾µ)

dependsonly on the classµ and satis¯es f µ
¡
x + ¾µ(x)

¢
= Tr(x).
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Proof. The ¯rst claim follows from (4.1) and the fact that if k 2 Alt "
¾(V; D)

then h¡ 1bk 2 Alt 1
¾µ

(V; D). For the last claim we have:

f µ
¡
x + ¾µ(x)

¢
= Tr

¡
h¡ 1bk(x + ¾µ(x)

¢

= Tr
¡
h¡ 1bkx

¢
+ Tr

¡
h¡ 1bkh¡ 1x¤h

¢

= Tr
¡
h¡ 1bkx

¢
+ Tr

¡bkh¡ 1x¤
¢

= Tr
¡
h¡ 1bkx

¢
+ Tr

¡
x(h¡ 1)¤bk¤

¢

= Tr
¡
h¡ 1bkx

¢
+ Tr

¡
h¡ 1"bk¤x

¢
= Tr(x):

Lemma 4.3. Let ¿ be an involution of A = EndD (V ) and let f be A F0-linear
form on Sym(A; ¿) such that f

¡
x + ¿(x)

¢
= Tr(x) for all x 2 A. There exists

an element u 2 A such that f (s) = Tr(us) and u + ¿(u) = 1. The element u
is uniquely determined up to additivity by an element of Alt (A; ¿). We take
u = 1=2 if Char F 6= 2.

Proof. The proof of (5.7) of [6] can easily be adapted.

Pr oposition 4.4. Let ¿ be an involution of A = EndD (V ) and let f be A
F0-linear form on Sym(A; ¿) such that f

¡
x + ¿(x)

¢
= Tr(x) for all x 2 A.

1) There exists a nonsingular (¾; " )-quadratic form µ on V such that ¿ = ¾µ

and f = f µ.
2) (¾µ; f µ) = (¾µ0; f µ0) if and only if µ0 = ¸µ for ¸ 2 F0.
3) If ¿ = ¾µ and f = f µ with f µ(s) = Tr(us), the classof u in A= Alt (A; ¾µ) is
uniquely determined by µ.

Proof. Here the proof of (5.8) of [6] can adapted. We prove 1) for completeness.
Let ¿(x) = h¡ 1x¤h, h = "h ¤ : V »¡! V ¤. Let f (s) = Tr(us) with u + ¿(u) = 1
and let k 2 Sesq¾(V; D) be such that bk = hu : V ! V ¤. We set µ = [k]. It is
then straightforward to check that h = k + "k ¤.

Pr oposition 4.5. Let Á :
¡

EndD (V ); ¾µ
¢ »¡!

¡
EndD (V 0); ¾µ0

¢
be an isomor-

phism of algebras with involution. Let f µ(s) = Tr(us) and f µ0(s0) = Tr(u0s0).
The following conditions are equivalent:
1) Á is an isomorphism of algebras with q-involutions.
2) f µ0

¡
Á(s)

¢
= f µ(s) for all s 2 Sym

¡
EndD (V ); ¾µ

¢
.

3) [Á(u)] = [u0] 2 EndD (V 0)=Alt
¡
EndD (V 0); ¾µ0

¢
.

Proof. The implication 1) ) 2) is clear. We check that 2) ) 3). Let Á be
induced by a similitude t : (V; bµ) »¡! (V 0; bµ0). Since f µ0(Ás) = f µ(s), we
have Tr( t ¡ 1u0ts) = Tr(u0tst ¡ 1) = Tr(us) for all s 2 Sym

¡
EndD (V ); ¾µ

¢
, hence

[Á(u)] = [u0]. The implication 3) ) 1) follows from the fact that u can be
chosenas h¡ 1bk, h = bk + "bk¤.
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Remark 4.6. We call the pair (¾µ; f µ) a (¾; " )-quadratic pair or simply a qua-
dratic pair. It determines µ up to the multiplication by a ¾-invariant scalar
¸ 2 F £ . In fact ¾µ determines the polar bµ up to ¸ and f µ determinesu. We
have µ = [bbµu].

Example 4.7. Let q : V ! F be a nonsingular quadratic form. The polar bq

induces an isomorphism Ã : V ­ F V »¡! EndF (V ) such that ¾q
¡
Ã(x ­ y)

¢
=

Ã(y ­ x). Thus Ã(x ­ x) is symmetric and f q
¡
Ã(x ­ x)

¢
= q(x) (see[6, (5.11)].

More generally, if V is a right vector spaceover D , we denote by ¤V the space
V viewed as a left D -spacethrough the involution ¾of D . The adjoint bbµ of a
(¾; " )-quadratic space(V; µ) inducesan isomorphismÃµ : V ­ D

¾V »¡! EndD (V )
and Ãµ(xd ­ x) is a symmetric element of

¡
EndD (V ); ¾µ

¢
for all x 2 V and all

" -symmetric d 2 D. One has f µ
¡
Ã(xd ­ x)

¢
= [dk(x; x)], where µ = [k] (see[4,

Theorem 7]).

5. Cliff ord algebras

Let ¾ be an involution of the ¯rst kind on D and let µ be a nonsingular
(¾; " )-quadratic form on V . Let ¾µ be the corresponding q-involution on A =
EndD (V ). We assumein this sectionthat over a splitting A ­ F ~F »¡! End ~F (M )
of A, µ~F = µ ­ 1 ~F is a (I d;1)-quadratic form ~q over ~F , i.e. µ~F is a (classical)
quadratic form. In the terminology of [6] this means that ¾µ is orthogonal
if Char 6= 2 and symplectic if Char = 2. From now on we call such forms
over D quadratic forms over D , resp. quadratic spaces over D if the forms are
non-singular.
Classical invariants of quadratic spaces(V; µ) are the dimension dimD V and
the discriminant disc(µ) and the Cli®ord invariant associated with the Cli®ord
algebra. We refer to [6, x7] for the de¯nition of the discriminant. We recall the
de¯nition of the Cli®ord algebra Cl(V; µ), following [10, 4.1]. Given (V; µ) as
above, let µ = [k], k 2 Sesq¾(V; D), bµ = k + "k ¤ and h = bbµ 2 HomD (V; V ¤).
Let A = EndD (V ), B = Sesq¾(V; D) and B 0 = V ­ D

¾V. We identify A with
V ­ D

¾V ¤ through the canonical isomorphism(x ­ ¾f )(v) = xf (v) and B with
V ¤ ­ D

¾V ¤ through (f ­ ¾g)(x; y) = g(x)f (y). The isomorphismh can be used
to de¯ne further isomorphisms:

' µ : B 0 = V ­ D
¾V »¡! A = EndD (M ); ' µ : x ­ y 7! x ­ h(y)

and the isomorphism Ãµ already consideredin (4.7):

Ãµ : A »¡! B ; Ãµ : x ­ ¾f 7! h(x) ­ ¾f :

We use' µ and Ãµ to de¯ne maps B 0£ B ! A, (b0; b) 7! b0b and A £ B 0 ! B 0,
(a; b0) 7! ab0:

(x ­ ¾y)(h(u) ­ g) = xb(y; u) ­ ¾f and (x­ ;¾f )(u­ ;¾v) = xf (u) ­ ¾h(v)

Furthermore, let ¿µ = ' ¡ 1
µ ¾µ ' µ : B 0 ! B 0 be the transport of the involution

¾µ on A. We have ¿µ(x ­ ¾y) = "y ­ ¾x. Let S1 = f s1 2 B 0 j ¿µ(s1) = s1g. We
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have S1 =
¡
Alt " (V; D)

¢?
for the pairing B 0£ B ! F; (b0; b) 7! TrdA (b0b). Let

Sandbe the bilinear map B 0­ B 0£ B ! B 0 de¯ned by Sand(b0
1 ­ b0

2; b) = b0
2bb01.

The Cli®ord algebra Cl(V; µ) of the quadratic space(V; µ) is the quotient of the
tensor algebra of the F -module B 0 by the ideal I generatedby the sets

I 1 = f s1 ¡ TrdA (s1k)1; s1 2 S1g
I 2 = f c ¡ Sand(c;k) j Sand

¡
c;Alt " (V; D)

¢
= 0g:

The Cli®ord algebra Cl(V; µ) has a canonical involution ¾0 induced by the
map ¿. We have Cl(V; µ) ­ F eF = Cl(V ­ F eF ; µ­ 1eF ) for any ¯eld extension eF
of F and Cl(V; q) is the even Cli®ord algebra C0(V; q) of (V; q) if D = F ([10,
Th¶eorµeme 2]). The reduction is through Morita theory for hermitian spaces
(seefor example [5, Chapter I, x9] for a description of Morita theory). In [6,
x8] the Cli®ord algebra C(A; ¾µ; f µ) of the triple (A; ¾µ; f µ) is de¯ned as the
quotient of the tensor algebra T(A) of the F -spaceA by the ideal generated
by the sets

J1 = f s ¡ TrdA (us); s 2 Sym(A; ¾µ)g
J2 = f c ¡ Sand0(c;u); c 2 A with Sand0¡ c;Alt (A; ¾µ)

¢
= 0g

whereu = bbµ
¡ 1

k and Sand0 : (A ­ A; A) ! A is de¯ned asSand0(a­ b;x) = axb.
The two de¯nitions give in fact isomorphic algebras:

Pr oposition 5.1. The isomorphism ' µ : V ­ D
¾V »¡! EndD (V ) induces an

isomorphism Cl(V; µ) »¡! C(A; ¾µ; f µ).

Proof. We only check that ' µ maps I 1 to J1. By de¯nition of ¿ and S1, s =
' µ(s1) is a symmetric element of A. On the other hand we have by de¯nition
of the pairing B 0£ B ! A,

TrdA (s1k) = TrdA
¡
' µ(s1)Ã¡ 1

µ (k)
¢

= TrdA
¡
sh¡ 1bk

¢
= TrdA (su) = TrdA (us);

hencethe claim.

In particular we have C
¡
EndF (V ); ¾q; f q

¢
= C0(V; q) for a quadratic space

(V; q) over F . It is convenient to useboth de¯nitions of the Cli®ord algebra of
a generalizedquadratic space.

Let D = [K ; ¹ ) = K ©`K bea quaternion algebrawith conjugation ¾. Let V be
a D-module and let V 0 be V asa right vector spaceover K (through restriction
of scalars). Let T : V 0 ! V 0, Tx = x` . We have EndD (V ) ½ EndK (V 0) and

EndD (V ) = f f 2 EndK (V 0) j f T = Tf g:

Let µ = [k] be a (¾; ¡ 1)-quadratic spaceand let k(x; y) = P(x; y) + `R(x; y) as
in Section 3. It follows from (3.1) that R de¯nes a quadratic space[R] on V 0

over K .

Pr oposition 5.2. We have¾[R ] jEnd D (V ) = ¾µ and f µ = f [R ] jEnd D (V ) .
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Proof. We have an embedding D ,! M 2(K ), a + `b 7!
µ

a ¹ b
b a

¶
and conjuga-

tion given by x 7! x¤ = c¡ 1x t c, c =
µ

0 1
¡ 1 0

¶
. The choice of a basisof V over

D identi¯es V with D n , V 0 with K 2n , EndD (V ) with M n (D ) and EndK (V 0)
with M 2n (K ), where n = dimD V. We further identify V and V ¤ through the
choice of the dual basis. We embed any element x = x1 + `x 2 2 M k ;l (D ),

x i 2 M k ;l (K ) in M 2k ;2l (K ) through the map ¶ : x 7! » =
µ

x1 ¹ x2

x2 x1

¶
. In

particular D n is identi¯ed with a subspaceof the spaceof (2n £ 2)-matrices
over K . Then D ½ M 2(K ) operateson the right through (2 £ 2)-matrices and
M n (D ) ½ M 2n (K ) operateson the left through (2n £ 2n)-matrices. With the
notations of Example (2.3) we have ¶(x¤) = Int( c¡ 1)(x t ). Any D-sesquilinear
form k on D n can be written as k(x; y) = x¤ay, where a 2 M n (D ), as in (2.3).
Let a = a1 + `a2, ai 2 M n (K ) and let

® = ¶(a) =
µ

a1 ¹ a2

a2 a1

¶
:

Let ´ = ¶(y), y = y1 + `y2. We have

k(x; y) = x¤ay = »¤®´ =
µ

x1 ¹ x2

x2 x1

¶ ¤ µ
a1 ¹ a2

a2 a1

¶ µ
y1 ¹ y2

y2 y1

¶
:

On the other side it follows from h = P + `R that R(x; y) = »t ½´ with

½=
µ

a2 a1

¡ a1 ¡ ¹ a2

¶
:

Assume that µ = [k] , so that ¾µ corresponds to the involution Int( ° ¡ 1) ± ¤,
where ° = ® ¡ ®¤. Similarly ¾[R ] corresponds to the involution Int( e½¡ 1) ± t

where e½= ½+ ½t . We obviously have ½= c® with c =
µ

0 1
¡ 1 0

¶
, so that

½t = ®t ct = ¡ ®t c = ¡ ca¤ and ½+ ½t = c(®¡ ®¤) or c° = e½. Now ¤ = Int( c¡ 1)±t
implies ¾[R ] jM n (D ) = ¾µ. We ¯nally check that f µ = f [R ] jSym (M n (D ) ;¾µ ) . We
have f µ(s) = TrdM n (D ) (° ¡ 1®s) and f [R ](s) = TrdM 2n (K ) (e½¡ 1½s), hence the
claim, since½= c® and e½= c° implies ° ¡ 1® = e½¡ 1½.

Cor ollar y 5.3. The embedding EndD (V ) ,! EndK (V 0) induces
1) an isomorphism

¡
EndD (V ); ¾µ; f µ

¢
­ K »¡!

¡
EndK (V 0); ¾[R ]; f [R ]

¢
,

2) an isomorphism C
¡

EndD (V ); ¾µ; f µ
¢

­ K »¡! C0(V 0; [R]).

In view of (2) the semilinear automorphism T : V 0 »¡! V 0, Tx = x` , is a
semilinear similitude with multiplier ¡ ¹ of the quadratic form [R], such that
T2 = ¹ .

Lemma 5.4. The map T induces a semilinear automorphism C0(T) of
C0(V 0; R) such that

C0(T)(xy) = (¡ ¹ )¡ 1T(x)T(y) for x, y 2 V 0
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and C0(T)2 = I d.

Proof. This follows (for example) as in [6, (13.1)]

Pr oposition 5.5.

C
¡
EndD (V ); ¾µ; f µ

¢
= f c 2 C0(V 0; R) j C0(T)(c) = cg:

Proof. The claim follows from the de¯ning relations of C
¡
EndD (V ); ¾µ; f µ

¢
and

the fact that

EndD (V ) = f f 2 EndK (V 0) j T ¡ 1f T = f g:

We call C
¡
EndD (V ); ¾µ; f µ

¢
or equivalently Cl(V; µ) the Cli®ord algebra of the

quadratic quaternion space (V; µ).

Let t be a semilinear similitude of a quadratic space (U; q) of even dimen-
sion over K . Assume that disc(q) is trivial, so that C0(U; q) decomposesas
product of two K -algebrasC+ (U; q) and C¡ (U; q). We say that t is proper if
C0(t)

¡
C§ (U; q)

¢
½ C§ (U; q) and wesay that t is improper if C0(t)

¡
C§ (U; q)

¢
½

C¨ (U; q). In generalwe say that t is proper if t is proper over some¯eld exten-
sion of F which trivializes disc(q). For any semilinear similitude t, let d(t) = 1
is t if proper and d(t) = ¡ 1 if t is improper.

Lemma 5.6. Let t i be a semilinear similitude of (Ui ; qi ), i = 1; 2. We have
d(t1 ? t2) = d(t1)d(t2).

Proof. We assumethat disc(qi ), i = 1; 2, is trivial. Let ei be an idempotent
generating the center Z i of C0(qi ). We have t i (ei ) = ei if t i is proper and
t i (ei ) = 1¡ ei if t i is improper. The idempotent e = e1+ e2¡ 2e1e2 2 C0(q1 ? q2)
generatesthe center of C0(q1 ? q2) (seefor example [5, (2.3), Chap. IV] ) and
the claim follows by casechecking.

Lemma 5.7. Let V , µ, V 0, R and T be as above. Let dimK V 0 = 2m. Then T
is proper if m is evenand is improper if m is odd.

Proof. The quadratic space(V; µ) is the orthogonal sumof 1-dimensionalspaces
and we get a corresponding orthogonal decomposition of

¡
V 0; [R]

¢
into sub-

spaces(Ui ; qi ) of dimension 2. In view of (5.6) it su±ces to check the case

m = 1. Let ® = a = a1 + `a2 2 D and ½=
µ

a2 a1

¡ a1 ¡ ¹ a2

¶
: We choose¹ = 1,

a1 = j (j as in (2.4)), put i = 1 ¡ 2j , so that i = ¡ i and choosea2 = 0. Let
x = x1e1 + x2e2 2 V 0, so [R](x1; x2) = ix 1x2 and C([R]) is generatedby e1; e2

with the relations e2
1 = 0, e2

2 = 0, e1e2 + e2e1 = i . The element e = i ¡ 1e1e2 is
an idempotent generating the center. SinceT(x1e1 + x2e2) = x2e1 + x1e2, we
have C0(T)(e1e2) = ¡ e2e1 and C0(T)(e) = 1 ¡ e. Thus T is not proper.
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Of special interest for the next section are quadratic quaternion forms [k] such
that the induced quadratic forms ¼2([k]) are P¯ster forms. For convenience
we call such forms P¯ster quadratic quaternion forms. Hyperbolic spacesof
dimension 2n are P¯ster forms, hencespacesof the form ¯ ([b]), b a hermitian
form over K , are P¯ster, in view of the exactnessof the sequenceof Lewis [7].
It is in fact easyto give explicit examplesof P¯ster forms using the following
constructions:

Example 5.8 (Char F 6= 2). Let q = < ¸ 1; : : : ; ¸ n > be a diagonal quadratic
form on F n , i.e., q(x) =

P
¸ i x2

i . Let [k] on D n begivenby the diagonal form `q.
Then the corresponding quadratic form [R] on K 2n is given by the diagonal
form < 1; ¡ ¹ > ­ q. In particular we get the 3-P¯ster form << a;b;¹ >>
choosing for q the norm form of a quaternion algebra (a;b)F .

Example 5.9 (Char F = 2). Let b = < ¸ 1; : : : ; ¸ n > be a bilinear diagonal
form on F n , i.e., b(x; y) =

P
¸ i x i yi . Let k = (j + `)b on D n . Then the

corresponding quadratic form [R] over K = R(j ), j 2 = j + ¸ , is given by
the form [R] = b­ [1; ¸ ] where [»; ´ ] = »x2

1 + x1x2 + ´ x2
2. In particular, for

b = < 1; a; c;ac > , we get the 3-P¯ster form << a;c;¸ ]] with the notations of
[6], p. xxi.

6. Triality f or semilinear similitudes

Let C be a Cayley algebra over F with conjugation ¼ : x 7! x and norm
n: x 7! xx. The new multiplication x ? y = x y satis¯es

x ? (y ? x) = (x ? y) ? x = n(x)y(6)

for x, y 2 C. Further, the polar form bn is associative with respect to ?, in the
sensethat

bn (x ? y; z) = bn (x; y ? z):

Pr oposition 6.1. For x, y 2 C, let r x (y) = y ? x and `x (y) = x ? y. The map
C ! EndF (C© C) given by

x 7!
µ

0 `x

r x 0

¶

induces isomorphisms®:
¡
C(C; n); ¿

¢ »¡!
¡
EndF (C© C); ¾n? n

¢
and

®0 :
¡
C0(C; n); ¿0

¢ »¡!
¡
EndF (C); ¾n

¢
£

¡
EndF (C); ¾n

¢
;(7)

of algebras with involution.

Proof. We have r x
¡
`x (y)

¢
= `x

¡
r x (y)

¢
= n(x) ¢y by (6). Thus the existence

of the map ® follows from the universal property of the Cli®ord algebra. The
fact that ® is compatible with involutions is equivalent to

bn
¡
x ? (z ? y); u

¢
= bn

¡
z; y ? (u ? x)

¢
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for all x, y, z, u in C. This formula follows from the associativit y of bn . Since
C(C; n) is central simple, the map ® is an isomorphism by a dimension count.

Assumefrom now on that C is de¯ned over a ¯eld K which is quadratic Galois
over F . Any proper semilinear similitude t of n inducesa semilinear automor-
phism C(t) of the even Cli®ord algebra

¡
C0(C; n); ¿0

¢
, which doesnot permute

the two components of the center of C0(C; n). Thus ®0 ± C0(t) ± ®¡ 1
0 is a pair

of semilinear automorphisms of
¡
EndK (C); ¾n

¢
. It follows as in (4.5) that, for

any quadratic space(V; q), semilinear automorphisms of (EndK (V ); ¾q; f q) are
of the form Int (f ), where f is a semilinearsimilitude of q. The following result
is due to Wonenburger [12] in characteristic di®erent from 2:

Pr oposition 6.2. For any proper semilinear similitude t1 of n with multiplier
¹ 1, there exist proper semilinear similitudes t2, t2 such that

®0 ± C0(t1) ±®¡ 1
0 =

¡
Int (t2); Int (t3)

¢

and

¹ ¡ 1
3 t3(x ? y) = t1(x) ? t2(y);

¹ ¡ 1
1 t1(x ? y) = t2(x) ? t3(y);

¹ ¡ 1
2 t2(x ? y) = t3(x) ? t1(y):

(8)

Let t1 be an improper similitude with multiplier ¹ 1. There exist improper simil-
itudes t2, t3 such that

¹ ¡ 1
3 t3(x ? y) = t1(y) ? t2(x);

¹ ¡ 1
1 t1(x ? y) = t2(y) ? t3(x);

¹ ¡ 1
2 t2(x ? y) = t3(y) ? t1(x):

The pair (t2; t3) is determined by t1 up to a factor (¸; ¸ ¡ 1), ¸ 2 K £ , and we
have¹ 1¹ 2¹ 3 = 1:
Furthermore, any of the formulas in (8) implies the two others.

Proof. The proof given in [6, (35.4)] for similitudes can also be used for semi-
linear similitudes.

Remark 6.3. The classof two of the t i , i = 1; 2; 3, modulo K £ is uniquely
determined by the classof the third t i .

Cor ollar y 6.4. Let T1 be a proper semilinear similitude of (C; n) such that
T2

1 = ¹ 1, ¹ 1 2 K £ and with multiplier ¡ ¹ 1. There exist elementsai 2 K £ ,
i = 1; 2; 3, and proper semilinear similitudes Ti of (C; n), with T 2

i = ¹ i , ¹ i 2
K £ and with multiplier ¡ ¹ i , i = 2; 3; such that ai ai ¹ i = ¹ i +1 ¹ i +2 and

a3T3(x ? y) = T1(x) ? T2(y)
a1T1(x ? y) = T2(x) ? T3(y)
a2T2(x ? y) = T3(x) ? T1(y

Document a Ma thema tica ¢Quadra tic Forms LSU 2001 ¢201{218



216 Max-Alber t Knus and Oliver Villa

The classof any Ti modulo K £ determines the two other classesand the ¹ i 's
are determined up to norms from K £ . Furthermore any of the three formulas
determines the two others.

Proof. Counting indices modulo 3, we have relations

Ti (x) ? Ti +1 (y) = bi +2 Ti +2 ; bi 2 K £

in view of (6.2). If we replaceall Tj by Tj ±½º j , º j 2 K £ , we get new constants
ai . The claim then follows from (3.3).

7. Triality f or quadra tic qua ternion f orms

Let D1 = K ©`1K = [K ; ¹ 1) be a quaternion algebraover F and let (V1; qµ1 ) be
a quaternion quadratic spaceof dimension4 over D 1. Let µ1 = [h1], h1(x; y) =
P1(x; y) + `R 1(x; y), so that [R1] = ¼2(µ1) corresponds to a 8-dimensional
(classical) quadratic form on V 0

1 over K . The map T1 : V 0
1 ! V 0

1 , T1(x) =
x` 1, is a semilinear similitude of

¡
V 0

1 ; [R1]
¢

with multiplier ¡ ¹ 1 and such that
T2

1 = ¹ 1. We recall that by (3.5) it is equivalent to have a quadratic quaternion
space(V1; qµ1 ) or a pair

¡
V 0

1 ; [T1]
¢
. We assumefrom now on that the quadratic

form q[R 1 ] is a 3-P¯ster form, i.e.,the norm form n of a Cayley algebra C over
K . In view of (6.4) T1 induces two semilinear similitudes T2, resp. T3, with
multipliers ¹ 2, resp. ¹ 3, which in turn de¯ne a quaternion quadratic space
(V2; µ2) of dimension 4 over D2 = [K ; ¹ 2), resp. a quaternion quadratic space
(V3; µ3) of dimension 4 over D3 = [K ; ¹ 3). Let Br(F ) be the Brauer group of
F .

Pr oposition 7.1. 1) [D1][D2][D3] = 1 2 Br(F ),
2) The restriction of ® : C0

¡
C; n)

¢ »¡! EndK (C) £ EndK (C) to C(Vi ; D i ; µi )
induces isomorphisms

®i :
¡
C(Vi ; D i ; µi ); ¿

¢ »¡!
¡
EndD i +1 (Vi +1 ); ¾µi +1

¢
£

¡
EndD i +2 (Vi +2 ); ¾µi +2

¢

Proof. The ¯rst claim follows from the fact that ¹ 1¹ 2 = ¹ 3 NrdD 3 (a3) and the
secondis a consequenceof (5.5), (3.5) and the de¯nition of ®.

Example 7.2. Let C0 be a Cayley algebra over F and let C = C0 ­ F K . For
any c 2 C0 such that c2 = ¹ 1 2 F £ , T1 : C ! C given by T1(k ­ x) = k ­ xc is
a semilinear similitude with multiplier ¡ ¹ 1 such that T 2

1 = ¹ 1. The Moufang
identit y (cx)(yc) = c(xy)c in C implies that

(xc) ? (cy) = c(x ? y)c:

Thus T2(k ­ y) = k ­ cy and T3(k ­ z) = ik ­ czc (where i 2 K £ is such
that i = ¡ i ) satisfy (6.4). The corresponding triple of quaternion algebrasis¡
[K ; ¹ 1); [K ; ¹ 1); [K ; i i ¹ 2

1)
¢
, the third algebra being split.

Example 7.3. Let D i , i = 1; ; 2; 3, be quaternion algebrasover F such that
[D1][D2][D3] = 1 2 Br(F ). We may assumethat the D i contain a common
separablequadratic ¯eld K and that D i = [K ; ¹ i ), ¹ i 2 F £ such that ¹ 1¹ 2¹ 3 2
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F £ 2. In [6, (43.12)] similitudes Si with multiplier ¹ i , i = 1; 2; 3, of the split
Cayley algebra Cs over F are given, such that 1) ¹ ¡ 1

3 S3(x ? y) = S1(x) ? S2(y)
and 2) S2

i = ¹ i . Let C = K ­ Cs. Let u 2 K £ be such that u = ¡ u. The
semilinear similitudes Ti (k ­ x) = uk ­ Si (x), i = 1; 2; 3, satisfy

a3T3(x ? y) = T1(x) ? T2(y)

with a3 = u¹ ¡ 1
3 (we usethe samenotation ? in Cs and in C). Thus there exist

a triple of quadratic quaternion forms (µ1; µ2; µ3) corresponding to the three
given quaternion algebras. We hope to describe the corresponding quadratic
quaternion forms in a subsequent paper.
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