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Abstra ct. The paper deals with the context of the inner Daniell-
Stoneand Rieszrepresentation theorems,which arosewithin the new
development in measureand integration in the book 1997and subse-
quent work of the author. The theoremsextend the traditional ones,
in caseof the Riesztheorem to arbitrary Hausdor� topological spaces.
The extensionenforcesthat the assertionsattain di�eren t forms. The
present paper wants to exhibit special situations in which the theo-
rems retain their familiar appearance.
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In the recent book [3] on measureand integration (cited as MI) and in sub-
sequent papers [4]-[10] the present author attempted to restructure the area
of the basic extension and representation proceduresand results, and to de-
velop the implications on various issuesin measureand integration and beyond.
One main point was to extend the Riesz representation theorem in terms of
Radon measureson locally compact Hausdor� topological spaces,one of the
most famous and important theorems in abstract analysis, to arbitrary Haus-
dor� topological spaces.The resultant theorem in MI section 16 was a direct
specialization of the new inner type Daniell-Stone representation theorem in
terms of abstract measuresin MI section 15. This is in quite somecontrast to
the traditional situation, where the Daniell-Stone theorem doesnot furnish the
Riesz theorem.

However, the two new theorems look di�eren t from their traditional versions,
becauseof the inherent so-calledtightness conditions. The conditions of this
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type came up in the characterization of Radon premeasuresdue to Kisy �nski
[2], and dominated the subsequent extension and representation theories ever
since. They are an unavoidable consequenceof the transition from rings of
subsetsto lattices, and from lattice subspacesof functions to lattice cones,a
transition which forms the basisof the theoriesin question. It is of coursedesir-
able to exhibit comprehensive special situations in which the relevant tightness
conditions becomeautomatic facts, as it has been done in the secondpart of
MI section 7 in the extension theories for set functions.

The present paper wants to obtain somesuch situations. Section 1 recalls the
context. Then section 2 considersthe Daniell-Stone theorem, while section 3
specializesto the Riesz theorem. At last the short section 4 usesthe occasion
to comment on related recent work of Zakharov and Mikhalev [13]-[16].

1. Inner Preintegrals

We adopt the terms of MI but shall recall the lessfamiliar ones. The extension
and representation theories in MI come in three parallel versions. They are
marked � = ?� � , where ? is to be read as �nite , � as sequential or countable,
and � as nonsequential or arbitrary (or as the respective adverbs).

Let X be a nonvoid set. For a nonvoid set system S in X we de�ne S � and
S � to consist of the unions and intersections of its nonvoid � subsystems. If
? 2 S then for an isotoneset function ' : S ! [0; 1 ] with ' (? ) = 0 we de�ne
the outer and inner � envelopes ' � ; ' � : P (X ) ! [0; 1 ] to be

' � (A) = inf f sup
S2 M

' (S) : M � S nonvoid � with M "� Ag;

' � (A) = supf inf
S2 M

' (S) : M � S nonvoid � with M #� Ag;

in the obvious terms of MI and with the usual convention inf ? := 1 . For a
nonvoid function classE � [0; 1 ]X on X we de�ne E � and E � to consistof the
pointwise supremaand in�ma of its nonvoid � subclasses.If 0 2 E then for an
isotone functional I : E ! [0; 1 ] with I (0) = 0 we de�ne the outer and inner
� envelopes I � ; I � : [0; 1 ]X ! [0; 1 ] to be

I � (f ) = inf f sup
u2 M

I (u) : M � E nonvoid � with M " = f g;

I � (f ) = supf inf
u2 M

I (u) : M � E nonvoid � with M #5 f g:

In the sequelwe restrict ourselves to the inner theories, but note that in MI
and in [7]-[9] the outer onesare presented as well. Also it is explained that
in some more abstract frame at least the outer and inner extension theories
for set functions are identical. For concretepurposesthe inner approach turns
out to be the more important one. But this approach requires that one starts
with �nite set functions ' : S ! [0; 1 [, and likewisewith E � [0; 1 [X and
I : E ! [0; 1 [.

Let S be a lattice in X with ? 2 S and ' : S ! [0; 1 [ be isotone with
' (? ) = 0. Wede�ne an inner � extensionof ' to bean extension� : A ! [0; 1 ]
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of ' which is a content on a ring, such that also S � � A and
� is inner regular S � , and
� jS � is downward � continuous (which is void for � = ?).

Then we de�ne ' to be an inner � premeasure i� it admits inner � extensions.
The inner � main theorem MI 6.31 characterizes those ' which are inner �
premeasures,and then describes all inner � extensionsof ' . The theorem is
in terms of the inner � envelopes ' � of ' de�ned above and of their so-called
satellites, and with inner � tightness as the essential condition. We shall not
repeat the main theorem, as it has beendone in [7] section 1 and [8] section 1,
but instead quote an implication which will be referred to in the sequel.

Recollection 1.1 (for � = � � ). Let S be a lattice and A be a � algebra in
X with ? 2 S � S � � A � A� (S > S � ) (where > denotesthe transporter).
Then there is a one-to-one correspondence between the inner � premeasures
' : S ! [0; 1 [ and the measures � : A ! [0; 1 ] such that

� jS < 1 and hence � jS � < 1 ,
� is inner regular S � , and
� jS � is downward � continuous.

The correspondence is � = ' � jA and ' = � jS .

For the next step we recall from MI section 11 the integral of Choquet type
called the horizontal integral. Let S be a lattice in X with ? 2 S . We form
the function classes

LM( S ) : the f 2 [0; 1 ]X such that [f > t] 2 S for all t > 0;

UM(S ) : the f 2 [0; 1 ]X such that [f = t] 2 S for all t > 0:

Let ' : S ! [0; 1 ] be an isotone set function with ' (? ) = 0. We de�ne the
integral

R
� f d' 2 [0; 1 ] with respect to '

for f 2 LM( S ) to be
R
� f d' =

!1R

0 
' ([f > t])dt,

for f 2 UM( S ) to be
R
� f d' =

!1R

0 
' ([f = t])dt,

both times asan improper Riemann integral of a monotonefunction with values
in [0; 1 ]. It is well-de�ned sincefor f 2 LM( S ) \ UM( S ) the two last integrals
are equal. If S is a � algebra then LM( S ) = UM( S ) consistsof the functions
f 2 [0; 1 ]X which aremeasurableS in the usual sense,and in caseof a measure
' : S ! [0; 1 ] then

R
� f d' is the usual integral

R
f d' .

After this we intro duce the class of functionals which are to be represented.
Let E � [0; 1 [X be a lattice conein the pointwise operations, which is meant
to include 0 2 E. We recall from [9] that the remainder of the present section
can be preserved even when E neednot be stable under addition. We form the
set systems

t(E) := f A � X : � A 2 Eg;

= (E) := f [f = t] : f 2 E and t > 0g;
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which are lattices with ? 2 t(E) � = (E). E is called Stonean i� f 2 E ) f ^ t,
f � f ^ t = (f � t)+ 2 E for all t > 0. We recall from MI 15.2 or [9] 3.2 that
for E Stonean

t(E � ) = = (E � ) = (= (E)) � � = (E) � t(E ) for � = � � :

Next let I : E ! [0; 1 [ be an isotone and positive-linear functional, which
implies that I (0) = 0. We de�ne the inner sources of I to be the isotone set
functions ' := (E) ! [0; 1 [ with ' (? ) = 0 which ful�l I (f ) =

R
� f d' for all

f 2 E .
Then we de�ne I to be an inner � preintegral if it admits inner sourceswhich
are inner � premeasures. We note an immediate consequenceof the above
1.1 which characterizesthe inner � preintegrals via representation in terms of
certain measures.

Recollection 1.2 (for � = � � ). Let E � [0; 1 [X be a lattice coneand A be a �
algebra in X with (= (E)) � � A � A�

�
= (E)> (= (E)) �

�
. Let I : E ! [0; 1 [ be

isotone and positive-linear. Then there is a one-to-onecorrespondence between
the inner sources ' : = (E) ! [0; 1 [ of I which are inner � premeasures, and
the measures � : A ! [0; 1 ] which ful�l I (f ) =

R
f d� for all f 2 E and hence

� j = (E) < 1 , and are such that

� is inner regular (= (E)) � , and
� j(= (E)) � is downward � continuous.

The correspondence is � = ' � jA and ' = � j = (E).

We come to the fundamental inner � Daniell-Stone theorem MI 15.9 (for
� = � � ), which is an intrinsic characterization of the inner � preintegrals;
an extendedversion is [9] 5.8. The theorem is in terms of the inner � envelopes
I � of I de�ned above and of their satellites I v

� : [0; 1 ]X ! [0; 1 [ for v 2 E,
de�ned to be

I v
� (f ) = supf inf

u2 M
I (u) : M � E nonvoid � with M #5 f and u 5 v 8u 2 M g:

Theorem 1.3 (for � = � � ). Let E � [0; 1 [X be a Stonean lattice cone and
I : E ! [0; 1 [ be isotone and positive-linear. Then the following are equivalent.

1) I is an inner � preintegral.
2) I is downward � continuous; and

I (v) � I (u) 5 I � (v � u) for all u 5 v in E :

3) I is � continuous at 0; and

I (v) � I (u) 5 I v
� (v � u) for all u 5 v in E :

In this case ' := I ?(� :)j = (E) is the unique inner source of I which is an
inner � premeasure. It ful�ls ' � = I � (� :), and even I � (f ) =

R
� f d' � for all

f 2 [0; 1 ]X .

We conclude the section with another characterization of the inner � preinte-
grals. It is of interest becauseit relates this classto the simpler classof inner
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? premeasures.The proof doesnot depend on the above inner � Daniell-Stone
theorem, but usessomebasic results from [9].

Theorem 1.4 (for � = � � ). Let E � [0; 1 [X be a Stonean lattice cone and
I : E ! [0; 1 [ be isotone and positive-linear. Then the following are equivalent.

1) I is an inner � preintegral.
2) I is � continuous at 0; and ' := I ?(� :)j = (E) is an inner � premeasure.
3) I is � continuous at 0; and � := I ?(� :)j(= (E)) � is an inner ? premeasure.

In this caseI � (� :) = ' � = � ?.

Proof. 1)) 2) follows at oncefrom [9] 4.2. 2)) 1) From [9] 2.3 we seethat I is
truncable in the senseof that paper. Then [9] 2.12 implies that ' is an inner
sourceof I . Thus I is an inner � preintegral.

1)2)) 3) Let � : A ! [0; 1 ] be an inner � extension of ' . i) From MI 6.18
we have � = ' � jA, and hence from MI 6.5.iii) that � j(= (E)) � is downward
� continuous. ii) From [9] 4.2 we seethat I is downward � continuous, and
hencefrom [9] 3.5.1.Inn)2.Inn) that I ? jE � is downward � continuous. Because
of (= (E)) � = t(E � ) therefore � = I ?(� :)j(= (E)) � is downward � continuous.
iii) On = (E) we have � = ' � = ' = I ?(� : ) = � . Since � j(= (E)) � and � are
both downward � continuous by i)ii) it follows that � j(= (E)) � = � . Thus � is
an inner ? extensionof � , and hence� is an inner ? premeasure.

3)) 2) From [9] 3.6.3) we seethat � is � continuous at ? , and hencefrom MI
6.31 that � is an inner � premeasure.Now each inner � extension of � is also
an inner � extensionof ' . Therefore ' is an inner � premeasure.

It remains to prove I � (� : ) = ' � = � ? under 1)2)3). From [9] 4.2 we know
that I � (� :) = ' � . Then ' � = � ? on (= (E)) � , becausefrom [9] 3.5.1.Inn) and
(= (E)) � = t(E � ) we have ' � = I � (� :) = I ?(� :) = � = � ?. Sinceboth ' � and
� ? are inner regular (= (E)) � it follows that ' � = � ? partout. �

2. The Inner Daniell-Stone Theorem

The present results will be for � = � � as before. We start with a consequence
of 1.3 which consistsof two parts. The �rst part has an immediate proof.

Theorem 2.1. Let E � [0; 1 [X be a Stonean lattice cone. 1) Assume that
v � u 2 E � for all u 5 v in E . Then an isotone and positive-linear functional
I : E ! [0; 1 [ is an inner � preintegral i� it is � continuous at 0.
2) Assumethat v � u 2 (E � )� for all u 5 v in E . Then an isotone and positive-
linear functional I : E ! [0; 1 [ is an inner � preintegral i� it is � continuous
at 0 and upward � continuous.

A special caseof 1) is the situation that v � u 2 E for all u 5 v in E . After
MI 14.6-7 it is equivalent to assumethat E = H + for the Stonean lattice
subspaceH = E � E � RX (Stonean in the usual sense). So this special
casefurnishes the traditional Daniell-Stone theorem in the versions � = � � .
However, unlike the present procedure the traditional proofs do not lead to
measures� : A ! [0; 1 ] with I (f ) =

R
f d� for all f 2 E which have the
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fundamental additional inner properties recorded in 1.2 above. The reason
is that those proofs are basedon outer procedures. In order to arrive at the
present inner typeentities onehasto mount the so-calledessential construction
on top of them. This is a formidable detour. We have clari�ed all this in [7]
section 5.
Proof of 1). To be shown is that the assumption implies the tightnesscondition
in 1.3.3). Fix u 5 v in E , and let M � E be nonvoid � with M # v � u and
h 5 v for all h 2 M . For h 2 M then h = v � u and henceI (h) = I (v) � I (u).
It follows that I (v) � I (u) 5 inf f I (h) : h 2 M g 5 I v

� (v � u). �
Proof of 2). We show that the assumption combined with I upward � con-
tinuous implies the tightness condition in 1.3.3). Fix u 5 v in E , and then a
sequence(f l ) l in E � with f l " v � u. i) For each l 2 N there exists an M (l) � E
nonvoid � such that M (l ) # f l and h 5 v for all h 2 M (l). We note that then
the

N (l ) := f h1 _ � � � _ hl : hk 2 M (k) for k = 1; � � � ; lg � E for l 2 N

do the same. Thus we can assumethat for each g 2 M (l + 1) there is an
f 2 M (l) such that f 5 g. ii) Now �x " > 0, and then ul 2 M (l) for l 2 N
such that

I (ul ) 5 cl +
"
2l with cl := inf f I (h) : h 2 M (l)g:

Then the vl := u1 _ � � � _ ul 2 E ful�l vl = ul = f l and hencevl " = v � u. We
show via induction that

I (vl ) 5 cl + "
�
1 �

1
2l

�
for l 2 N:

The casel = 1 is clear. For the induction step 1 5 l ) l + 1 we note from i)
that vl ^ ul +1 = ul ^ ul +1 is = somemember of M (l ), so that I (vl ^ ul +1 ) = cl .
Thus from vl +1 + vl ^ ul +1 = vl + ul +1 it follows that

I (vl +1 ) = I (vl ) + I (ul +1 ) � I (vl ^ ul +1 )

5 cl + "
�
1 �

1
2l ) + cl +1 +

"
2l +1 � cl = cl +1 + "

�
1 �

1
2l +1

�
:

iii) From ii) we obtain on the one hand cl 5 I v
� (v � u) and hence lim

l !1
I (vl ) 5

I v
� (v � u) + " . On the other hand (u + vl ) ^ v " v becausev = (u + vl ) ^ v =

(u + f l ) ^ v = u + f l " v, and hence

I (u) + lim
l !1

I (vl ) = lim
l !1

I ((u + vl ) ^ v) = I (v):

It follows that I (v) � I (u) 5 I v
� (v � u). �

In 2.1.2) the condition that I be upward � continuous cannot be dispensed
with. This will be seenafter 3.10 below.
In the sequelwe shall exhibit a classof Stonean lattice conesE � [0; 1 [X for
which the assumption of 2.1.2) is ful�lled. We needsomepreparations.
Let S be a lattice in X with ? 2 S . We de�ne S(S ) to consist of the positive-
linear combinations of the characteristic functions � S of the S 2 S . We know
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from MI 11.4 that S(S ) consistsof the functions X ! [0; 1 [ with �nite value
set which are in LM( S ), and the samewith UM( S ). We de�ne f 2 [0; 1 ]X

to be enclosableS i� f 5 u for someu 2 S(S ). This meansof course that
f be < 1 and bounded above, and = 0 outside somemember of S . At last
we de�ne LMo( S ) and UMo(S ) to consist of those members of LM( S ) and
UM(S ) which are enclosableS .

After this we recall the assertion MI 22.1 on monotone approximation: For
each f 2 LM( S ) [ UM( S ) there exists a sequence (f n )n in S(S ) such that
f n " f pointwise, and in supnorm on [f 5 c] for each 0 < c < 1 . We shall
needthe counterpart for downward monotone approximation.

Lemma 2.2. For each f 2 LMo( S ) [ UMo(S ) there exists a sequence (f n )n in
S(S ) such that f n # f pointwise and in supnorm.

Proof. Assume that f 5 c with 0 < c < 1 and that f = 0 outside S 2 S .
For the subdivision t : 0 = t(0) < t(1) < � � � < t(r ) = c we form � (t) =
maxf t(l ) � t(l � 1) : l = 1; � � � ; r g. We de�ne ut 2 S(S ) to be

ut =
r
�

l =1
(t(l ) � t(l � 1))� [f >t ( l )] when f 2 LMo( S );

ut =
r
�

l =1
(t(l ) � t(l � 1))� [f = t ( l )] when f 2 UMo(S );

and vt 2 S(S ) to be

vt =
r
�

l =1
(t(l ) � t(l � 1))� [f >t ( l � 1)][ � ] when f 2 LMo( S );

vt =
r
�

l =1
(t(l ) � t(l � 1))� [f = t ( l � 1)][ � ] when f 2 UMo(S );

where [� ] is to mean that for l = 1 one has to take S instead of [f > 0] when
f 2 LMo( S ) and instead of [f = 0] when f 2 UMo(S ). From the basic lemma
MI 11.6 one veri�es that ut 5 f 5 vt and vt 5 ut + � (t)� A , and moreover
that t 7! ut is isotone and t 7! vt is antitone with respect to re�nement in t.
Now take for n 2 N the subdivision t : t(l ) = cl2� n for l = 0; 1; � � � ; 2n with
� (t) = c2� n . Then the assertionsare all clear. �

The �nal preparation will be on the monotone approximation of di�erences.

Lemma 2.3. Let S and K be lattices in X with ? 2 S � K suchthat B nA 2 K�

for all A � B in S . Then for each pair of functions u 5 v < 1 in UM( S ) there
exists a sequence (f n )n of functions in S(K) enclosableS suchthat f n " v � u.

Proof. The �rst part of the proof assumesthat u 5 v 5 c with 0 < c < 1 and
that v = 0 outside someS 2 S . 1) We �x t : 0 = t(0) < t(1) < � � � < t(r ) = c
with � (t) = maxf t(l ) � t(l � 1) : l = 1; � � � ; r g asbeforeand de�ne ut ; vt 2 S(S )
to be

ut =
r
�

l =1
(t(l ) � t(l � 1))� [u= t ( l )] ;

vt =
r
�

l =1
(t(l ) � t(l � 1))� [v= t ( l )] ;

Document a Ma thema tica 5 (2000) 301{315



308 Heinz K •onig

so that ut 5 vt are = 0 outside S. From MI 11.6 we have ut 5 u 5 ut + � (t)� S

and vt 5 v 5 vt + � (t)� S , and hence

v � u = vt � ut � � (t)� S = v � u � 2� (t)� S ;

v � u = (vt � ut � � (t)� S )+ = (vt � ut � � (t))+ = v � u � 2� (t)� S :

2) For �xed l = 1; � � � ; r there is a sequence(K (l ; n)) n in K such that K (l ; n) "
[v = t(l )] n [u = t(l )]. We form the functions

hn :=
r
�

l =1
(t(l ) � t(l � 1))� K ( l;n ) 2 S(K) for n 2 N;

so that hn = 0 outside S. Then hn " vt � ut . Therefore the functions gn :=
(f n � � (t))+ 2 S(K) are = 0 outside S as well, and gn " (vt � ut � � (t))+ =: g
with v � u = g = v � u � 2� (t)� S . 3) From 1)2) we obtain for each l 2 N
a sequence(gl

n )n in S(K) with gl
n = 0 outside S such that gl

n " somegl with
v � u = gl = v � u � 1

l � S . We de�ne f n := g1
n _ � � � _ gn

n 2 S(K) for n 2 N, so
that f n = 0 outside S. Then f n " somef 5 v � u. From f n = gl

n for n = l
we obtain f = gl = v � u � 1

l � S for l 2 N. Therefore f = v � u. 4) Thus the
result of the �rst part is a sequence(f n )n in S(K) with f n = 0 outside S such
that f n " v � u.

The secondpart of the proof will obtain the full assertion. Thus let u 5 v < 1
in UM( S ). We �x a pair of numerical sequences0 < al < bl < 1 with al # 0
and bl " 1 . We form

ul := (u � al )+ ^ (bl � al ) and vl := (v � al )+ ^ (bl � al );

so that ul ; vl 2 UM( S ) with ul 5 vl 5 bl � al which are = 0 outside [v = al ].
1) We claim that vl � ul 5 vl +1 � ul +1 , which can also be written ul +1 � ul 5
vl +1 � vl . Thus the claim is that the function # : [0; 1 [! R, de�ned to be

#(x) = (x � al +1 )+ ^ (bl +1 � al +1 ) � (x � al )+ ^ (bl � al ) for 0 5 x < 1 ;

is monotone increasing. To seethis note that 0 < al +1 5 al < bl 5 bl +1 < 1 .
Since# is continuous it remains to show that it is monotone increasingin each
of the closedsubintervals of [0; 1 [ thus produced. Now one veri�es that

on [0; al +1 ] : #(x) = 0;

on [al +1 ; al ] : #(x) = x � al +1 ;

on [al ; bl ] : #(x) = al � al +1 ;

on [bl ; bl +1 ] : #(x) = x � al +1 � bl + al ;

on [bl +1 ; 1 [ : #(x) = bl +1 � al +1 � bl + al :

Thus the assertion follows. 2) From the �rst part of the proof we obtain for
each �xed l 2 N a sequence(f l

n )n in S(K) with f l
n = 0 outside [v = al ] such

that f l
n " vl � ul . We de�ne f n := f 1

n _ � � � _ f n
n 2 S(K) for n 2 N, sothat f n = 0

outside [v = an ]. Then f n " somef 2 [0; 1 ]X . We claim that f = v � u, which
will complete the proof. From 1) we seethat vl � ul " v � u. Thus on the one
hand f n 5 (v1 � u1) _ � � � _ (vn � un ) = vn � un and hencef 5 v � u. On the
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other hand f n = f l
n for n = l and hencef = vl � ul for l 2 N, so that f = v � u.

The assertion follows. �

Combina tion 2.4. Let E � [0; 1 [X be a Stonean lattice cone and S be a
lattice in X with = (E) � S � = (E � ). Then 1) S � = = (E � ) and UMo(S � ) �
E� � UM( S � ). 2) Assume that B n A 2 (S � )� for all A � B in S . Then
v � u 2 (E � )� for all u 5 v in E .

Proof. 1) We know that t(E � ) = = (E � ) = (= (E)) � . Therefore S � � = (E � ) =
t(E � ), that is � T 2 E � for all T 2 S � . Since E � is a cone it follows that
S(S � ) � E � . Thus 2.2 implies that UMo(S � ) � E� . In the other direction
= (E) � S implies that = (E � ) = (= (E)) � � S � or E � � UM(S � ). 2) For
u 5 v in E � UM( S ) we obtain from 2.3 a sequence(f n )n in S(S � ) � E � such
that f n " v � u. Thus v � u 2 (E � )� . �

We combine 2.4.2) with the above 2.1.2) to obtain the other main result of the
present section.

Theorem 2.5. Let E � [0; 1 [X be a Stonean lattice cone and S be a lattice
in X with = (E) � S � = (E � ). Assumethat S satis�es B n A 2 (S � )� for all
A � B in S . Then an isotone and positive-linear functional I : E ! [0; 1 [ is
an inner � preintegral i� it is � continuous at 0 and upward � continuous.

3. The Riesz Represent ation Theorem

The present section assumesa Hausdor� topological spaceX with its obvious
set systemsOp(X ) and Cl(X ), Comp(X ) =: K and its � algebraBor(X ) =: B .
We start with a little historical sketch on Radon measures.

A Borel measure� : B ! [0; 1 ] is called Radon i� � jK < 1 and � is inner
regular K. When in particular X is locally compact then all these measures
are locally �nite in the obvious sense. There is a related notion, which in
earlier presentations sometimes even cut out the present one. Let a Borel
measure � : B ! [0; 1 ] be called associate Radon i� � jK < 1 and � is
inner regular K at Op(X ) and outer regular Op(X ). Then Schwartz [12] pp.12-
15 established a one-to-one correspondencebetween the locally �nite Radon
measures� : B ! [0; 1 ] and the associate Radon measures� : B ! [0; 1 ],
which is unique both under � jK = � jK and under � jOp(X ) = � jOp(X ). Thus
he was led to include local �niteness in the de�nition of Radon measures,but
this could be abandonedsince.

After this a set function � : K ! [0; 1 [ is called a Radon premeasure i� it
can be extended to some Radon measure,and then of course to the unique
one � := � ? jB . It is an obvious problem to characterize those set functions
� : K ! [0; 1 [ which are Radon premeasures.There appeared two such char-
acterizations at about the sametime, in 1968 in Kisy �nski [2] and in 1969 in
Bourbaki [1] section3 th�eor�eme1 p.43 (the latter restricted to local �niteness).

Kisy �nski Theorem 3.1. For an isotone set function � : K ! [0; 1 [ the
following are equivalent. 1) � is a Radon premeasure. 2) � is supermodular
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with � (? ) = 0; and

� (B ) � � (A) 5 � ?(B n A) for all A � B in K:

Bourbaki Theorem 3.2. For an isotone set function � : K ! [0; 1 [ the fol-
lowing are equivalent. 1) � is a Radon premeasure. 2) � (A [ B ) 5 � (A) + � (B )
for all A; B 2 K, with = when A \ B = ? ; and � is downward � continuous.

Thesetwo characterizations are sodi�eren t that they must comefrom di�eren t
conceptions. In fact, it turned out that Kisy �nski had captured the adequate
concept in order to preparethe transition from topological to abstract measure
and integration, which then started in no time asdescribed in the intro duction
to MI. At present the above 3.1 is contained in MI 9.1, which is a simple
consequenceof the inner � main theorem MI 6.31. Moreover MI 9.1 assertsfor
each � = ?� � that � : K ! [0; 1 [ is a Radon premeasurei� it is an inner �
premeasure,and that in this caseall three � � are equal. The reasonfor this
coincidenceare the two properties of the lattice K that K = K� and that K is
� compact (recall that a set system in an abstract set is called � compact i�
each of its nonvoid � subsystemsM with M # ? has ? 2 M ).

Then in 3.2 the implication 1)) 2) is contained in the inherent fact that the
inner � premeasuresare downward � continuous. However, the implication
2)) 1) and thus the characterization assertedin 3.2 appears to be limited to
the topological context in the strict sense.The remark below wants to serve as
an illustration.

Remark 3.3. Let S be a lattice in an abstract set with ? 2 S which ful�ls S =
S � and is � compact. Let � : S ! [0; 1 [ be isotoneand modular with � (? ) = 0,
and downward � continuous. Then � need not be an inner � premeasure for
any � = ?� � . Our exampleis the simplest possibleone: Let X have more than
oneelement, and �x an a 2 X . De�ne S to consistof ? and of the �nite S � X
with a 2 S. Then let � : S ! [0; 1 [ be � (? ) = 0 and � (S) = #( A n f ag)
for the other S 2 S . It is obvious that S and � are as required. Moreover
� ?(A) = 0 when a 62A and � ?(A) = #( A n f ag) when a 2 A. Now assume
that � : A ! [0; 1 ] is an extensionof � which is a content on a ring and inner
regular S . Thus � = � ? jA. For all A 2 S with a 2 A then

� (A) = � (A) = � (f ag) + � (A n f ag) = � ?(f ag) + � ?(A n f ag) = 0;

which is a contradiction. �

After this excursion we turn to the Riesz representation theorem as obtained
in MI section 16, not without notice that the extensionof the inner � Daniell-
Stone theorem in [9] 5.8 producesof coursean extended Riesz theorem. But
for the present issuethis would not contribute much.
Let E � [0; 1 [X be a lattice cone. Sincewe want to represent our functionals
on E in terms of Radon measures,it is adequateafter 1.2 to assumethat E
satis�es (= (E)) � = K for some� = � � . In particular then = (E) � K, so that
the members of E are upper semicontinuous and bounded above. Since the
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traditional Riesz theorem is for the lattice subspaceCK( X ) of the continuous
functions X ! R which vanish outside certain compact subsetsof X , that is for
the lattice cone CK+ (X ), it is adequateto assumethat E be � USCK+ (X ),
de�ned to consist of the upper semicontinuous functions X ! [0; 1 [ which
vanish outside certain compact subsetsof X . In the previous notation we have
USCK+ (X ) = UMo(K). Henceforth the lattice conesE � USCK+ (X ) with
(= (E)) � = K will be called � rich ; it will becomeclear that the situation � = �
is the more important one. From 2.4.1) one obtains the remark below.

Remark 3.4. If E � USCK+ (X ) is a � rich Stonean lattice cone then E � =
USCK+ (X ).

Examples 3.5. 1) The lattice cone E = CK + (X ) is � rich i� X is locally
compact. This is a standard fact; seefor example MI 16.3. 2) If the lattice
cone E � USCK+ (X ) satis�es S � = (E � ) for some lattice S in X with
? 2 S � S � = K then E is � rich. In fact,we have S � = (E � ) = (= (E)) � � K.

In the sequellet E � USCK+ (X ) be a � rich lattice cone. We de�ne an isotone
and positive-linear functional I : E ! [0; 1 [ to be a Radon preintegral i� there
exists a Radon measure� : B ! [0; 1 ] such that I (f ) =

R
f d� for all f 2 E .

Equivalent is of course that there exists a Radon premeasure� : K ! [0; 1 [
such that I (f ) =

R
� f d� for all f 2 E , and these � and � correspond to each

other via � = � ? jB and � = � jK.

We turn to the connectionwith the previous representation theories. We start
with 1.2, where A can be chosento be B .

Pr oposition 3.6 (for � = � � ). Let E � USCK+ (X ) be a � rich lattice cone
and I : E ! [0; 1 [ be isotoneand positive-linear. Then I is a Radonpreintegral
i� it is an inner � preintegral. In this casethe inner sources ' := (E) ! [0; 1 [
of I which are inner � premeasures correspond to the above � and � via ' =
� j = (E) = � j = (E), and � = ' � jB and � = ' ? jK = ' � jK.

If in particular E is Stonean then �rst of all the Dini consequenceMI 16.4
assertsthat all these I : E ! [0; 1 [ are � continuous at 0. Thus 1.3 and 1.4
furnish the Rieszrepresentation theorem in the version which follows.

Theorem 3.7 (for � = � � ). Let E � USCK+ (X ) be a � rich Stonean lattice
cone and I : E ! [0; 1 [ be isotone and positive-linear. Then the following are
equivalent. 1) I is a Radon preintegral.

2) I is an inner � preintegral.
3) I (v) � I (u) 5 I v

� (v � u) for all u 5 v in E .
4) ' := I ?(� :)j = (E) is an inner � premeasure.
5) � := I ?(� :)jK is a Radon premeasure.

In this case ' is the unique inner source of I which is an inner � premea-
sure, and � is the unique Radon premeasure which represents I ; likewise
� := I � (� :)jB is the unique Radon measure which represents I . We have
I � (� :) = ' � = � ? = � ?.
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Our ultimate aim is the specialization of 2.1 and 2.5. We have � = � � asbefore,
but this time the case� = � is contained in � = � .

Theorem 3.8. Let E � USCK+ (X ) be a � rich Stonean lattice cone. 1)
Assume that v � u 2 USCK+ (X ) for all u 5 v in E . Then each isotone and
positive-linear I : E ! [0; 1 [ is a Radon preintegral.

2) Assume that v � u 2 (USCK+ (X )) � for all u 5 v in E . Then an isotone
and positive-linear I : E ! [0; 1 [ is a Radon preintegral i� it is upward �
continuous.

In view of 3.5.1) the �rst assertion 3.8.1) contains the traditional Riesz rep-
resentation theorem. Thus we have the traditional Daniell-Stone and Riesz
theoremsboth under the sameroof (and at the sametime, aspointed out after
2.1, the former one enriched to a usableassertion).

Theorem 3.9. Let S be a lattice in X with ? 2 S � S � = K and E �
UMo(S ) � USCK+ (X) be a � rich Stonean lattice cone. Assume that B n
A 2 K� for all A � B in S . Then an isotone and positive-linear functional
I : E ! [0; 1 [ is a Radon preintegral i� it is upward � continuous.

Proof. We have in fact = (E) � S � = (E � ). Thus the assertion follows from
2.5, and likewisefrom 3.8.2) and hencefrom 2.1.2) via 2.4.2). �
We concludewith two illustrativ e examples,in that we specialize3.9 to S := K
and to S := K \ (Op(X )) � (=:the compact G� subsets).

Example 3.10. Assumethat B n A 2 K� for all A � B in K, that is that K is
upward � ful l in the senseof MI section 7. Let E � USCK+ (X ) be a � rich
Stonean lattice cone; in particular one can take E = USCK+ (X ) itself. Then
an isotone and positive-linear I : E ! [0; 1 [ is a Radon preintegral i� it is
upward � continuous.
We turn to the counterexample announcedafter 2.1. As before assumethat
B n A 2 K� for all A � B in K. Consider an isotone and modular set function
� : K ! [0; 1 [ with � (? ) = 0 which is not a Radon premeasure;there is an
examplewith X = [0; 1] in [10] 1.4. In view of MI 11.11then I (f ) =

R
� f d� for

all f 2 E = USCK+ (X ) de�nes an isotone and positive-linear I : E ! [0; 1 [
which is not a Radon preintegral. Thus we seethat in 3.9 and 2.5, and likewise
in 3.8.2) and 2.1.2), the condition that I be upward � continuous cannot be
dispensedwith.

Example 3.11. Assume that the lattice S = K \ (Op(X )) � ful�ls S � = K.
Let E � UMo(S ) � USCK+ (X) be a � rich Stoneanlattice cone;in particular
one can take E = UMo(S ) itself in view of MI 11.1.3). Then an isotone
and positive-linear I : E ! [0; 1 [ is a Radon preintegral i� it is upward �
continuous.

4. Comparison with Another Appr oach

The present �nal sectionwants to relate the previous one to recent work of Za-
kharov and Mikhalev [13]-[16]; seealso the conferenceabstracts [11][17]. This
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work has the aim to transfer one basic feature within the Rieszrepresentation
theorem to arbitrary Hausdor� topological spaces. It does in fact not even
contain the Riesztheorem itself, but rather wants, in the words of the authors,
to �nd a classof linear functionals which via integration is in one-to-onecor-
respondencewith the classof Radon measureson the space. Nonethelessthis
lessambitious aim is called the General Riesz-Radonproblem.

We retain the terms of the last section. The approach of the authors is via
the simple lattice cone S(K), but in terms of a certain lattice subspace. For a
lattice S in X with ? 2 S de�ne D(S ) := S(S ) � S(S ), that is to consist of
the real-linear combinations of the � S for S 2 S . We form the supnorm closure
H (X ) := D(Cl (X )) in the spaceof all (Borel measurable)bounded functions
X ! R. The members of H (X ) are the metasemicontinuous functions in
the senseof the papers under view; but the de�nition of the authors is more
complicated and involves the so-called Aleksandrov set system. Then de�ne
K (X ) � H (X ) to consistof the membersof H (X ) which vanish outside certain
compact subsets of X . H (X ) and K (X ) are lattice subspaces. With the
K(A) := f K 2 K : K � Ag for A 2 K one has

S(K) � D(K) � K (X ) =
[

A 2 K

D(K(A)) � H (X ):

The authors consider the isotone and linear functionals I : K (X ) ! R. We
continuewith our own reconstruction. From an obvious manipulation combined
with the old Kisy �nski theorem 3.1 we obtain the assertionwhich follows.

Asser tion 4.1. Let I : K (X ) ! R be isotone and linear. Then there exists
a Radon measure � : B ! [0; 1 ] such that I (f ) =

R
f d� for all f 2 K (X )

(and henceof coursea unique one) i� the set function � := I (� :)jK is a Radon
premeasure. In view of the Kisy�nski theorem 3.1 this means that

I (� B nA ) 5 supf I (� K ) : K 2 K with K � B n Ag for all A � B in K:

Proof. 1) For �xed A 2 K the restriction I jD(K(A)) is an isotone linear func-
tional on the linear subspaceD(K(A)) � K (X ). One has � A 2 D(K(A)) . For
f 2 D(K(A)) therefore jf j 5 kf k� A implies that jI (f )j 5 kf kI (� A ). Thus
I jD(K(A)) is supnorm continuous. 2) Let � : B ! [0; 1 ] be a Radon measure.
The relation I (f ) =

R
f d� for all f 2 K (X ) meansthat for each �xed A 2 K

one has I (f ) =
R

f d� for all f 2 D(K(A)) , that is after 1) for all f 2 D(K(A)),
that is for all f 2 S(K(A)). Thus one ends up with I (f ) =

R
f d� for all

f 2 S(K), which says that � (K ) := I (� K ) = � (K ) for all K 2 K. �

After this one notes with surprise that Zakharov-Mikhalev [13]-[16] did not
characterizethe representable functionals I : K (X ) ! R by the simpleKisy �nski
type condition of 4.1, but by means of a much more complicated equivalent
condition. In fact, their condition consistsof the two parts
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1) I is � continuous under monotone pointwise convergence;and
2) each sequence(A(l )) l in R(K) which decreasesA(l ) # A � X satis�es

lim
l !1

I (� A ( l ) ) 5 supf I (� K ) : K 2 K with K � Ag;

oncemore in simpli�ed form, with R(K) the ring generatedby K.

The comparison with 4.1 makes clear that this equivalent condition is inade-
quate in depth in both parts.

This adds to the fact that the basic set-up in the papers under view, that is
the limitation to S(K) � D(K) � K (X ), appearsto be much too narrow. Thus
onemore surprise is the sheerextent of the papers. To be sure, there are other
conclusions,but the equivalencedescribed above forms their central result.
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