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Abstra ct. We shaw that under certain conditions on the topolo-
gical invariants, the moduli spacesof stable bundles over polarized
non-algebraicsurfacesmay be compacti ed by allowing at the border
isomorphy classesof stable non-necessarilylocally-free sheaves. As a
consequencewhen the basesurfaceis a primary Kodaira surface,we
obtain examplesof moduli spacesof stable sheareswhich are compact
holomorphically symplectic manifolds.
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1 Intr oduction

Moduli spacesof stable vector bundles over polarized projective complex sur-
faceshave beenintensively studied. They admit projective compacti cations
which arise naturally asmoduli spacesof semi-stablesheavesand alot is known
on their geometry Apart from their intrinsic interest, these moduli spacesal-
so provided a seriesof applications, the most spectacular of which being to
Donaldson theory.

When one looks at non-algebraic complex surfaces,one still has a notion of
stability for holomorphic vector bundles with respect to Gauduchon metrics
on the surface and one gets the corresponding moduli spacesas open parts
in the moduli spacesof simple sheares. In order to compactify such a moduli
spaceone may usethe Kobayashi-Hitchin correspopndenceand the Uhlenbedk
compacti cation of the moduli spaceof Hermite-Einstein connections.But the
spacesone obtains in this way have a priori only a real-analytic structure. A
di®erent compacti cation method using isomorphy classesof vector bundleson
blown-up surfacesis proposedby Buchdahl in [E] in the caseof rank two vector
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bundles or for topological invariants sud that no properly semi-stablevector
bundles exist.

In this paper we prove that under this last condition one may compactify the
moduli spaceof stable vector bundles by consideringthe set of isomorphy clas-
sesof stable sheavesinside the moduli spaceof simple sheares.SeeTheorem E
for the preciseformulation. In this way one gets a complex-analytic structure

on the compacti cation. The idea of the proof is to show that the natural map
from this set to the Uhlenbedk compacti cation of the moduli spaceof anti-

self-dual connectionsis proper. We have restricted ourselvesto the situation of
anti-self-dual connections, rather than consideringthe more general Hermite-
Einstein connections,sinceour main objective wasto construct compacti cati-

onsfor moduli spacesof stable vector bundles over non-K ahlerian surfaces.(In

this caseone can always reduceoneselfto this situation by a suitable twist). In

particular, when X is aprimary Kodaira surfaceour compactnessheorem com-
bined with the existenceresults of [@] and [ givesrise to moduli spaceswhich
are holomorphically symplectic compact manifolds. Two ingrediens are needed
in the proof: a smoothnesscriterion for the moduli spaceof simple sheavesand
a non-disconnectingproperty of the border of the Uhlenbedk compacti cation

which follows from the gluing techniques of Taubes.

Ackno wledgments I'd liketo thank N. Buchdahl, P. Feehanand H. Spindler
for valuable discussions.

2 Preliminaries

Let X bea compact (non-singular) complex surface.By a result of Gauduchon
any hermitian metric on X is conformally equivalent to a metric g with @@
closedK dhler form ! . We call such a metric a Gauduchon metric and x one
on X . We shall call the couple (X;g) or (X;!) a polarized surf ace and !
the polariza tion . One hasthen a notion of stability for torsion-free coheren
sheaves.

Definition 2.1 A torsion-free coheren sheafF on X is calledreducible if it
admits a coherent subsheafF ®with 0 < rank F°< rank F, (and irreducible
otherwise). A torsion-free sheafF on X is called stabl y irreducible if every
torsion-free sheafF ° with

rank(F 9 = rank(F); c1(F9 = c1(F); ca(F9 - ca(F)
is irreducible.

Remark that if X is algebraic (and thus projective), every torsion-free coheren
sheaf F on X is reducible. But by [J] and [P there exist irreducible rank-
two holomorphic vector bundles on any non-algebraicsurface.Moreover stably
irreducible bundleshave beenconstructed on 2-dimensionaltori and on primary
Kodaira surfacesin [R3], [4] and [fi].
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Compact Moduli Spaces of Stable Sheaves 13

Werecall that on a non-algebraicsurfacethe discriminant  of arank r torsion-
free coheren sheafwhich is de ned by
3 ,
1 (ri 1) 2
C¢(F)= = (F)i —«¢a(F
(F)= = &F)i ~5—alF)

is non-negative [f].
Let M St(E; L) denote the moduli spaceof stable holomorphic structures in a
vector bundle E of rank r > 1, determinant L 2 Pic(X) and secondChern
classc2 H#(X;Z) 2 Z. We considerthe following condition on (r;ci(L);c):

* every semi-stablevector bunde E with rank(E) = r,
c1(E) = ¢ (L) and c(E) - cis stable.

Under this condition Buchdahl constructed a compacti cation of M St(E;L) in

[E]. We shall shav that under this samecondition onecancompactify M St(E; L)

allowing simple coherent shearesin the border. For simplicity we shall restrict

oursehesto the casedeg L = 0. When by (X) is odd we can always reduce
ourselvesto this caseby a suitable twist with atopologically trivial line bundle;
(seethe following Remark).

The condition (*) takesa di®erert aspect according to the parity of the rst

Betti number of X or equivalertly, accordingto the existenceor non-existence
of a Kahler metric on X.

Remark 2.2 (a) When by (X) is odd (*) is equivalert to: "every torsion free
sheaf F on X with rank(F) = r; ¢i(F) = ci(L) and cx(F) - cis irre-
ducible", i.e. (r;ci(L); c) describesthe topological invariants of a stably
irreducible vector bundle.

(b) When by(X) is evenand ¢;(L) is not a torsion classin H2(X;Z,) onecan
“nd a Kahler metric g sud that (r;ci(L);c) satis es (*) for all c.

(c) When b;(X) is odd or whendegL = 0; (*) impliesc< 0.

(d) If b,(X) = 0 then there is no torsion-free coherent sheafon X whose
invariants satisfy (*).

Pr oof It is clear that the stable irreducibilit y condition is stronger than (*).
Now if a sheaf F is not irreducible it admits some subsheafF° with 0 <
rank F°< rank F. When by (X) is odd the degreefunction deg : Pico(X) i !
R is surjective, so twisting by suitable invertible shearesL1;L, 2 Pic®(X)
gives a semi-stable but not stable sheaf(L; - F9) © (L, - (F=F9) with the
sameChern classesas F . Sinceby taking double-dualsthe secondChern class
decreasesye get a locally free sheaf

(Li- (FO—)O(L2- (F=F9—)

which cortradicts (*) for (rank(F); c1(F); c2(F)). This proves(a).
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14 Matei Toma

For (b) it is enoughto take a KAhler class! sud that
I (r%ci(L)j r ¢®) 6 Ofor all ®2 N S(X)=Tors(N S(X))

and integersr®with 0< r%< r. This is possiblesincethe Ka&hler coneis open
in HEY(X).
For (c) just consider(L - L) © 03" for a suitable L; 2 Pic’(X) in case
b (X) odd. Finally, supposeb,(X) = 0. Then X admits no K&hler structure
henceb;(X) is odd. If F were a coherernt sheafon X whoseinvariants satisfy
(*) we should have
3 ,
1 (ri 1) 2 1
¢(F)== i — (L) ==c<0
(F) r Ci o ci(L) rCz
contradicting the non-negativity of the discriminant. =

3 The moduli space of simple sheaves

The existenceof a coarsemoduli spaceSplx for simple (torsion-free) sheaves
over a compact complex space has been proved in [@] ; seealso [E]. The
resulting complex spaceis in general non-Hausdor®but points represening
stable sheareswith respect to somepolarization on X are always separated.
In order to give a better description of the baseof the versal deformation of a
coherert sheafF we needto compareit to the deformation of its determinant
line bundle detF. We rst establish

Pr oposition 3.1 Let X be a nonsingular compact complex surface, (S;0) a
complexspace germ, F a coherentsheafon X £ S°at overSandq: X£S! X

the projection. If the central ber Fo := Fjx g og is torsion-fr ee then there exists
a locally free resolution of F over X £ S of the form

0i! o°Gij! Eij! Fij! 0O

where G is a locally free shaf on X.

Pr oof In [@] it is proven that a resolution of Fo of the form
0i! Gij! Egij! Foi! O

existson X with G and Eq locally free on X assoon asthe rank of G is large
enoughand
H2(X;Hom(Fg; G)) = O

We only have to notice that when Fo and G vary in some°at families over S
then one can extend the above exact sequenceover X £ S. We chooseS to be
Stein and denoteby p: X £ S! S the projection.
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Compact Moduli Spaces of Stable Sheaves 15

From the spectral sequencerelating the relative and global Ext-s we deduce
the surjectivity of the natural map

Ext'(X £ S;F;q°G) ! HOS Ext(p;F;q°G)):

We can apply the basechangetheorem for the relative Ext! sheafif we know
that Ext?(X ;Fo;G) = 0 (cf. @] Korollar 1). But in the spectral sequence

HP(X; Extd(Fo; G)) =) Ext”*9(X;Fo;G)

relating the local Ext j s to the global ones,all degreetwo terms vanish since
H2(X ;Hom(Fq;G)) = 0 by assumption. Thus by basechange

Ext}(X;Fo;G) 2 Ext'(p;F:q°G)o mso CEXt(p;F; ¢°G)
and the natural map
Ext'(X £ S;F:q°G) i! Ext}(X;Fo;G)

given by restriction is surjective. =
Let X;S and F be asabove. One can useProposition . to de he a morphism

det: (S;0)j! (Pic(X);detFy)

by assaiating to F its determinant line bundle detF.

The tangent spaceat the isomorphy class[F] 2 Splx of a simple sheafF
is Ext}(X ;F;F) since Sply is locally around [F] isomorphic to the base of
the versal deformation of F. The spaceof obstructions to the extension of a
deformation of F is Ext?(X ;F;F):

In order to state the next theorem which comparesthe deformations of F and
detF, we have to recall the de nition of the tra ce maps

tr9:Ext9(X;F;F)i! HYX;0x):

When F is locally free onede nestrg : End(F) j! Oy in the usual way
by taking local trivializations of F. Suppose now that F has a locally free
resolution F*. (See[@] and [@] for more generalsituations.) Then onede nes

tre: :Hom (F°;F*)j! Ox
by ve o o
. _ (i D'trgi; fori=j
Ue: JHom(FiFi)= 0: fori6j:
ere we denoted by Honf(F*;F") the complex having Hom"(F*;F*) =
Hom(F'; F'* ") and di®ereriial
i

d(')=der 2" i (§ DP9 ¢ £k
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16 Matei Toma

for local sections' 2 Hom"(F*;F*). trg: becomesa morphism of complexes
if we seeOyx as a complex concerrated in degreezero. Thus trg: induces
morphisms at hypercohomology level. Since the hypercohomology groups of
Hom’ (F*;F*) and of Ox are Ext9(X;F;F) and H9(X;Ox ) respectively, we
get our desiredmaps

tr9:Ext9(X;F;F)ji! HYX;0x):

Using tr® over open sets of X we get a sheaf homomorphism tr

End(F) j! Ox: Let Endg(F) be its kernel. If one denotes the kernel of
tr9: Extd(X;F;F)i! HY9X;0x) by Ext9(X;F;F)o one gets natural maps
HAI(X;Endo(F)) i! Ext%(X;F;F)o, which are isomorphismsfor F locally
free.

This construction generalizesimmediately to give trace maps
tr9:Ext9X;F;F- N)j! HYX;N)

for locally free sheavesN on X or for sheavresN such that ToriOx (N;F) vanish
fori> 0.
The following Lemma is easy

Lemma 3.2 If F and G are sheaveson X allowing nite locally free resolutions
andu 2 ExtP(X;F;G); v2 Ext(X;G;F) then

trP*9(u ¢v) = (j 1)P%trP*9(v ¢u):

Theorem 3.3 Let X be a compact complexsurface, (S;0) be a germ of & com-

plexspace and F a coherent sheaf on X £ S °at over S suchthat Fg := F_X o
9

is torsion-free. The following hold.

(&) The tangentmap of det: S! Pic(X) in O factorizes as
ToS 1% ExtLOCGFIF) {1 HI(X:Ox) = Tiger ro(PIC(X):

(b) If T is a zem-dimensional complexspace suchthat Os.o = Ot.0=I for an
ideal I of Ot.q with | ¢my.o = O, then the obstruction ol(F;T) to the
extensionof F to X £ T is mapped by

tr2- cid, :Ext?(X;Fo;Fo- cl) 2 Ext?(X:Fo;Fo)- ¢l !
il H2(X;0x)-c!l 2 Ext?(X;detFo;(detFo)- c1)

to the obstruction to the extensionof detF to X £ T which is zem.
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Compact Moduli Spaces of Stable Sheaves 17

Pr oof (a) We may supposethat S is the double point (0; C[2]). We de ne the
Kodaira-Spencermap by meansof the Atiy ah class(cf. [H]).

For acomplexspaceY let p1;p2: YEY ! Y bethe projectionsand¢ .YE£Y
the diagonal. Tensoringthe exact sequence

0! I¢=12i! Oygy=Zi! O¢i! O
by p5F for F locally freeon Y and applying pi.» givesan exact sequenceon Y
0i! F--vi! pue(PeF - (Ovev=§))i! Fil O

The classA(F) 2 Ext(Y;F;F - - y) of this extensionis called the Atiy ah
class of F. When F is not locally free but admits a nite locally free resolution
F* onegetsagainaclassA(F) in Ext(Y;F;F - - y) seenas rst cohomology
group of Hom’ (F*;F* - - v).

Considernow Y = X £ Swith X and S ashefore,p:Y ! S;q:Y! X the
projections and F asin the statement of the theorem.

he decomposition - x¢s = °- x © p°- s induces

Ext!(X £ S;F;F - -gex) 2
Ext!(X £ S;F;F- - x)OExt}(X £ S; F;F - p*- 3):
The componert As(F) of A(F) lying in Ext}(X £ S; F;F - p°- g) inducesthe
"tangent vector" at 0 to the deformation F through the isomorphisms
Ext'(X £ S;F;F - p°- )2 Ext}(X £ S; F;F - p"mg,) 2
Ext!(X £ S; F;Fg) 2 Ext}(X;Fo;Fo):
Applying now tr! : Ext}(Y;F;F- - v)! HZ(Y;- y) to the Atiyah classA(F)

givesthe st Chern classof F; ¢, (F) := tr}(A(F)), (cf. [@], [ﬂ]).
It is known that

ci(F) = ci(detF); i.e. tr }(A(F)) = tr}(A(detF)):
Now detF is invertible so
trl: Extl(Y;detF;(detF)- -v))i! H(Y;-v)

is just the canonical isomorphism. Sincetr ! is compatible with the decompo-
sition - xgs = - x © p- s we get tr }(As(F)) = As(detF) which proves
(a).

(b) In order to simplify notation we drop the index 0 from Os.o; Ms.o, Or.0,
mr.o and we usethe samesymbols Os; ms; Ot ; mr for the respective pulled-
badk shearesthrough the projections X £ S! S; X £T! T.

There are two exact sequence®f Os-modules:

(1) Oij! mgij! Osij! Cij! 0
(2) Oij! I'ij!' mri! mgij! O
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(Usel ¢my = 0in order to make my an Os-module.)

Letj : C! Ogs bethe C-vector spaceinjection givenby the C-algebrastructure
of Os. j inducesa splitting of (1). SinceF is °at over S we get exact sequences
overX £ S

Oi! F-os.msi! Fil! Foi! O
0i! F-osli! F-osmri! F-o,msi! O

which remain exact as sequencesver Oy . Thus we get elemerts in
Ext1(X;Fo;F - os ms) and Ext}(X ;F - o, ms;F - ¢1) whoseYonedacompo-
site o(F ; T) in Ext?(X ;Fo;F - c1) is represened by the 2-fold exact sequence

0j! F-osli! F-osmi! Fil! Foi! O

and is the obstruction to extending F from X £ Sto X £ T, asis well-known.

Consider now a resolution
0i! o°Gi! Eij! Fij! 0O

of F asprovided by Proposition E i.e. with G locally freeon X and E locally
freeon X £ S. Our point is to compareol(F;T) to obhE; T).

SinceF is °at over S we get the following commutativ e diagrams with exact
rows and columnsby tensoring this resolution with the exact sequencegl) and

(2):

0 0 0
R 2 R

0—qG- cms lfG IG, lo
R R R

0—E- o, ms /e Jeq —0 (1)
R 7] 23

0—F - o, ms /e Irg —0
R R R
0 0 0
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Compact Moduli Spaces of Stable Sheaves 19

2 R R
O—IE'OSI—JE'OS rﬂ-r—‘E-oS ms ——/0 (2')
R R R

Using the sectionj : C! Os we get an injective morphism of Oy sheaves

dges- i
|

Goiitii! 9G-cmrj! E- o, my

which we call j .
From (19 we get a short exact sequenceover X in the obvious way

0i! (E-0sms)©jg(Go)i! Ei! Foi! O
Combining this with the middle row of (29 we get a 2-fold extension
0i! (E-0.1)©Gpi! (E-0sm)©Gyi! Ej! Foij! O

whoseclassin Ext?(X ;Fo;(E - o |) - Go) we denote by u.
Let v be the surjectionE! F and

H A |

Vo= V'O'd' (E-0.1)©Goi! F-o.l;
TR

vP= \g’ 'E0c©Gpi! Fo;

the Ox -morphismsinduced by v.
The commutativ e diagrams

0—ME-0.1)©Gy —(E - 6, M) © Gy e Iry /o

0——IF -0l ————IF -0, my /g Ir, /o
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and

0—(E - 0, 1)© Gy —(E - 0, M) ©Gy —/E © Gy —/E© Gy —/0

T )

0—/(E- 05 1)©Go —(E - mr)©Go e Iro —o

show that ob(F ;T) = vP¢u and
(O(E;T);0) = u ¢v®2 Ext?(X ;Eq© Go; (E - 0, |) © Go):

We may restrict oursehesto the situation when| is generatedby one elemert.
Then we have canonical isomorphisms of Ox -modules Eq 2 E - o, | and
Fo2 F - o |. By theseone may identify v°and v® Now the Lemma[3.2 on
the graded symmetry of the trace map with respectto the Yonedapairing gives
tr2(ob(F;T)) = tr2(o(E; T)):

But E is locally free and the assertion(b) of the theorem may be proved for it
asin the projective caseby a cocycle computation.

Thus tr2(o(E; T)) = ol(detE) and sincedet(E) = (detF) - g°(detG) and
g°(det G) is trivially extendable,the assertion(b) is true for F aswell. =
The theorem should be true in a more generalcontext. In fact the proof of (a)
is valid for any compact complex manifold X and °at sheafF over X £ S. Our
proof of (b) is in a way symmetric to the proof of Mukai in [@] who usesa
resolution for F of a special form in the projective case.

Not ation For a compact complex surfaceX and an elemen L in Pic(X) we
denote by Splx (L) the "b er of the morphism det : Splx ! Pic(X) over L.

Cor ollar y 3.4 For a compact complexsurface X andL 2 Pic(X) the tangent
space to Splx (L) at an isomorphy class[F] of a simple torsion-free sheaf F
with [detF] = L is ExtY(X;F;F)o. When Ext?(X;F;F)o = 0; Splx (L) and
Splx are smaoth of dimensions

dimExt}(X ;F;F)o = 2rank(F)?¢( F) i (rank(F)?j 1)A(Ox)

and
dim ExtY(X;F;F) = dim Ext}(X ;F;F)o + h(Ox)

respectively.
We end this paragraph by a remark on the symplectic structure of the moduli
spaceSplx when X is symplectic.
Recallthat a complexmanifold M is called holomorphicall y symplectic if
it admits a global nondegenerateclosedholomorphic two-form ! . For a surface

X, being holomorphically symplectic thus meansthat the canonicalline bundle
Kx istrivial. For such an X; Splx is smooth and holomorphically symplectic
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Compact Moduli Spaces of Stable Sheaves 21

as well. The smoothnessfollows immediately from the above Corollary and a
two-form ! is de ned at [F] on Splx asthe composition:

TirSplx £ T Splx 2 Ext(X;F;F) £ Ext*(X;F;F) j!
i1 EXt2(XGFF) i H2(X;0x) 2 H2(X;Kx) 2 C:

It can be shonvn exactly asin the algebraic casethat ! is closedand nonde-
generateon Sply (cf. [ﬂ] [E]). Moreover, it is easyto seethat the restriction
of ! to the "bersSplx (L) of det: Splx ! Pic(X) remains nondegenerate,in
other words that Splx (L) are holomorphically symplectic subvarieties of Splx .

4 The moduli space of ASD connections and the comparison map

4.1 The moduli space of anti-self-dual connections

In this subsectionwe recall someresults about the moduli spacesof anti-self-
dual connectionsin the context we shall need. The readeris referred to [E], [E]
and [IE] for a thorough treatment of these questions.

We start with a compactcomplexsurfaceX equippedwith a Gauduchon metric
g and a di®erertial (complex) vector bundle E with a hermitian metric h in its
b ers. The spaceof all C! unitary connectionson E is an atne spacemodeled
on AL(X;End(E;h)) and the C! unitary automorphism group G, also called
gauge-group,operateson it. Here End(E;h) is the bundle of skew-hermitian
endomorphismsof (E; h). The subsetof anti-self-dual connectionsis invariant
under the action of the gauge-groupand we denote the corresponding quotient
by MASD:MASD(E):

A unitary connection A on E is called reducible if E admits a splitting in
two parallel sub-bundles.
We useasin the previous sectionthe determinant map

det: M ASP(E)i! M ASP(detE)

which assciates to A the connection detA in detE. This is a b er bund-
le over M ASP (detE) with b ers M ASP(E;[a]) where [a] denotesthe gau-
ge equivalence class of the unitary connection a in detE. We denote by
MSYE) = M gt(E) the moduli spaceof stable holomorphic structures in E
and by M St(E; L) the "D er of the determinant map det: M St(E) j! Pic(X)
over an elemen L of Pic(X). Then one has the following formulation of the
Kobayashi-Hitchin correspondence.

Theorem 4.1 Let X be a compact complexsurface, g a Gauduchonmetric on
X, E a di®erentiable vector bunde over X, a an anti-self-dual connection on
detE (with respect to g) and L the elementin Pic(X) given by @ on detE.
Then M St(E;L) is an open part of Splx (L) and the mapping A 7! @ gives
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rise to a real-analytic isomorphism between the moduli space M ASP:®(E; [a]) of
irr educible anti-self-dual connections which induce [a] on detE and M St(E;L).

We may alsolook at M ASP (E;[a]) in the following way. We considerall anti-

self-dual connectionsinducing a 'xed connectiona on detE and factor by those
gaugetransformations in G which presene a. This is the sameastaking gauge
transformations of (E;h) which induce a constart multiple of the identity on
detE. Sinceconstart multiples of the identit y leave ead connectioninvariant,

whether on detE or on E, we may aswell considerthe action of the subgroup
of Ginducing the identity on detE. We denote this group by SG, the quotient

spaceby M ASP (E:a) and by M ASP:%(E:; a) the part consisting of irreducible
connections.There is a natural injective map

MASD(E:a)j! MASP(E;[a])

which assciatesto an SG-equivalenceclassof a connectionA its G-equivalence
class.The surjectivity of this map dependson the possibility to lift any unitary
gauge transformation of detE to a gauge transformation of E. This possi-
bility exists if E has a rank-one di®ererial sub-bundle, in particular when
r := rankE > 2, sincethen E has a trivial sub-bundle of rank r j 2. In this
caseone constructs a lifting by putting in this rank-one componert the given
automorphism of detE and the identity on the orthogonal complemert. A lif-
ting alsoexistsfor all gaugetransformations of (det E ; deth) admitting an r-th
root. More precisely denoting the gaugegroup of (det E;deth) by U(1), it is
easyto seethat the elemeris of the subgroupU(1)" := fu" j u 2 U(1)g can be
lifted to elemers of G. Sincethe obstruction to taking r-th roots in U(1) lies
in HY(X;Z,), asone deducesfrom the corresponding short exact sequencewe
seethat U(1)" has nite index in U(1). From this it is not ditcult to infer that
M ASP (E;[a]) is isomorphic to a topologically disjoint union of nitely many
parts of the form M ASP (E; a,) with [ac] = [a] for all k.

4.2 The Uhlenbeck compactifica tion

We cortin ue by stating someresults we needon the Uhlenbedk compacti cation
of the moduli spaceof anti-self-dual connections. Referencesfor this material
are [f and [g].

Let (X;g) and (E;h) beasin @ For eath non-negative integer k we consider
hermitian bundles (E; ; h; ¥) on X with rankE, x = rankE =: r;(detE, ,
deth; ) 2 (detE;deth), c2(E; k) = c2(E) i k. Set

M Y(E) := [ (M ASD(E, () £ S*X)

k2N
MUY(E;[a]) = (MASP(E, «;[a]) £ S*X)
k2N
MUY(E;a):=  (MASD(E, \;a) £ S*X)
k2N
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where SKX is the k-th symmetric power of X . The elemeris of thesespacesare
calledideal connections . The unions are "nite sincethe secondChern class
of a hermitian vector bundle admitting an anti-self-dual connectionis bounded
below (by 1c?).

To an elemen ([A];Z) 2 M Y(E) one assaiates a Borel measure

L([AL;Z) := jFaj? + 8%%

where 1, is the Dirac measurewhosemassat a point x of X equalsthe mul-
tiplicit y my(Z) of x in Z. We denote by m(Z) the total multiplicit y of Z. A
topology for M Y(E) is determined by the following neighborhood basis for

([AL; 2):

Vun=([AL;Z) = £([AY; 292 MY (E) j1([AY;Z% 2 U and there is an
L -isomorphismA : E; m(z) ixnani! E; mzo ixnn
such that kA i A®(A9K_z(x vy < 29

where2 > 0 and U and N are neighborhoods of t ([A];Z) and supp (%z)
respectively. This topology is rst-countable and Hausdor® and induces the
usual topology on each M ASP (E, ) £ SKX. Most importantly, by the weak
compactnesstheorem of Uhlenbedk M Y (E) is compact when endoved with
this topology, M ASP (E) is an open part of M Y(E) and its closureM ASD (E)
inside M Y(E) is called the Uhlenbeck compactifica tion of M ASD (E).
Analogous statemerts are valid for M ASP (E;[a]) and M ASP (E;a).

Using a technique due to Taubes, one can obtain a neighborhood of an ir-
reducible ideal connection ([A];Z) in the border of M ASP (E:a) by gluing
to A "concertrated" SU(r) anti-self-dual connections over S*. One obtains
"cone bundle neighborhoods" for ead sud ideal connection ([A];Z) when
H2(X;Endo(Eg )) = 0. For the precise statemerts and the proofs we refer
the readerto [g] chapters 7 and 8 and to [E] 3.4. As a consequencef this de-
scription and of the connectivity of the moduli spacesof SU(r) anti-self-dual
connectionsover S* (see[fl§]) we have the following weaker property which will
suxce to our needs.

Pr oposition 4.2 Around an irr educible ideal connection ([A]; Z) with
H2(X;Endo(Eg)) = O the border of the Uhlenkeck compactication
M ASD(E:a) is locall y non-disconnecting in MASP(E;a), ie. the-
reqexist arbitrarily small neightorhoods V' of ([A];Z) in M ASD(E:a) with
V M ASD(E:a) connected.

Note that for SU(2) connectionsa lot more has beenproved, [, [Ld]. In this

casethe Uhlenbed compacti cation is the completion of the spaceof anti-self-
dual connectionswith respect to a natural Riemannian metric.
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4.3 The comparison map

We x (X;g) a compact complex surface together with a Gauduchon me-
tric on it, (E;h) a hermitian vector bundle over X, a an unitary anti-self-
dual connection on (detE;deth) and denote by L the (isomorphy class of
the) holomorphic line bundle induced by @ on detE. Let ¢, := c(E) and
r := rank E. We denote by M St(r;L; c,) the subsetof Sply consisting of iso-
morphy classesof non-necessarilylocally free sheaves F (with respect to Q)
with rankF = r;detF = L; c;(F) = c,.

In Ewe have mertioned the existenceof a real-analytic isomorphism between
M SY(E;L) and M ASP:?(E;[a]). When X is algebraic,rank E = 2 and a is the
trivial connection this isomorphism has been extended to a cortin uous map
from the Gieseler compacti cation of M St(E; O) to the Uhlenbek compacti -
cation of M ASP (E; 0) in [[Lf] and [L[J). The proof given in [[L§] adapts without
dixcult y to our caseto show the cortinuity of the natural extension

©:M(r;Lc) it MY(E;[a):

© is de ned by ©([F]) = ([A]; Z), where A is the unique unitary anti-self-dual
connection inducing the holomorphic structure on F— and Z describes the
singularity set of F with multiplicities my(Z) = dimc(F— =F) for x 2 X.
The main result of this paragraph assertsthat under certain conditions for X
and E this map is proper as well.

Theorem 4.3 Let X be a non-algebaic compact complex surface which has
either Kodaira dimension kod(X) = i1 or hastrivial canonical bunde and
let g be a Gauduchonmetric on X . Let (E;h) be a hermitian vector bunde
over X, r := rankE, ¢, := ¢(E), a an unitary anti-self-dual connection on
(detE;deth) and L the holomorphic line bunde induced by @ on detE. If
(r;ci(L); cp) satis es condition (*) from section Ethen the following hold:

(a) the natural map © : M S'(r;L;c,) j! M Y(E;[a]) is continuous and
proper,

(b) any unitary automorphism of (det E; deth) lifts to an automorphism of
(E;h) and

() M St(r;L; cp) is a compact complex (Hausdor®) manifold.

Pr oof

Under the Theorem's assumptionswe prove the following claims.

Claim 1. Splx is smmth and of the expected dimension at points [F] of
M St(r; L; ).

By Corollary @ for such a stable sheaf F we have to chedk that
Ext?(X;F;F)g = 0. When Ky is trivial this is equivalent to
dim(Ext?(X ;F;F)) = 1 and by Serreduality further to dim(Hom(X ;F;F)) =
1 which holds sincestable shearesare simple. Solet now X be non-algebraicand
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kod(X) = j1 . By surfaceclassi cation b;(X) must be odd and Remark E
shaws that F is irreducible. In this casewe shall shav that Ext?(X ;F;F) = 0.
By Serre duality we have Ext?(X ;F;F) 2 Hom(X;F;F - Kx)®. By taking

double duals Hom(X ;F;F - Kx) injects into Hom(X;F— ;F— - Kx).
Suppose ' is a non-zero homomorphism' : F— ! F— - Kyx. Then
det' :detF— ! (detF—)- K" cannotvanishidentically sinceF is irredu-

cible. Thus it inducesa non-zerosectionof K " cortradicting kod(X) = i1
Claim 2. M St(r;L; c,) is open in Sply .

This claim is known to be true over the open part of Sply parameterizing
simple locally free shearesand holds possibly in all generality. Here we give an
ad-hoc proof.

If by is odd or if the degreefunction deg, : Pic(X) i! R vanishesiden-
tically the assertion follows from the condition (*). Suppose now that X is
non-algebraic with b; even and trivial canonical bundle. Let F be a torsion-
free sheafon X with rank F = r;detF = L and c;(F) = c,. If F is not stable
then F sits in a short exact sequence

Oj! F¢i!' Fij!' Fi!v O

with F1; F> torsion-freecoherert sheareson X . Letrq := rank F1;r, := rank F».
We “rst shaw that the possiblevaluesfor degF; lie in a discrete subsetof R.
An easycomputation gives

Cc(F1)? | a(F2)? _  cu(F)?
i i =
I ) r

+2r¢(F)j 2ri¢(Fp)j 2ra¢( Fp):

Sinceall discriminants are non-negative we get

Cc(F1)? | a(F2)?  cu(F)?
i [ i
ra r r

+ 2r¢(F):

In particular c1(F1)? is boundedby a constart dependingonly on (r;ci(L); cy).
Since X is non-algebraic the intersection form on N S(X) is negative semi-
de[nite. In fact, by [H] N S(X)=Tors(N S(X)) can be written asa direct sum
N | wherethe intersection form is negative de nite on N, | is the isotropy
subgroupfor the intersectionform and | is cyclic. We denote by c a generatorof
I. It follows the existenceof a nite number of classeshin N for which onecan
have c;(F1) = b+ ® modulo torsion, with ® 2 N. Thus degF; = degbh+ ®degc
liesin a discrete subsetof R.

Let now b2 NS(X) be such that 0 < degb - jdegF,j for all possible subs-
heaves F; as above with degF; 6 0. We considerthe torsion-free stable cen-
tral "ber Fg of a family of sheawwes F on X £ S °at over S. Suppose that
rank(Fo) = r;detFq = L; c;(Fg) = ¢;. We choosean irreducible vector bundle
G on X with ¢;(G) = j b. Then H?(X;Hom(Fo;G)) = 0, soif rank G is large
enoughwe can apply Proposition @ to get an extension

0i! o°Gij! Eij! Fij! 0
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with E locally freeon X £ S, for a possibly smaller S. (As in Proposition E
we have denoted by q the projection X £ S j! S.) It is easyto chedk that
E, doesn't have any subsheafof degreelarger than i degh. Thus Ej is stable.
Hence small deformations of Ej are stable as well. As a consequenceve get
that small deformations of Fo will be stable. Indeed, it is enoughto consider
for a destabilizing subsheaff; of Fg, for s 2 S, the induced extension

Oi! Gij! Epi! F¢j! O

Then E; is a subsheafof E¢ with degE; = degG+ degF; , 0. This contradicts
the stability of Es.

Claim 3. Any neighlorhood in Sply of a point [F] of M St(r;L; c;) contains
isomorphy classesof locally free sheaves.

The proof goesas in the algebraic caseby considering the "double-dual stra-
tication" and making a dimension estimate. Here is a sketch of it.

If onetakesa °at family F of torsion free sheareson X over a reduced base
S, one may consider for eah ‘ber Fg, s 2 S, the injection into the double-
dual Fs~ := Hom(Hom(Fs; Ox g sq); Ox g sg)- The double-dualsform a °at
family over some Zariski-open subset of S. To seethis consider rst F- :=
Hom(F;Ox ¢ s). SinceF is °at over S, onegets (Fs)- = Fs. F- is °at over
the complemen of a proper analytic subsetof S and one repeatsthe procedure
to obtain F— and F— =F °at over some Zariski open subset S° of S. Over
X £ SY% F— s locally free and (F — =F )s = Fs =F¢ for s 2 S° Take now S
a neighborhood of [F]in M St(r;L; c,). Supposethat

length(Fs- =Fs,) = k>0

for somesy 2 SP Taking S° smaller around s if necessarywe nd a morphism
A from S%to a neighborhood T of [Fs-]in M S(r;L; c; j k) sudh that there
existsalocza]ly freeuniversalfamily Eon X £ T with E, 2 F4- for someto 2 T
and (idx £A)°E = F— . Let D be the relative Douady spaceof quotients of
length k of the 'bersof Eandlet %: D j! T bethe projection. There exists
an universal quotient Q of (idx £%°E on X £ D. Since F— =F is °at over
SO A lifts to a morphism A: S°j! D with (idx £ A°Q = F— =F. By the
universality of S° there exists also a morphism (of germs)A : D j! S°with
(idx £A)°F = Ker((idx £¥°E j! Q). One seesnow that A + A must be an
isomorphism, in particular dim S°. dimD. SinceS®and T have the expected
dimensions, it is enoughto compute now the relative dimension of D over T.
This is k(r + 1). On the other side by Corollary Edim SO dim T = 2kr. This
forcesr = 1 which is excluded by hypothesis.

After these preparations of a relatively general nature we get to the actual
proof of the Theorem. We start with (b).

If b, (X) denotesthe number of negative eigervalues of the intersection form
on H?(X;R), then for our surface X we have b, (X) > 0. This is clear when
K istrivial by classi cation and follows from the index theorem and Remark
P2 (d) whenby(X) is odd. In particular, taking p 2 H2(X;Z) with p? < 0 one
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constructs topologically split rank two vector bundlesF with given rst Chern

classl and arbitrarily large secondChern class:just consider(L- P~ ")©(P")" "

where L and P are line bundleswith c;(L) = I; ¢q(P) = pandn 2 N. If E

has rank two we take F with detF 2 detE and c;(F) , c(E) = ¢. (When

r > 2 assertion (b) is trivial; cf. section[¢.3). We consider an anti-self-dual

connectionA in E inducing aondetE and Z % X consistingof ca(F) i ¢(E)

distinct points. By the computations from the proof of Claim 1 we seethat A

is irreducible and H,ﬁ;o = 0. Using the gluing procedure mentioned in section
@ , one seesthat a neighborhood of ([A];Z) in M Y(F;[a]) cortains classes
of irreducible anti-self-dual connectionsin F. We have seenin section i.] that

any unitary automorphism of detF lifts to an unitary automorphism u of F. If

we take a sequenceof anti-self-dual connections(Ap) in F with detA, = aand
([An]) converging to ([A]; Z), we get by applying u a limit connection B for

subsequencef (u(A,)). SinceM Y (F;[a]) is Hausdor®,there exists an unitary

automorphism & of E with &°(B) = A. It is clear that o inducesthe original

automorphism u on detF 2 detE .

We leave the proof of the following elemenary topologicallemmato the reader.

Lemma 4.4 Let%:Z j! Y bea continuous surjective map between Hausdor®
topological spaces. SupmseZ locally compact, Y locally connected and that there
is a locally non-disconnecting closead subsetY; of Y with Z; := ¥ *(Y;) compact

and Z; = ;. Suppsefurther that Yrestricts to a homeomorphism
Yajznzoynv, 0 ZNZ1 i Y nYy

Then for any neighlorhood V of Z; in Z, %{V) is a neighlorhood of Y; in Y.
If in addition Y is compact, then Z is compact as well.

We complete now the proof of the Theorem by induction on c,. For xed r and
c1(E), c2(E) is bounded below if E is to admit an anti-self-dual connection.
If we take ¢, minimal, then M St(r;L; c;) = M S{(E;L) and M ASP:*(E;[a]) =
M ASD (E;[a]) is compact. From Theorem[¢.] we obtain that © is a homeomor-
phism in this case.

Take now ¢, arbitrary but suc that the hypothesesof the Theorem hold and
assumethat the assertionsof the Theorem are true for any smallerc,. We apply
Lemma .4 to the following situation:

Z:=M%(r;L;c); Y = MY(E;[a]) = MASP(E;[a]) 2 M 3P (E; a):

The last equalities hold according to Claim 3 and Claim 4. Let further Y;
be the border M ASP (E;a) nM ASP (E;a) of the Uhlenbed compacti cation
and Z; be the locus M St(r;L; c;) n M SY(E;L) of singular stable sheaes in
Splx . Z is smooth b+y Claim 1 and Hausdor®,Y; is locally non-disconnecting
by Proposition §.4, Z1=; by Claim 3 and ¥4jznz,.v ny, IS @ homeomorphism
by Theorem@.1. In order to be able to apply Lemma B and thus closethe
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proof we only needto ched that Z; is compact. We want to reducethis to the
compactnessof M St(r;L; ¢, j 1) which is ensuredby the induction hypothesis.
We considera nite open covering (T;) of M St(r;L; ¢, i 1) such that over eah
X £ T; an universal family E exists. The relative Douady spaceD; parame-
terizing quotients of length onein the "b ers of E is proper over (T;). In fact

it was shown in I]E] that D; 2 P(E). If % :D; j! T; arethe projections, we
have universal quotients Q; of ZE and F; := Ker(*2E i! Q;) are °at over
D;i. This induces canonical morphisms D; j! Z;. It is enoughto notice that

their imagescover Z1, or equivalertly, that any singular stable sheafF over X
sits in an exact sequenceof coheren sheaes

oij! Fij! Ej! Qij!' O
with lengthQ = 1 and E torsion-free. Such an extensionis induced from
oi! Fi! F—ij! F—=Fj! O

by any submodule Q of length one of F— =F. (To seethat such Q exist re-
call that (F— =F)y is artinian over Ox x and use Nakayama's Lemma). The
Theorem is proved. ©

Remark 4.5 As a consequenceof this theorem we get that when X is a 2-
dimensionalcomplextorus or a primary Kodaira surfaceand (r;L; c;) is chosen
in the stable irreducible range as in [24), [3 or [f], then M s (r;L; c;) is a
holomorphically symplectic compact complex manifold.
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