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Abstra ct. Gabor and wavelet methods are preferred to classical
Fourier methods, wheneer the time dependenceof the analyzed sig-
nal is of the sameimportance asits frequencydependence.However,
there exist strict limits to the maximal time-frequency resolution of
theseboth transforms, similar to Heiserberg's uncertainty principle in
Fourier analysis. Results of this type are the subject of the following
article. Among else, the following will be shown: if is a window
function, f 2 L?(R) nf0g an arbitrary signaland G f (! ;t) the con-
tinuous Gabor transform of f with respectto , then the support of
G f (! ;t) consideredasa subsetof the time-frequency-planeR ? can-
not possessnite Lebesguemeasure. The proof of this statemert, as
well asthe proof of its wavelet courterpart, relies heavily on the well
known fact that the rangesof the contin uoustransforms are reproduc-
ing kernel Hilb ert spacesshaving somekind of shift-invariance. The
last point prohibits the extension of results of this type to discrete
theory.
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1 Intr oduction

One of the basic principles in classical Fourier analysis is the impossibility
to nd a function f being arbitrarily well localized together with its Fourier
transform f. There are many ways to get this statemert precise. The most
famous of them is the so called Heisenlerg uncertainty principle [Heis27, a
consequencef Cauchy-Schwarz's inequality (c.f. [Chan89, for example):
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202 Elke Wilczok

Given f 2 L?(R) nf0g arbitrary, one has

0 1 1:20 1 1=2
2 2; 2 2 2; 2 kf I(EZ(R)

@ Xf(oifdA @ A()Pd A — (1)
1 1

where equality holds if zzind only if there exist some constantsC 2 C, k > 0
suchthat f (x) = Ce k<",

Completely dierent techniques lead to further restrictions of this type, e.g.
methods of complex analysis to the theorems of Paley-Wiener and Hardy
[Chan89 Hard33], and a study of the spectral properties of compact oper-
ators to the work of Slepian, Pollak and Landau [Slep65, Lawi80, Slep83].
The uncertainty principles of Lenard, Amrein, Berthier and Jauch [Lena72
BeJa76 AmBe77] are mainly consequence®f the geometric properties of ab-
stract Hilb ert spaces.Additional considerationsprovide the articles of Cowling-
Price [CoPr84] and Donoho-Stark [DoSt89]. And those are just a few aspects
of uncertainty in harmonic analysis. Deeper insight can be won from the book
of Havin and Jericke [HaJo94.

The represenation of f asa function of x is usually called its time-represen-
tation, while frequency-epresentation is another name for the Fourier trans-
form f'( ). For applications, one often needsinformation about the frequency-
behaviour of a signal at a certain time (resp. the time-behaviour of a certain
frequency-compnert of the signal). This lead to the construction of seweral
joint time-frequency representations among those the Gabor transform (3).
The motivation for the wavelet transform (12) was of similar nature. However,
the latter should preferably be called a joint time-sale represenation, sincethe
parameter a in (12) cannot completely be identi ed with an inversefrequency
asit is often donein the literature.

Bearing in mind the limits of classicalFourier transform, one cannot expect to
achieve perfect phase-spaceesolution by using suc joint represenations. Even
worse,additional perturbations of the original signal may be intro ducedby the
window (resp. wavelet) function . Precise estimates tackling exactly that
point are rare in literature. Usually, the time-frequency-resolution of a Gabor
(resp. wavelet) transform is identied with the time-frequency localization of
the function [Chui92]. This can be seeneven more clearly from the discrete
transforms: the famous uncertainty principles of Balian-Low for the discrete
Gabor transform [Bali81, Daub9(] and Battle for the discretewavelet transform
[Batt89, Batt97] just estimate the maximal time-frequency resolution of the
window (resp. wavelet) function  under the restriction that the daughter
functions of  span a frame (resp. an { in somesuitable sense{ orthogonal
set). As for the cortinuous wavelet transform, Dahlke and Maa [DaMa95]
proved a Heiserberg-like inequality related to the ane group. It is not so
obvious, however, what consequencesor the phase-spacdocalization of W f
follow from this result. Presumably, Daubecies [Daub88, Daub92] was the
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New Uncer tainty Principles ::: 203

rst to analyzethe energycontent of G f (resp. W f) restricted to a proper
subsetM of phase-spaceBut sheconsideredonly very special functions and
subsetsM of very special geometry, chosenin such a way that the arguments
of Slepian, Pollak and Landau could widely be transferred.

In section 4 of this article, a similar investigation will be performed for quite
geneal functions  and almost arbitrary subsetsM of phase-space.By this,
one cannot expect to get such precise results as Daubedies did. While she
computed the whole spectrum of a suitably constructed compact operator,
we just derive an upper bound for its eigervalues. This su ces, howewer, to
estimate the maximal energy content of G f (resp. W f) in M. Before doing
so, we show in section 3 that if M is a set of nite Lebesgue(resp. ane)
measure,there is no f 2 L?(R) suc that suppG f M (resp. suppW f
M). Here, supph denotesthe support of a given function h. We nish this
article with someconclusionsfollowing from Heiserberg's uncertainty principle.

The results preseried here are part of the author's PhD thesis [Wilc97].

2 Prerequisites fr om the Theor y of Gabor and Wavelet Trans-
forms

This section shall serve as a reference.It provides someof the most important
de nitions and theorems from the theory of (continuous) Gabor and wavelet
transforms. Further introductory information, and especially the proofs of the
results preseried here, can be found, e.g., in [Chui92, Daub92, Koel94.

In the following, we denote by (™ n-dimensional Lebesguemeasure,by R
the set of real numbers without zero and by \ the characteristic function
of the set M. The Fourier-Plancherel transform of a function f 2 L?(R) is
normalized by

2
(Ff)():=f'\():=912: f(x)e " Xdx ( 2R):

1

2.1 Basic Gabor Theor y

Definition 2.1 (Gator transform)

1. A window function is a function 2 L?(R) nfO0g:

2. Givenawindow function and (! ;t) 2 R?, we de ne the daughterfunction
1t of by

LX) = p;: (x B @)
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204 Elke Wilczok

3. The Galor transform (GT) of a function f 2 L2(R) with respect to the
window function is de ned by

G f :R%2! C; where

2
G f(;t):= f(x) 1¢(x)dx: 3)
1

4. Given a window function , we de ne an operator G acting on L2(R) by
G : f71G f:

G is called the operator of the Gabor transform or, shorter, the Galor trans-
form with respect to

Remark 2.2

1. Other names of the Gabor transform frequertly used in the literature
are Weyl-Heisenlerg transform, short time Fourier transform and windowed
Fourier transform.

2. If there is no danger of confusion, we drop the attribute with respect to
in the following.

3. From Plancherel's formula we get the Fourier representationsof G f:

GIi(i=F@F(x x HH=e™FFEO)C N 1) @)

Denoting by C,(R ?) the vector spaceof bounded contin uousfunctions mapping
R? into C, equipped with the maximum norm, we have

Theorem 2.3 (Covariance properties) Let be a window function. The
Galor transform G is a bounded linear operator from L2(R) to Cu(R?)
possessinghe following covariance properties:

for f 2 L?(R) and (! ;t) 2 R? arbitrary

[G f( x)l(;t)=¢e X0 f(l;t Xo) (Xo2R); (5)

G (€'°f() (1;)=G f(! !gt) (1o02R): (6)

Theorem 2.4 (Orthogonality relation) Let be a window function andf ;g2
L2(R) arbitrary. Then we have

2
G f(1:)G g(!;tdldt = k kizg)(f;Q)L2r): 7)
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New Uncer tainty Principles ::: 205

Cor ollar y 2.5 (Isometry) Let be a window function. The normalized
Galor transform G is an isometry from L?(R) into a subsmce of

L2(R?2).

K kiz(g)

Cor ollar y 2.6 (Reproducing kernel) Let  be a window function. Then
G (L%(R)) is a reproducing kernel Hilbert space (r.k.H.s.) in L?(R?) with
kernel function

1
K (1%t%1;t) = W( Lt 1o0)L2(R): (8)
L2(R)
The kernel is pointwise bounded:
K (%% 1 8 (%t (i) 2R (9)

2.2 Basic Wavelet Theor y

Definition 2.7 (Wavelet transform)
1. A function 2 L?(R) nf0Og satisfying the admissibility condition

2

c =2 i )jzf'_j <1 (10)

is called a mother wavelet.
2. Given a mother wavelet and (a;b) 2 R R, we de ne the daughter
wavelet 5, of by

Xx b
a

(11)

T

ab(X) =
J

2

3. The wavelettransform (WT) of a function f 2 L?(R) with respect to the
mother wavelet is de ned by

WIf:R R! C; where
3

W f(a;b) := f(X) ap(X)dx: (12)
1

4. Given a mother wavelet , we de ne an operator W acting on L2(R) by
W f71WwW f:

W is called the operator of the wavelet transform or, shorter, the wavelet
transform with respect to
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Remark 2.8
From Plancherel's formula we get the Fourier representation

A P
W f(ab=F l(p2 () jai"(a )(b): (13

Denoting by Cy(R R) the vector spaceof bounded continuous functions
mapping R? into C, equipped with the maximum norm, we have

Theorem 2.9 (Covariance properties) Let be a mother wavelet. The
wavelettransform W is a bounded linear operator from L?(R) to Ch,(R  R)
possessinghe following covariance properties:

for f 2 L?(R) and (a;b) 2 R R arbitrary
W f( xo)l(a;b)=W f(a;b xp) (Xo2R); (14)
" I#
w p;f - (a;b)= W f (c2R ): (15)
g ¢

ol

b
c

Theorem 2.10 (Orthogonality relation) Let be a mother waveletandf ;g2
L2(R) arbitrary. Then we have

2 dadb
W T @BW g@B- 5 = ¢ (f;gw): (16)

1
Cor ollar y 2.11 (Ilsometry) Let be a mother wavelet. The normalized
wavelet transform pﬁ:W is an isometry from L?(R) into a subsmoe of
L2(R  R;d ar1), whered 41 := %% denotesthe so-called ane measure

Cor ollar y 2.12 (Reproducing kernel) Let be a mother wavelet. Then
W (L?(R)) isarkHs. in L2(R  R;d ) with kernel function

1
K (a%b’a;b) = —(ai aw)iz(r): 17)

The kernel is pointwise bounded:

2

k K 2(r)

K (%K a;b)j 8 (@a%M); (2R R: (18)

2.3 Group theoretical back gr ound

The parallel structures of the two foregoing sections suggestthat Gabor and
wavelet transform originate from a common root. As it is widely known, this
root can be found in the theory of unitary representations of locally compact
groups Using the terminology of e.g. [GrMo85, HeWa89 we state one of the
certral resultsin that context:
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Theorem 2.13 (Orthogonality relation) Let G be a locally compact group with
left Haar measure |, H a complex Hilbert space and U a squae integrable,
irr educible, unitary representation of G on H. De ne

Ay =f 2H: isU admissibleg; (29)
where U-admissibility of 2 H means
z
0<c’:=  j(;U(g) Iui’d (g <1: (20)
G

Then Ay is densein H, and there existsa unique positive operator Cy : Ay !

H suchthatfor all ; 2 Ay andfor all f;f,2H
Z
(f1;U(Q) )n(f2;U(9)) wd L(9)=(Cu ;Cu )n(fy;fo)n: (21)
G

If G is unimodular, then Cy is a multiple of the identity operator.

Remark 2.14 Gabor transform is induced by a square-irtegrable, unitary, ir-
reducible represenation Uy y of the socalled Weyl-Heisenlerg groupon L2(R).
Here, Uw 1 -admissibility posesno additional restrictions: Ay, , = L?(R).
Similarily, wavelet transform results from a represenation Uy ¢ of the ane
("ax+b"-) group on L?(R). In this case,Uy ¢ -admissibility of a function 2
L?(R) correspondsto admissibility in the senseof 10.

By this, covariance properties 5,6,14 and 15, aswell asthe orthogonality rela-
tions 7,16 with corollaries are immediate consequencesf group theory.

A helpful referencein the context of time-frequency distributions and group
theory is the survey article of Miller [Mil [91].

3 Restrictions on the Supports of Gabor and Wavelet Trans-
forms

In 1977, Amrein and Berthier (J[AmBe77], seealso [HaJo94]) proved that the
support of a function f 2 L?(R) nf0g and the support of its Fourier transform
f* cannot both be setsof nite Lebesguemeasure.Using the sametechniques,
we will show now that for any window function (resp. wavelet) and any
f 2 L2(R) nf0Og the support of the Gabor transform G f (resp. wavelet
transform W f) is a set of in nite Lebesgue(resp. ane) measure. As a
preparation we need

Lemma 3.1 (Dimension of certain subspacesf a r.k.H.s.)
Let(Y; v; vy)bea -nite measurespce, M asubsetof Y with y(M)< 1,
andH L2(Y;d y) ar.k.H.s. with kernel K. Assuming that

sup JK(YSy)i<1; (22)
yOy2Y
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and de ning
Huw =fF2H: F= u Fg; (23)

the following estimate holds:

2
dim Hy, sup jK (Y% y)j y(M)2<1: (24)
yoy2y

Proof: Using (22) and the niteness of y (M) we get
Z27 5
KOINIPd v(09d v) - sup JKOSYI v(M)* <1 (25)
yuy
M M

hence, in particular, K 2 L2(M  M;d? v). Let (en)N;; (N 2 N) be an
arbitrary orthonormal family in Hy , and de ne

En(Y%y) = en(¥%en(y) (n2fL:::;Ng):

En (YSY)En (YO y)d v (¥Od v ()

M

R -
= em(Y9em()en(Y9en(¥)d v (Y)d v(¥) = mn;

M M

hence, (E,)N-; is an orthonormal family in L?>(M M;d? v): Sincewe have
showvn that K 2 L?(M  M;d? y), Bessel'sinequality, combined with the
reproducing property of K, leadsto

X
kKkEZ(M M;d2 v) J(EniK)LZ(M M ;d? Y)J'2
n=1
Z Z
= j en(Y9en (Y)K (Y2 y)d v(y)d v (y9j?
n=l M M
x Z . ,
= i en(9en(y9d v (y9j® = N:
n=1 M

So, nally , (25) implies

2
N sup K(Y%y)j  v(M)?<1;
yo%y2yY

and therefore ead orthonormal setof Hy, is nite. O
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Now, chooseM as a subsetof R? (resp. R R) and H = G (L?(R))
L2(R?) (resp. W (L?(R)) L2 R R;%d ) From section 2 we know
that thesetwo rangesare r.k.h.s with bounded kernels. Assuming, there exists
at leastonenon-trivial function F 2 Hy, , wewill construct anin nite sequence
of functions in H being linearly independent and supported in a set of nite
measure. Sincethis is a contradicition to lemma3.1,Hy, must be zero space.

In the Gabor case,the construction is basedon

Lemma 3.2 (Shifting lemma) Let M; M, be two subsetsof R?, My M,
@ (Mp)>0and @M)<1:For!o2R dene

Mo lo:=f(;t)2R?: (I +1¢:t)2 Mog:
Then for each 2]0; @ (My)[, there exists a real numker ! 2 R suchthat
AM)< @M[ Mo )< @OM)+ : (26)
Proof: Considerthe function
V:iR! R; 171 OM[ (Mo !)):

This function is cortin uous, since

v(l) = @)+ @Mg) @M\ (Mg 1))
2z 2
= OmM)+ @y M=) v, 1 (5 t)dedt
727
= @mM)+ @my) Mo (F+ !5 t)d~dt
M

const Kk wmo( *+!;)kiimy;

and limj; okf(+h; ) f(; )keimy = Oforeveryf 2 LI(M) (cf. [Okik71],
3.6). Hence, evaluating v at two suitably chosenpoints and using the mean
value theorem leadsto assertion (26). Such points shall be constructed in the
following.

From My M, onegetsv(0) = @ (M), and therefore the lower bound in
relation (26).

Since @ (M) < 1, given > 0, there exists a bounded measurable subset
M of M such that @ (M nM ) < (cf. [EvGa92). ChooseK > 0 suc
that M lies completely in the ball of radius K certered at the origin. Put
I ==3K :ThenM \ (M +! )=;;and

Z7Z Z7Z
wo (I + 1 ;t)d! dt Mo (I + 1 ;t)d! dt +
z 7 zMz
= M, (F; t)d~dt + M (F;t)ddt + 2;
M+ R M

Document a Mathema tica 5 (2000) 201{226



210 Elke Wilczok

hence,as before,
vl ) @M+ @(Mo) 2:

Now the meanvalue theorem showsthat v takesall valuesbetween @ (M) and
@ M)+ @(Mg) 2 with arbitrarily small. This provesthe assertion.o

Theorem 3.3 For any window function and any set M R2 of nite
Lekesguemeasure, we have

G (L3R)\ fF2L%R?»): F= y Fg=fo0g: (27)
Proof: Let us assume there exists a non-trivial function Fq satisfying
Fo2G (L3R))\ fF2L%R?: F= y Fg (28)

Let My M denotethe support of Fo, and choose 2]0;2 @ (M)[ arbitrary .
Using the notation of lemma 3.2 we de ne

M; = M;
Mo Mi[ (Mo 13);

where! ;1 2 R is chosensud that
M) < @M< BMy+ 24
and correspondingly for k > 2
Mg = Mg 1[ (Mo ! Pk 1)s
where! 1 2 R satis es
@Mk 1)< DM < @M 1)+ 2 1

The existenceof suitable translations ! ¢ ; 2 R is guaranteed @/ lemma 3.2,
sinceMg M; My M 2 Mg 1. Let M = “._ M. By
construction

hs
(2)(M ) (2)(M)+ 2 k= (2)(M)+ :
k=1

Hence, @M )< 1 for @ (M) < 1. Let F1(!;t) := Fo(! ;t); Fe(!;t) :=
Fe 1(! + 1 1;t) (k 2 N;k > 1). Using the invariance property (6) of the
Gabor transform, we seethat F, 2 G (L?(R)) (k2 N;k > 1), and

suppFk = suppFx 1 !k 1
= suppF: ! "k 1
= Mp Y T 1 M M :
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New Uncer tainty Principles ::: 211

We now shaw the linear independenceof the family (Fy)x 2. Let us assume,
there exists a k > 2 such that

I 1
Fi = aFy (29)
R=2
for somesuitably chosencoe cien ts az;as;:::;ax 12 R. Then,
1
supp Fg supp F;
k=2
and hence
Mo 1 Pk 1
f(Mo !'1)[ Mo '1 !2)[ [(Mo !'1 !2 'k 2)9
My 1:

On the other hand, @ (M) > @ (M 1) impliesthat My = Mg 1 [ (Mg

(] 'k 1) is areal supersetof My 1. So,Mgy !, I ¢ 1 cannot
be a subset of My ;. Therefore, a linear combination of type (29) is not
possible,and hence(Fy)k 2 is aninnite setof linearly independent functions
with supp Fx M , where @ (M ) < 1. From section 2 we know that
G (L?(R)) is a r.k.H.s. with pointwise bounded kernel. Hence, following
lemma 3.1, each subspaceof G (L2(R)) consisting of functions supported on a
setof nite measuremust be of nite dimension. This shows that assumption
(28) was wrong. O

From theorem 3.3 we get immediately

Cor ollar y 3.4 (The support of a GT hasin nite measure)
Let be a window function. Then, for f 2 L?(R) nf0g arbitrary, the support
of G f is asetof innite Lekesguemeasure.

Remark 3.5
Recalling the de nition of the cross-ambiguityfunction of f;g2 L2(R)
1 2 t t
A(f;g)(!;t) = P R 5 9% 35 dx; (30)
1
and rewriting (30) by
A(f;g)(! ;1) = e T Gyf (1:1); (31)

we may concludethat suppA(f;g) is of in nite measure,unlessf = Oorg= 0.
This answersa question posedby Folland and Sitaram [FoSi97 which hasbeen
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considered independertly by Jaming [Jami98] and Janssen[Jans9§. Their
proofs are basedon the Fourier uncertainty principle of Benediks [Bene83.
Using the same principle, Janssendisproved the existence of an half-space
in R? cortaining a nitely measured part of suppA(f;g) unlessf = 0 or
g = 0. Assuming f;g to be real-valued, this is a corollary to theorem 3.3,
for @ (suppG f (! ;t)ji<o) < 1 implies @ (suppG f(!;t)ji<o) < 1, and
therefore @ (suppG (! ;t)jis0) < 1, hence @ (suppG f(!;t) < 1,
where f(! ;t) 2 R2 : 1 < Og is represenativ e for any subspaceof R? (cf.
[Jans9§). In casef = g, complex valuesare admissible,as well.

Looking more closelyat the proof of theorem 3.3we nd asits main ingredients
ar.k.H.s. in an L2-spacewith a pointwise bounded reproducing kernel,
translation invariancein at least one xed direction.

Consequetly, results of this type hold in a much wider sense:

Theorem 3.6 (Abstract version) Let H be a r.k.H.s. consisting of functions

on R" which are squae-integrable with respct to Letesguemeasure. Assume,

the reproducing kernel K of H is bounded. Let U 6 f0Og be a subspmce of R"

suchthat F 2 H; u2 U imply F( u) 2 H. Then, for eachF 2 H, one has
(M (suppF)=1.

To obtain a corresponding result for the wavelet transform, we needan a ne
version of the shifting lemma 3.2. Using 4 ¢ instead of Lebesguemeasure,we
nd analogously:

Lemma 3.7 (Ane shifting lemma) Let M; Mg be two subsetsof R R,
Mo M, a¢(Mg)>0and 4:(M)<1:Forky2R dene

Mo bp:=f(a;bh2R R : (a;b+ by) 2 Mgg:
Then, for each 2]0; a4 ¢ (Mo)[, there existsa number b 2 R suchthat

af(M)< at(M[ (Mg b)) < at(M)+ : (32)

Hence, using (14) we can conclude as before

Theorem 3.8 For any wavelet and any set M R R of nite ane
measure, we have

W (L2(R)\ fF2L%R R;d 47): F= u Fg=f0g: (33)

Cor ollar y 3.9 (The support of a WT hasin nite measure)
Let be a wavelet. Then, for f 2 L?(R) nfO0g arbitrary, the supprt of W f
is a setof innite ane measure.

Document a Mathema tica 5 (2000) 201{226



New Uncer tainty Principles ::: 213

Remark 3.10 There is no sudh result for discrete Gabor resp. wavelet trans-
forms related to orthonormal bases?:

Let ( jk)jk2z be an orthonormal waveletbasisin L?(R) and f = = g,
Then X X
f= (f; LRy jk = ik ik
jk2z jk2z

hene, there is just one non-vanishing waveletcoe cient.
This is a consequencef the fact that there is no translation invariancein the
discrete setting.

4 Appr oximative Concentra tion of Gabor and Wavelet Trans-
forms

From the foregoingsectionwe know that the Gabor transform G f of afunction
f 2 L2(R) nf0Og cannot possessa support of nite Lebesguemeasure. In the
following wewill shaw that the portion of G f lying outside somesetM of nite
Lebesguemeasurecannot be arbitrarily small, either. For su cien tly small M,
this can be seenimmediately by estimating the Hilbert-Schmidt norm of a
suitably de ned operator. Taking into accourt somegeometric properties of
abstract Hilb ert spaceswe nd that restrictions of this kind hold for arbitrary
sets of nite Lebesguemeasure. More preciseresults going in that direction
can be found by Daubedies [Daub88, Daub92], but only for special window
functions  and special setsM .

The wavelet transform is treated in an analogousmanner.

Theorem 4.1 (Concertration of G f in small sets) Let be a window func-
tion and M  RZ with @ (M) < 1: Then, for f 2 L%(R) arbitrary,

kG f wm G fkieryy K kizw)(@ @ (M)PF2)Kf kL 2(r): (34)

Proof: De ne Pr : L2(R?) ! L?(R?) asthe orthogonal projection from L?(R ?)
onto G (L2(R)), and Py : L?2(R?) ! L?(R?) asthe orthogonal projection
from L?(R?) onto the subspaceof functions supported in M. From corollary
2.5 we obtain

1
— kG f fk
K k|_2(R) G m G L2(R?)
1
= —— kG f PyP f)k 2(r2
K Koz G mPr(G f)kiz(rz)

(1  kPm PrK)Kf ki 2(r);
hence

KGf wm G fkiorzy Kk kizry(l KPwPrKKfk 2ry:  (35)

1For de nitions seee.g. [Daub92].
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Being the projection onto ar.k.H.s., Pr can be represertied by [Sait88]
Pr: F7UPRF( ;)= (F( %K (%% 50) 2R
with K de ned by (8). Hence,for F 2 L?(R?) arbitrary, we have

A 2
PuPrF(!;t) = m (DK (%% DR SO d %t
1 1

Therefore, the operator norm kPy Prk can be estimated by the Hilbert-

Sdmidt norm kPy Prkys (cf. [HaSu7§), using the fact that ﬁG is
an isometry:
kPym PrKZ s
A 2 2 2
= i m (DK (%% n)j2d Yt dt
1 1 1 1
A 2 2 2 2
— |- 1 . dl Od Od' d
= m (! ,t)W( Lty 1 o0)2(ry  d!Hdttd! dt
1 1 1 1 L2(R)
A 2 2 2 1 2
= m()———G 1 ((1%t9 d! %t%! dt
101 1 1 K Kizr)
1 A 2 72272 1 2
= — =G ("%t9 d!%t%! dt
k k2, kK Kkizr
L2(R) ; M (R)
1 ZZ 0 A !
= @ j ,((x)j%dxA d! dt
k kZ2(r) .
1
K K2 —k kEZ(R) @m)y= @m):
L2(R)
Putting this into (35) provesthe assertion. o

Remark 4.2 Notice that the lower boundfor kG f v G fk_2r2) in (34)
is the bigger the smaller @ (M) is. This is in accordancewith the philosophy
of uncertainty.

Remark 4.3 Using meanvalue theoremand Cauchy-Schwarz's inequality, one
getsimmediately the related result

k M G f kLZ(RZ) (2) (M )l:sz f k|_1 (R)
k kiery @ (M)¥2Kf k2(r)
(cf. [FoSi97). The useof the projections Pr and Py in the proof of theorem
4.1 leadsto further conclusions,however:
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Remark 4.4 (Stable reconstruction from incomplete noisy data)

Let beawindow function, M R? with @ (M) < 1andPy the orthogonal
projection from L?(R?) onto the subspce of functions supmrted on M. Then
there exists a linear operator R .y : L?(R?)! L2?(R?), aswell asa constant
Ky > Osuchthat for all F 2 G (L*(R)), for all n 2 L*(R?) and

Fi=(1 Pu)F+n (36)
we have
kF R ‘M PkLZ(RZ) K G;M knkLZ(Rz)Z (37)

Interpretation:

The original signal F can be stably reconstructed from the measured signal
F aected with noise n using exclusively data from the complemen of M.
Here, stability hasto be understood in the sensethat the reconstruction error
is proportional to the L?(R?)-norm of the noise. If there is no noise at all
(n = 0), perfect reconstruction of F from F := (1 Py )F is possible.

An upper bound for the constart K G;M in (37) is given by

1

G .
K M 1 (2)(M )1:2'

(38)

The connection between this result and Gerchberg-Papoulis'
algorithm[ByW e85 DoSt89 for the reconstruction of incomplete Fourier
data will be treated elsewhere.

Proof of (37):
ChooseR . := (1 PymPr) ! with Pgr dened asin the proof of theorem
4.1. From therepve know that kPy Prk? @ (M) < 1; shawing that the
Neumann series ﬁzo (Puw Pr)" is convergert. Hence,(1 Py Pgr) ! is well-
de ned. Now,

kF R m PkLz(Rz) = kF R m (l Pwm )F R m nkLz(RZ)
= kF R ‘M (1 Pm PR)F R ‘M nkLZ(RZ)
= kF F R ‘M nkLZ(Rz) kR ‘M k knkLz(RZ);

where

kR mk = ki PyPgk?!
(1 kPyPgrk) !
@ @M o

Correspondingly, we obtain for the wavelet transform:
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Theorem 4.5 (Concenration of W f in small sets) Let be a mother
waveletand M R R with

k k2 -
—p—L_(R) aff(M )1_2< 1

Then for f 2 L?(R) arbitrary,

kW f M W kaZ(R R;d_:dzb_)
k k _ (39)
Pe 1 Zp® (M) Kikier):

Remark 4.6 Assuming k k 2(ry = 1 we nd (34) independert of , while
T cannot be eliminated from (39).

Analogously, the following abstract version of theorems4.1, 4.5 can be proved:

Theorem 4.7 (Abstract concerration theorem for small sets) Let G be a lo-
cally compact group with left Haar measure |, H a complex Hilbert space, U
a squae integrable, irr educible, unitary representation of G on H and Cy the
operator from theorem 21. For 2 H U-admissiblewe de ne an operator

T :H! L¥G; L), f71Tf;

setting
T f(9)=(f;U(9 )» (9206):

Then, for M G with ﬁ L(M)¥2 < 1andf 2 H arbitrary,

KT T w T fkieoa ., KCu ki 1 — XM (M) Kfke:
' kCy kn
(40)

Question 4.8 Are there restrictions similar to (34) (resp. (39)) for 'bigger'
sets,aswell? More precisely: givenan arbitrary setM of nite Lebesgue(resp.
ane) measure{ do there exist any constarts CG;,\,I (resp. CV‘{M )> 0 sud that
for f 2 L2(R) arbitrary

KGf m G fkorsy CCykiki g (41)

(resp: KW f v W fkizrzy CYy kfkizr)) ? (42)

Using an abstract result of Havin and Jericke [HaJo94 we will seethat the
answer to this question is 'yes'. We will not be able to give an estimate for
CCy; CW, by the measureof M, however.
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Lemma 4.9 (Havin-Joricke) Let H1;H, be two closal subsmoes of a Hilbert
space H satisfying

Hi\ H, = f0g: (43)

Let Py,, Py, denotethe correspnding orthogonal projections, and assumethe
product Py, Py, to be a compact operator. Then, there existsa constantC > 0
suchthat for all f 2 H

kPH} fky + kPH; f ky Ckfky: (44)
Proof: Cf. [HaJo94 1.3 x1.2 o

Remark 4.10 SubspacesH;;H, satisfying (43) are said to form an annihi-
lating pair or, shorter, an a-pair. Subspacessatisfying the harder condition
(44) are said to form a strongly annihilating pair or, shorter, strong a-pair, cf.
[HaJo94. From the samereferencewe know that condition (44) is equivalent
to

(Hi;Ho) > 0;

where (H1;H,) denotesthe angle? betweenH; and H,, de ned as the real
number in [0; 5] satisfying

coy (Hi;H2)) =supfj(f;guj: f 2 Hy; kfky 1, g2 Hp; kgky 19
The angle (Hi;H>) is related to the projections Py ,; Py, according to:
COi (H 1;H2)) = kPHlszk; (45)

cf. [HaJo94, 1.3 x1.1. The optimal constart C in (44) is as a function of
(H1,H2).

Theorem 4.11 (Concertration of G f in arbitrary setsof nite measure)
Let be a window function and M R? with @ (M) < 1. Then there
exists a constant CG;,\,I > 0 suchthat for f 2 L2(R) arbitrary (41) holds.

Proof: De ning Py ,Pr asin the proof of theorem4.1and H1;H, by

Hi
H>

Pu (L2(R?)); (46)
Pr(L*(R?)); (47)

we conclude from theorem 3.3 that H; and H, form an a-pair. The proof of
theorem 4.1 implies that for M R? arbitrary with @ (M) < 1

kPm Prkus (@ (M) < 1:

2Cf. [Deut95] for more information on that subject.
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Hence, Py Pr is a Hilbert-Schmidt operator and therefore compact, which
meansthat Hi, H, form a strong a-pair. Now lemma 4.9 implies the existence
of a constart C > 0 such that (44) holds for Py, := Py and Py, := Pgr. Since
Py (G f)=(1 PRr)G f = 0,this leadsto (41). m]

Again, theorem 4.11 can be generalizedto a wider classof transforms. Espe-
cially, we have the following wavelet counterpart:

Theorem 4.12 (Concertration of W f in arbitrary setsof nite measure)
Let be a mother waveletand M R R with 4¢(M) < 1. Then there
exists a constant CV‘{M > 0 suchthat for f 2 L2(R) arbitrary (42) holds.

The abstract version of theorem 4.11is

Theorem 4.13 (Abstract concerration theorem for arbitrary sets) Allowing
M Gwith | (M) < 1 arbitrary in the situation of theorem 4.7, there exists
aconstant CT,, > 0 suchthat for all f 2 H

KTt m T fkoega ) Clakfka: (48)

5 Uncer tainty Principles of Heisenber g Type

Up to now, we analyzedthe concerration of G f (resp. W f) asafunction on
two-dimensionalphase-spaceA di erent classof uncertainty principles results
from comparingthe localization of f (resp. f’\) with the localization of its Gabor
or wavelet transform regardedasfunction of one2 variable. Someresults of that
type, originating from an idea of Singer in the wavelet case[Sing93, will be
preserted in this nal section.

Theorem 5.1 (UP of Heiserberg typefor GT in!) Let be a window func-
tion. Then, for f 2 L?(R) arbitrary, the following inequality holds
0 2 1,-,0 2 145
@ 125G f()Pd dtA @  x?jf (X)j2dxA
1 1

1
Sk kiz(r)kf kizr): (49)

Proof: Let us assumethe non-trivial casethat both integrals on the left hand
side of (49) are nite. By translation invariance of Lebesgueintegral we get

2 2 2
k kKl2ry  X3f (0)j%dx = X3 (x  1)j3jf (x)j2dxdt
1 1 1
2 2

x2jF, H(G (1 ;t))(x)j%dxdt;
1 1
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where F, denotes Fourier transform with respect to the variable ! . Fixing
t 2 R arbitrary , Heiserberg's inequality implies
02 1= R '
@ 134G f(!;0)j2d A X3jF, H(G f(;0))(x)j%dx

1
1

R .
iG f(!;0)jd! :

N[~

Integrating over t and using the inequality of Cauchy-Schwarz, as well as the
isometry property of WG , results in
L R

0, 4 112 0, 142
@ P2G f(1;0)2d dtA Kk keery @ X3jF (x)j2dxA
1 1 1
02 2 11B 5 2 11
=@ 12jG f(!;0)j2d dtA @ x?jF, H(G (1 ;1))(x)j2dxdtA
1 1 1 1
204 110 4 11
@ 123G f(;DRPdA @ X3F, (G () (x)j%dxA  dt
1 1 1
12 2 1
> JG f(1i0iPd dt= Sk ko )kl kfz(r):
1 1
Dividing by k ki 2(r) leadsto (49). O

Remark 5.2 Note that the localization of hasno in uence on (49).
Theorem 5.3 (UP of Heiserberg type for GT int) Let be a window func-
tion. Then, for f 2 L?(R) arbitrary, the following inequality holds
0 2 1,50 2 145
@ 3G f(;0PdidtA @  2f()j?d A
1 1 (50)

1
Sk kiar)kfkEz(r):

Proof: Similiar to the proof of theorem 5.1 using the Fourier represenation of
G f: m]
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Cor ollar y 5.4 (Phasespaceuncertainty of GT) For  a window function,
andf 2 L?(R) arbitrary, we have

02 2 1120 5 4 1=
@ t2jG f(!;t)j2dl dtA @ 12jG f (! ;1)j2d! dtA
1 1 1 1
0, 110 4 1 )
@ x?f (X)jPdxA @  3f()j?d A Zk kezr)Kf K 2(g):
1 1

Remark 5.5 Above corollary may be interpreted as follows: The better the
phase spacelocalization of the pair (f;f’), the worseis the phasespacelocal-
ization of the Gabor transform G f (! ;t).

Remark 5.6 The symmetry betweenf and in the de nition of Gabor trans-
form leadsto similar relations betweenG f and (resp. "):

0, 11,0 1=
@ 113G f(;nPddA @ X (x)j%dxA %kf kizr)k Klar)
1 1
0 2 1,50 2 1=
_ , VN 1
@ 3G f(;piPdidtA @  3()jPd A Sk kiz)k Kizr):
1 1

Theorem 5.7 (UP of Heiserberg type for the WT in b) Let be a mother
wavelet. Then, for f 2 L2(R) arbitrary,

’ 2 2 dadbll:p 2 e pE

@ W f (a; b)jz?A @ f()jPd A —kf kf2ry:  (51)

1 1 1

Proof: Similar to the proof of theorem 5.1. Assuming the existence of both
integrals on the left hand side of (51), we get from the admissibilty condition
(20) for

A 2 da A
2 %j Na)j3if ( )jzj;jd =c 2if\( )j?d
1 1 1

Using the Fourier represenation of the wavelet transform (13), this implies

2 da 2
ZIFu(W f (a;D)( )ngd =c 2if()id (52)
1 1

Document a Mathema tica 5 (2000) 201{226



New Uncer tainty Principles ::: 221

On the other hand, Heiserberg's inequality leadsto

0 1120 1=
@ bw f(a;bj2dA @  2jFu(W f(a;b)( )j?d A

1 1

L2

5 Wi b)j?db

1

forall a2 R . Integrating with respectto % gives

2 29 2 1150 , 1,.,3
§@ wiw f@bhidA @ ZEyw f(ab)()dA LB

1 1 1 &
2 2

. aoda
W f (a; b)ngdb.

The left hand sideof this inequality may be estimated from above using Cauchy-
Sdhwarz's inequality. The right hand side can be rewritten by the isometry of
p=W . From (52) we therefore get

° 2 2 da1 =2 2 da1 =
@ W f (a;b)j*db_5A @  ZFy(W f(a;b)( )j*d ="
1 1 1
0 Z— Z— 1 1=2 0 Z- 1 1=2
-@ W f (a; b)jzdb‘;—;“A Pe@  2jf()2d A
1 1 1

1
¢ ki kf2(r): O

Remark 5.8 There is not so much symmetry betweenthe parametersa and
b of the wavelet transform as there is symmetry between! andt in the Ga-
bor case. An uncertainty relation between W f as a function of a and f
as a function of x will be derived in the following using a slightly modied
de nition of wavelettransform. Making use of Kaiser's obsenation [Kais95]
that "frequency lters" f( ) 7! w; ( )f'( ) often correspond to "scale lters"
W f(a;b) 7! ws(a)W f (a;b). Here, wg;ws denote somesuitable Iter func-
tions.

Theorem 5.9 (UP of Heiserberg type for WT in a) Let be a mother
wavelet, () = O0for < Oandf 2 L2%R) nfOg arbitrary. Consider
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the following modi e d de nition of wavelettransform:

2
W : f7NW f(ab) = f(x) (ax bdx ((a;h2 R* R): (53)
1
Then

z 2z z
%W f(a;bj2dadb  x3f (x)i%dx (M (i "P)@Kf K 2gy: (54)
01 1

R
Here, M : f 7V (Mf)( ):= f(x)x de denotesclassial Mellin transform.

0
We have equality in (54), if there exist someconstantsC 2 C and k > 0 such
that f (x) = Ce 'z,
. RR :
Proof: In the following we assumethat a’jw f(a;b)j’dadb< 1 and
01

x?jf (x)j?dx < 1 . Otherwise, (54) is trivially satis ed. The Fourier repre-

sertation of W is given by

W@b="2F {fa) )b

what can be seenby replacing by F 1(”). Using Plancherel's identit y, we
get

A 2
W f(a;bjfdo = 2 jf(a)j%"()j’d
1 1
A

vye AU 2du
2 jf)j =

Integrating by a’da leadsto

22 o ° 2 u 2du1
a’jW f(a;jbj’dadb =  a%2 @ jf(u)j? " - EA da
01 0 1
2 0 2 y 2 1
= if(wir@ a " = daAdu
1 0 a
2
= K (u)jf'(u)j?du

0
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with
K(u):= 2 —: (55)
1
(This is the previously mertioned correspondencebetween "scale" and "fre-

quency lters".) Introducing Mellin transform, we seethat K (u) is just a
function of u?:

2

..
K = 2 (WMifuz
0
A
= 2w ity Y
v
0
= 2 uM ("P)@):
Now, the remainder follows from Heiserberg's uncertainty principle. o

Remark 5.10 Estimates for the variance of W f (a;b) in both a and b were
proved by Flandrin [Flan98].
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