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Abstra ct. For A a certral simple algebra of degree2n, the nth
exterior power algebra, "A is endaved with an involution which pro-
vides an interesting invariant of A. In the casewhere A is isomorphic
to Q- B for somequaternion algebra Q, we describe this involution
quite explicitly in terms of the norm form for Q and the corresponding
involution for B.
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The classi cation of irreducible represenations of a split semisimple simply
connectedalgebraic group G over an arbitrary “eld F is well-known: they are
in one-to-onecorrespndencewith the coneof dominant weights of G. Further-
more, one can tell whether or not an irreducible represenation is orthogonal or
symplectic (= supports a G-invariant bilinear form which is respectively sym-
metric or skew-symmetric) by inspecting the corresponding dominant weight
[@, x3.11]. (Throughout this paper, we only consider elds of characteristic
6 2, cf. B.) A G-invariant bilinear form on an irreducible represenation is
necessarilyunique up to a scalar multiple.

If the assumption that G is split is dropped, then the Galois group | of a
separableclosure Fs of F over F acts on the cone of dominant weights (via
the so-called\ m-action™), and this action may be nontrivial. Thoseirreducible
represettations corresponding to dominant weights which are not "xed by | are
not de ned over F. Although an irreducible represenation “2whosedominant
weight is xed by j may not be F-de ned, there is always somecertral simple
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100 R. S. Garibaldi, A. Qu#8guiner-Ma thieu, J.-P. Tignol

F-algebraA andamap G! SL;(A) de ned over F which is an appropriate
descen of ¥%; see [E] or [@ p. 230, Prop. 1] for details. The algebra A is
uniquely determined up to F-isomorphism. If %is orthogonal or symplectic
over Fg, then it is easyto show that A supports a unique G-invariant involution
° of the rst kind which is adjoint to the G-invariant bilinear form over every
extensionof F where A is split and hence¥zis de ned.

It is of interest to determine °. For example, invariants of ° in turn provide
invariants of G. All involutions ° have beenimplicitly determined for F = Qp
andF = Rin [H] and [E], but over an arbitrary “eld the problem is much more
dizcult sinceinvolutions are no longer classi ed by their classicalinvariants [J.
We restrict our attention to simply connectedgroupsof type A, 1; that is, to
the caseG = SL;(A) for A acertral simple F -algebraof degree2n. Moreover,
we will focus on the fundamenal irreducible represenation corresponding to
the middle vertex of the Dynkin diagram of G, which supports a G-invariant
involution °.

For any nonnegative integer k - 2n, there is a certral simple F-algebra , KA
attachedto A calledthe kth exterior power of A, and the appropriate analogues
of the fundamental represenations of SL1(A) are the natural mapsSL(A) !
SL1(, kKA) for 1. k < 2n. The represertation we will study, which corresponds
to the middlle vgrtex of the Dynkin diagram, is the k = n case.In general,, “A
is of degree 2k“ and is Brauer-equivalert to A~ ¥, see[ﬁ, 10.A]. It is de ned so
that when A is the split algebraA = Endg (W), this , X Endg (W) is naturally
isomorphic to Endg (A *W).

The nth exterior power , "A is endaved with a canonical involution ° sud
that when A is split, ° is adjoint to the bilinear form pde ned on "W by the
equation p(x1 ™ 1M Xy M it yp)e= xa MM xp Myl MMy, wheree s
any basisof the 1-dimensionalvector space® >"W. This involution is presened
by the imageof G in SL;(, "A) and is the onewe wish to describe. If n is even
and A~ " is split, then ° is orthogonal and , "A is split, so our fundamertal
represettation of G is de ned over F and orthogonal. For example, for A a
biquaternion algebra over an arbitrary “eld F, ° is adjoint to an Albert form
of A [E 6.2]. In this paper, we provide a complete description of ° for G of
type 1A2ni 1 whenn is odd (seeE) or when n is even and A is isomorphic to
B - Q where Q is a quaternion algebra (in B and @ In particular, until
now a description of ° hasnot beenknown for any algebraA of index, 8. If A
is a tensor product of quaternion algebras,we provide (in E below) a formula
that gives® in terms of the norm forms of the quaternion algebras.

Describing this particular involution ° is alsointeresting from the point of view
of groups of type 'D,,. Sud a group is isogenousto G = Spin(E ;%) for E a
certral simple algebra of degree4n and %an orthogonal involution with triv-

ial discriminant. If 3is hyperbolic, then E is isomorphic to M,(A) for some
algebra A of degree2n. The analogue of the direct sum of the two half-spin
represenations for Spin(M,(A); %) over F isthe map G! SL;(C(M2(A);%3)

where C(M,(A);¥) denotesthe even Cli®ord algebraof (M2(A); ¥). This alge-
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Inv olutions and Tra ce Forms on Exterior Powers 101

bra is endaved with a canonicalinvolution ¥ which is G-invariant; it is mostly
hyperbolic but corntains a nontrivial piece which is isomorphic to (, "A; °).
PIeasesee[E] for a precisestatemert and @] for a rational proof.

This relationship between represenations of Dy, and Az,; 1 as well as the
results in this paper hint at a generaltheory of orthogonal represenations of
semisimplealgebraic groups over arbitrary “elds. We hope to study this in the
future.

1 Statement of the main resul ts

We will always assumethat our base eld F has characteristic 6 2 and that

A is a certral simple F -algebra of degree2n. (See[L. for a discussionof the

characteristic 2 case.) We assumemoreover that A is isomorphic to a tensor
product A = Q- B, whereQ is a quaternion algebraover F, and B is a certral

simple F -algebra, necessarilyof degreen. Note that this is always the case
when n is odd. We write °q for the canonical symplectic involution on Q and
ng for the norm form.

If n is odd, the main result is the following, provenin Section :

Theorem 1.1. If nis odd, the algeba with involution (, "(Q- B);°) is Witt-
equivalentto (Q;°g) .

Witt-equiv alence for certral simple algebrasis the natural generalization of
Witt-equiv alencefor quadratic forms, see[ﬂ] for a de nition.

Assumenow that n is even,n = 2m. Then , "A is split and the involution °
is orthogonal. We "'x somequadratic form ga to which ° is adjoint. It is only
de ned up to similarity.

The algebra, ™B is endoved with a canonical involution which we denote by
°m. Fork=0;:::;n,welett, : ,XB ! F bethe reducedtrace quadratic form
de ned by

(1.2) ti(X) = Trd g (X?):

This form alsohasa natural description from the represenation-theoretic view-
point: The group SL1(B) acts on the vector space, KB, and when B is split
. “B is isomorphic to a tensor product of an irreducible represeration with
its dual, seeSection E Consequetly, there is a canonical SL ;(B)-invariant
quadratic form on , KB it is ty.

Welet t}, and ti, denotethe restrictions of ty, to the subspacesSym(, "B;°m)
and Skew(, "B; °,) of elemens of , "B which are respectively symmetric and
skew-symmetric under °,, sothat t,, = t}, ©tj,. The forms thus de ned are
related by the following equation, provenin B.5;

Theorem 1.3. In the Witt ring of F, the following equality holds:
. (
Xi 1

i if .
i ¢ G 1)ktk= i th, If mis even,

Ko t if m is odd.
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The similarity classof ga is determined by the following theorem, provenin E:

Theorem 1.4. If n is even,n = 2m, the similarity class of g, contains the
quadmtic form:

3
X
thith+ng¢th+ ., M2t if m is even,
3 X k even -
thi th+ng¢ .o, Rt if mis odd.
k even

The Witt classof this quadratic form can be described more precisely under
someadditional assumptions(seeProposition Efor precisestatemerts). We
just mertion here a particular casein which the formula reducesto be quite
nice.

Assumethat m is even and B is of exponert at most 2. Then , "B is split,
and its canonical involution is adjoint to a quadratic form gz . Even though
this form is only de ned up to a scalarfactor, its squareis actually de ned up
to isometry. We then have the following, provenin E:

Corollar y 1.5. If mis even(i.e., degB ~ 0 mod 4) and B is of expnent
at most 2, then thei signilarity glassof ga contains a form whoseWitt classis
G *+ng 2M%i 50 i M

Someof the notation needsan explanation. For a quadratic form q on a vector
spaceW with assaiated symmetric bilinear form b so that g(w) = b(w;w),
we have an induced quadratic form on ~2W which we denote by ~?q. For
X1;X2;Y1;Y2 2 W, its assaiated symmetric bilinear form ~2bis de ned by

("20)(X1 M X2;y1 ™ ¥2) = B(X1;y1)b(X2;¥2) i B(X1;y2)b(X2; y1):
Thusif g= M®y;::: ;®,i, we have
A2Q' ©1 i - nMBI®:

From this, one seesthat even if q is just de'ned up to similarity, ~2q is well-
de ned up to isometry. (The form ~2q also admits a represenation-theoretic
description: It is isomorphic to a scalar multiple of the Killing form on the Lie
algebrao(q), where the scalar factor dependsonly on the dimension of q.)
From Corollary [L.§, we also get the following, which is provenin p.3

Corollar y 1.6. Let A, = Q1 - ¢¢¢- Q. be atensor product of r quaternion
F-algebas, where r | 3, and let T4, be the reducd trace quadmatic form on
A;. The similarity classof gs, contains a quadmtic form whoseWitt classis

ni 2

. i ¢
oni 1 i ¢Ta, = 22012 § (27 ng,) ¢002i no.) ;
wheen=211= IdegA andf(r)=21% rj L

Document a Mathema tica 6 (2001) 99{120



Inv olutions and Tra ce Forms on Exterior Powers 103
In particular, for r = 3, we get the quadratic form

4(nQ1 + Ng, + nQ3) i Z(anan + NQ,Ng, + annQ3) + NQ,NQ,NQ,:

Adrian Wadsworth had casually conjectured a description of ga, in [B 6.8],
and we now seethat his conjecture was not quite correct in that it omitted the
Ng,NQ,NQ; term.

As a consequence®f Corollary E we can show that the form ga liesin the nth
power of the fundamertal ideal of the Witt ring WF for many certral simple
algebrasA of degree2n; the following result is proven in .4

Cor ollar y 1.7. Supmsethat A is a central simple algeba of degree 2n ~ 0
mod 4 which is isomorphic to matrices over a tensor product of quaternion
algebmas. Then the form gy liesin I"F.

The “rst author conjectured [E 6.6] that g liesin | "F for all certral simple
F -algebrasA of degree2n = 0 mod 4 and such that A" 2 is split. Corollary E
fails to prove the full conjecture becausefor every integerr , 3 there exists a
division algebraA of degree2’ and exponert 2 suc that A doesn't decompose
asA°- A%for any nontrivial division algebrasA° and A%[f, 3.3], so such an
A doesn't satisfy the hypothesesof Corollary E

If A is a tensor product of two quaternion algebras,the form g, is an Albert
form of A, and the Witt index of g determinesthe Schur index of A, asAlbert
has shown (seefor instance ﬂ] (16.5)]). Corollary @ shows that one cannot
expect nice results relating the Witt index of ga, and the Sdur index of A, for
r , 3. As pointed out to us by Jan van Geel, the ditcult y is that Merkurjev
has constructed in [, x3] algebrasof the form A, forr | 3 (i.e., tensor products
of at least 3 quaternion algebras) which are skew "elds but whosecerter, F,
has13% = 0. By Corollary E the forms ga, are then hyperbolic.

Remark 1.8 (characteristic 2). One might hope that results concerningrepre-
sertations of algebraicgroupswould not involve the restriction that the charac-
teristic is not 2. Howewer, removing this restriction for the resultsin this paper
would necessarilydramatically change their nature. For example, the trace
forms tx occurring here are degeneratein characteristic 2. Also, our methods
require the ability to take tensor products of quadratic forms and to scaleby

a factor of H2i, neither of which are available in characteristic 2. Theserestric-

tions may be avoidable, but we have chosennot to attempt to do so because
sudh an attempt would almost certainly make this paper so technical that it

would be nearly unreadable.

2 Description of ,"M3(B)
In order to prove theseresults, we have to describe the algebrawith involution

(,"(Q- B);°), which we will do by Galois descen. Hencewe rst give a
description of , "M5(B), seeTheorem E below.
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AssumeB = Endg (V) for somen-dimensional vector spaceV. For 0- k- n,
we hgve , KB = Endg (*KV). Weidentify M»(B)' Endg (V © V) by mapping
ab "2 M,(B) to the endomorphism

i ¢
(y) 7! a(x) + by);c(x) + d(y) -

The distinguished choice of embedding of B in M,(B) corresponds with the
obvious choice of direct sum decomposition of V ©V. (There are many others.)
This givesanidenti cation ,"M,(B) = Ende (*""(VOV)). For all integersk, -,
this decomposition determines” XV - ~ V asa vector subspaceof *¥* (VOV)
by mapping (x1 N ¢¢¢" xi) - (y1 ~ ¢¢¢™ y-) to
(x1;0) A 66N (xi;0) A (0;y1) A ¢6e™ (0;y+) 2 AK* (VO V):

In particular, we have

n n [ k nj k ¢
(2.1) AN(VOV) = OF, Akv - aniky

For eat k, the spacerkV - ~AMi kv canbeidentied to Endg (*¥V) asfollows.
Fix a nonzeroelemer (hencea basis)e of A"V and de ne a bilinear form

W ARV EANTRy L F
by the equation
e (X Xni k) €= Xk ™ X k for x: 22V,
This form is nonsingular, soit provides the identi cation mentioned above
(2.2) Ay AN ky = Endg (2KV)

by sending Xk - Xn; k to the map y 7! Xuph; k(Xn; k;¥). The product in
Endg (*¥V) then correspondsin AKV - AN ky to

(Xk = Xni k)Y = Yni k) = Fni k(Xnj k3 Yk) Xk = Ynj k-

From (.J) and (.2), we deducean identi cation of the corresponding endo-
morphism rings

(2.3) ,"M2(B) = Endr (©F, , *B):

This remains true in the casewhen B is non split, aswe will prove by Galois
descen First, we must introduce somemapson ©;_, , kB.

Sincethe bilinear form p is nonsingular, for any f 2 Endg (*KV), we have a
unique elemer °(f) 2 Endg (*"i ¥V) such that

M (F ()5 y) = e (%5 °k (F)(Y)) 5
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Inv olutions and Tra ce Forms on Exterior Powers 105

for every x 2 AkV andy 2 A"i kv, This de nes a canonical anti-isomorphism
(not depending on the choice of €)

°: Endg (*XV) 1 Endg (A" KV)

such that

(2.4) (x- y)= (G DTy - x

for x and y as before. One may easily verify that °,; x =°¢ = Idgng, (rxv)
for all k = 0;:::;n. By Galois descem, the maps °x are de ned even when
B is nonsplit, i.e., we have anti-isomorphisms °,: B | " KB sud that

*kx°njk = Id «g (see [E Exercise 12, p. 147]for a rational de nition). In
the particular casewheren is even, by de nition of the bilinear form p,-», the
map °,-» is actually the canonicalinvolution on , "=2B.

Theorem 2.5. Whether or not B is split, there is a canonical isomorphism
©: ,"M,(B)! Endg(,°B © ¢t¢© , "B)

whichin the split caseis the identi ¢ ation (E) alove. The canonical involution
° on, "M3(B) inducesvia © an involution on Endg (©}_, , “B) whichis adjoint
to the bilinear form T dened on , °B © ¢¢¢© , "B by

( .
- (1) Trd «g (U (V) ifk+ " =n;
T(uv) = 0 ’ if K+ 6 n:

foranyu?2 B andv2 ,k B.

Proof. We prove this by Galois desceh. Fix a separableclosureFs of F and let
i = Gal(Fs=F) be the absolute Galois group. We "x a vector spaceV over F
such that dimg V = degB = nandlet Vs = V- ¢ Fs. We X alsoan Fs-algebra
isomorphism' : B - ¢ Fs il Ender (V) - ¢ Fs. Every %2 | acts canonically
on Vs and Endg_(Vs) = Ende (V) - £ Fs; we denote again by ¥these canonical
actions, sothat ¥(f) = ¥%tf % ! for f 2 Endg_(Vs). On the other hand, the
canonical action of j on B - ¢ Fg correspondsunder ' to sometwisted action
a on Endg, (Vs). Sinceevery Fs-linear automorphism of Endg_(Vs) is inner, we
may nd gy 2 GL(Vs) sudh that

vaof = g+ ¥Uf) £0l,1 = Int(g) +%F)  for all f 2 Endg, (Vs).

Then' inducesan F-algebraisomorphism from B onto the F-subalgebra
a

© )
f 2 Ende_ (V) | Gt ¥%4F) £gi,t = f for all %2 j

The{t a-gction of j .on Endg, (Vs) ind%:es twisted actions on Endg, l"”(VS ©
Vs) andonEndg, ©)_, EndFS("kVS) such that the F -algebrasof j-in variant
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i ¢ _ —
elemerts are, " M,(B) and Endg (O}, , ¥B) respectively. To prove the Tst
assertion of the theorem, we will show that these actions correspond to ead
other under the isomorphism

. ¢ R . ¢
Ende, ""(Vs©Ve) I Ende, ©f. Ende, (**Vs)

derived from (2.7) and (p.3).
For%2 ; andk=0,:::,n, dene “kgy, 2 GL("*Vs) by

ARG(X1 N TN i) = GalXa) N i Gu(Xi):

Then ' inducesan F-algebraisomorphism from , ¥B onto the F-subalgebra
© a
f 2 Ende, (MKVe) j MK gu 2 %F) £ (M Kgy)i T = £ for all %2 j
hencealso from Endg (©]_, , “B) to

n i ¢

f 2 Endg, ©f_o Ende, ("*Vs) j
i N i N 0
O Int("*"gy) =3Ff) =1 £ Oy Int("“gs) for all 342

_ i ¢
Similarly, dehe A" (g © gw) 2 GL' A" (Vs © Vs) by

i ¢

A (g© G (Xaiy1) A 1A (XniYn) = . _ .
| |
BX1): Gly1) " 1™ Gu(Xn) GulYn)

i ¢
sothat , nIMZ(B) can be identi ed through ' with

n i ¢
f 2 Ende, AT (Vs ©Vs)
)
A9 O gy £ ) = £72"(0y © gy) for all %42
Certainly, "(gs,© gv) = O, ("¥gyw- "M gy under (R.1), and computation

shaws that AKgy,- ~"ikgy, = (detgy) Int(**gy) under (R.9). Therefore, (B.1)
and (@) induce an isomorphism of F -algebras

D

i ¢

©: ," M2(B) il Endg(©f,"B):

To complete the proof of the theorem, we show that the canonicalinvolution °
on," M,(B) correspndsto thei adjointq:involution with respectto T under
©. In order to do so, we view | " M 2(B) an(lJI Endr (©]_, , “B) gs the "xed
subalgebrasof Endg, " (Vs © Vs) and Endg, ©F_, Eans("kvs) , and show
that the canonical involution ° on Endg, ""(Vs © Vs) corresponds to the
adjoint involution with respectto T (extendedto Fs) under the isomorphism

induced by (2.3 and (2.9).
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Taking any nonzeroelemert e 2 A"V, the identi cation 22" (Vs©Vs) = A" Vs-
ANV allows usto write e- e for a nonzeroelemen of ~2" (Vs - Vs). Then ° is
adjoint to the bilinear form

£: "M (VsOV)E M (VsOVs) ! Fs
given by
£(x;y)e- e=xryforx;y2~"(Vs© V)
aswasmenioned in the introduction. Usingthe identi_cat_ion of MKV - Ani Ky
as a subspaceof " (Vs © Vg), we have that for xj;y; 2 "'V,
E(Xk = Xni ;Y - Yn; U=

(i 1)\Pk(xk;Y‘)Pni k(Xnj k;Yn; ) ifk+ 7 =n,
0 if K+ 6 n.

We translate this into terms involving B, using the isomorphism"' to identify
,KBs:= (,“B) - ¢ Fs with Endg_(**Vs). In particular, we know that

Trd «g (Xk = Xnj k) = ki k(Xnj k3 Xk)
for Trd the reducedtrace, and that
MO X ) = (0 DT k(X X))
. Bs,

(1) T, (o ()x) ifk+ =,
0 if k+ 6 n:

Sofor x = Xk - Xn;k 2 ,¥Bsandy =y - yn; - 2
1

£(xy) =
Of course,in the k + * = n casewe could just as easily have taken

E(xy) = (i 1) Trd g, (°k(x)y):

So, the vector spaceisomorphismderived from (R.3) and (R.J) is an isometry of
£ and T, andit followsthat the canonicalinvolution ° adjoint to £ corresponds
to the adjoint involution to T under ©. O

For later use, we prove a little bit more about this isomorphism ©. Let us
consider the elemens e; = (39) and & = (39) 2 M(B), and let t be an
indeterminate over F. We write , " for the map M,(B) ! |, "M,(B) de ned
in [E 14.3], which is a homogeneouspolynomial map of degreen. In the
split cl:asewhere M2(B) is identied with Ende (V © V) and , "M,(B) with
Ende ""(V ©V) , the map is given by
(. "f)(wp ™ 6o wi) = f(wy) N 66" f (wn)
forf 2 Endg(VOV) andwy, :::, w, 2 V ©V. Whether or not B is split,
there exist "g;:::;°n 2, "M2(B) suc that
LMo+ ten) =t o+t GeeH U 1+

We then have
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. ¥B. Moreover, we have° (k) = “n; k-

Proof. It is enoughto prove it in the split case. Hence,we may assumeB =
Endr (V), and useidenti cation (R.2) of the previous section. An elemer of
. kB = Endg ("*V) canbe written as(x3” ¢ xi) - (y1 " ¢6¢" v, «), where

elemern as follows:

LM(er + te) (X ™ eee™ xi) - (v ¢CC yn; k)
= (X1;0) ™ ¢Ge¢™ (Xk;0) ™ (O;tyq) ™ €¢¢™ (O;tyn; k)
= N K(xg N BN Xi) - (Y1 G0N yn k):

Hence, the image under °; of this elemer is itself if i = k and 0 otherwise.
This provesthe rst assertion of the lemma. By Theorem E to prove the
secondone, one has to ched that for any u;v 2 ,°B © ¢¢¢© , "B, we have
T(Ci(u);v) = T(u; n; i(v)), which follows easily from the description of T given
in that theorem. O

implies that the involution ° is hyperbolic if n is odd and Witt-equiv alent to
its restriction to "y, "M2(B) 'y if n = 2m.

We will alsousethe following:

Lemma 2.8. For any b 2 F£, consider go == (95) 2 M»(B), and setg :=
. "(%). We have:

1. for anyu 2 kB, ©(g)(u) = B k°, (u) 2  "i kB;
2. ¢= b and°(g) = (i \"g;
3. Foranyk=0;:::;n, g« = n; k0.

Proof. Again, it is enoughto prove it in the split case. A direct computation
then shaws that for any x - y 2 Akv - Aniky = kB we have

g(x- y) = (i DKMTROBT Ky - x);
which combined with (R.4) gives(1), which in turn easilyimplies (3). The Tst
part of (2) is because, " restricts to be a group homomorphismon M,(B)* [IZI,

14.3], and the secondpart then follows since ®(g)g = Nrd nm,)(9) = (i D"
by [l 14.4]. O
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3 Description of ,"(Q- B)

We supposethat Q = (a;b)r is a quaternion F-algebraand B is an arbitrary
certral simple F-algebra of degreen. We will describe , "(Q - B) by Galois
descen from K = F(®), where® 2 F¢ is a xed squareroot of a. Molre pr
cisely, let usidentify Q with the F-subalgebraof M,(K) generatedby = § i°®
andgo = (98), i.e,

Q= fx2 Ma(K)jooxgh* = xg;
where! denotesthe non-trivial automorphism of K=F. We also have
Q- B =1fx2My(Bk)]jgokdh ' = xg;

whereBgx = B - ¢ K, and gy is now viewed as an elemen of M2(Bk ).

The canonicalmap ,": A ! | "A restricts to be a group homomorphism on
A®° [E 14.3]. Moreaver, when degA = 2n, for a2 A®, Int(, "(a)) presenesthe
canonicalinvolution ° on, "A lﬂ 14.4],and so we get a map

"o Aut(A) ! Aut(,"A;°):

B

In particular this holds for A = M,(Bk). This induces a map on Galois
cohomology
Hl n
H(K=F; Aut (M2(Bk))) i 11! HY(K=F;Aut(, "M2(Bk );°)):

The image under this map of the 1-cocycle? 7! Int(go) is the 1-cocyclet 7!
Int(, "go), asin the precedingsection. Sincethe former 1-cocycle corresponds
to Q- B, the latter correspondsto ,"(Q- B), so

(3.1) ,™M(Q- B)=1fx2,"My(Bx)jgxg' ' = xg
for g:= , "(go). We x this de nition of g for the rest of the paper.

4 The n odd case

This sectionis essetially the proof of Theorem E

We set , ®€"B := ©q. x<n , KB. For 0- k - n, we let t, be the reducedtrace
k even
quadratic form on , “B asin (L.3). We then have the following:

Lemma 4.1. Whenn = degB is odd, the algeba with involution (, "(Q- B);°)

is isomorphic to (Q; °q) - (C;¥), whee (C;¥) is isgmorphic to Endg (, ©*"B)

endowel with the adjoint involution with resgct to  ¢. k<n tk.
k even

Proof. If i;j 2 Q satisfyi? = a,j? = bandij = j ji, then since, " restricts to
be a group homomorphismon (Q- B)®, ,"(i- 1)and,"(j- 1)2 ,"(Q- B)
anticommute and satisfy
JN(i- 1P =an; G- 0P=
G- 1) =g, GG - D)) =0,"G - D)
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(For the bottom two equations, see [ﬁ, (14.4)].) Hence, these two elemerns
generatea copy of Q in , "(Q - B) on which ° restricts to be °g and we have
(."(Q- B);°)" (Q;°q)- (C;%), whereC isthe certralizer of Q in , "(Q- B)
and ¥.denotesthe restriction of ° to C [fj, 1.5].

To describe C, we takei = ®(e; i ) andj = go, asin the beginning of the
previous section,sothat ,"(j - 1) = g and

s n(i -1)= ®n((| 1)n\0+ (i 1)ni;‘l+ ¢eC+ ") = ®1(‘eveni “odd);
where even = 0. k- n k and "o4d = 0 k- n k-

Let us considertlr(lgvemnap a: Teven, (M zk(écﬁ‘even I, "(M2(Bk)) de ned by
a( x) = x+ gxgi 1. A direct computation shows that 2 is an F -algebra homo-
morphism, amazingly. Clearly, 2( x) = 2( x) and sinceg? = b is certral (see
Lemma @ g?( x) = 3( x)g for all x. Hence,the image of 2 is contained in
,"(Q- B) andis certralized by g. Moreover,

M- D)) =0 @ (xiogxg' ) = 3(x),"(i - 1)

Hence, the image of 2 also certralizes ,"(i - 1), and is therefore con-
tained in C. Now, since even is an idempotent of , "(M,(B)), the algebra
“even, " (M2(B)) even is simple, hence? is injective. By dimension court it
follows that its imageis exactly C.
Since ° (3( X)) = 2( g *°(x)g), the involution % on C corresponds via 2 to
INt(g' 1) £° 0N “even, "(M2(B)) even. Note that if X 2 “even, "(M2(B)) even,
then O(X) 2 ‘odd, n(MZ(B))‘odd and gi 1°(X)g 2 ‘even,n(MZ(B))‘even- By
Theorem R.3, we get that (C;%) is isomorphic to Endg (, ®*"B) endawed
with the involution adjoint to the quadratic form T° dened by TYu;v) =
T (u; ©(g)(Vv)). Using the description of T given in Theorem @ and
Lemma E(l), it is easyto ched that the , KB are pairwise orthogonal for
B and that TP restricts to be h(j b)"i kity on ,*B. Thus T?is similar to
0- k<n Ik. O
k even
Let us now prove Theorem m If n = 2m+ 1, then the algebrawith involution
(Q;°q) "isisomorphicto (Q;°q)- (Endg (Q);ad,,) ™, wheread,, denotes
the adjoint involution with respect to the quadratlc form nq. Indeed, gne may
easilyched that (Q- Q;°q- °g) isisomorphicto EndF(Q) adr . o , Where
T(qr o) is the quadratic form de ned by T(q; ,)(X) = Trdg(x® Q(x)). Sincefor
any x 2 Q, we have x° o(x) = ng(x) 2 F, T(qe ) = Hing, and (Q" 2%,°5%)
(Endr (Q); ady, ). Therefore, to prove Theoremil.], it sutcesto show that the
algebraswith involution (Q;°q)- (C;%) and (Q;°q)- (Endr (Q);ady,)” ™ are
Witt-equiv alert. We will usethe following lemma:

Lemma 4.2. Let (U;q) and (U%g®) be two quadmtic spaces over F. There
exists an isomorphism

(Q;°q) - (Endr (U);adg) ' (Q:°q)- (Endr (U9;ady)
if and only if the quadmtic forms ng - g and ng - ¢° are similar.
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Proof. Consider the right Q-vector spaceUg = U - ¢ Q. The quadratic form
gon U inducesa hermitian form h: Ug £ Ug ! Q (with respectto °q) sud
that

h(u- x;u®- x% = %iq(qu uYi ou)i <31(lJO)¢°Q(><)><O
for u, u°2 U and x, x°2 Q. The adjoint involution ad, satis es
(4.3) (Endq(Ug);ads) = (Endr (U);ady) - (Q;°q):

The trace form of h, which is by de nition the quadratic form
U-FQ! F; x7!h(x;x);

isq- ng. Similarly, we denote by h° the hermitian form induced by ¢°. By a
theorem of Jacobson([fL3, 10.1.7], the hermitian modules (Uqg;h) and (U3;h9)
are isomorphic if and only if their trace forms are isometric. Hence, if the
quadratic forms g- nq and ¢°- nq are similar, i.e., q- nqg ' Hig®- nqg for
some! 2 F?, then the hermitian forms h and h ih° are isomorphic, which
provesthat

(Q;°q) - (Endg (U);adg) ' (Q;°0) - (Endr (U9); adg):

Conversely if there is such an isomorphism, then equation (#.3) shows that
the hermitian forms h and h° are similar, hencetheir trace forms q- nq and
o°- nq alsoare similar. O

These two lemmas re(]i_pce the proof of Theorem @ to shawing that the

quadratic forms nq - o0- k<n tk and n'Q(m+l) are Witt-equiv alent, up to a
k even
scalar factor.

On the one hand, we have ™™ = 4™nq, sinceny,? = 4nq. On the other
hand, sincethe algebra B is split by an odd-degree eld extension, Springer's
Theorem @ VI1.2.3] shows that ty is isometric to the trace form of

KM (F)) = My (F)

i,¢ P
which is Witt-equiv alert to 'E hli. Hencethe Witt classofng -  o. k<n tk iS
k even

X o

0- k<n
k even k

Ng = 2ni 1I’1Q = 4an;
which completesthe proof of Theorem [L.1.

5 The n even case

In this section, we prove Theorems[L.3, [[.4, and Corollary [[.3.
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Assumefrom now on that n is even and write n = 2m. Consider the elemert
of ,"(M2(Bk))

h=@®&1i bMg)(Co+ G0+ "1+ 3 m)+ (L+ 0 MQ)(3 m + mer + GG+ )
One can ched that
) i ) ) i ¢
hil= %'(@l L+ B ™Mg)(Co+ ¢+ )+ (Li B Mg® Y + ¢ee+ )

andg= b" hp' .
Therefore, it follows from (B.J) that
."(Q- B)=h,"My(B)hi * % "M,(B)k:
Using the isomorphism © of Theorem E as an identi cation, we then have
,"(Q- B) = Ende ih(>°B)©¢¢¢© h(,“B)¢;

and the canonical involution on , "(Q - B) is adjoint to the restriction of the
bilinear form Tk to the F-subspaceh(, °B) © ¢¢¢© h(, "B). This restriction is
given by the following formula:

Lemma 5.1. The F-subsmoes h(, XB) are pairwise orthogonal. Moreover, for
u, v2  “B wehave

T (h(u); b(v)) =

3 2a(i LB K Trd «p (uv) .ifk< m;
(D™ 23T wp °m(Uv + 52Trd mg(uv) if k= m;
© 23 D*EMT K Trd «g (uv) if k> m:

Proof. Using LemmasP.¢ and P.&1), one may easily ched that for any u 2
. B, we have

8

2@ b ke (u)) g ffk<m;
huy=_ 3 @+ ®u+ (1i ®°(u) ifk=m;

" u+ BMike (u) if k> m:

The claim then follows from the description of T given in Theorem p.§ and
Lemma @(1) by somedirect computations. For instance, if u;v 2 ,™B, we
get

i ¢ £ i ¢a
(5.2) Tk h(u);h(v) = (i )" Trd mg, h(u)°m h(v)
by TheoremP.§, and
h(w)*m () =
P @2+ (Li @) uv+ °n(u)°m(v) + (Li ®Zm(uV:
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i ¢ i ¢ i ¢
Since Trd,mB'u"m(v) = Trd,mB|°m(u)v and Trd’mB'°m(u)°m(v) =
Trd =g (uv), it follows that

£ o ¢
Trd mg, (L+ ®2WCm(W)+ (Li &2 n(uv = 2(1+ a)Trd np °m(U)V

and £ a
Trd mg (17 @(uv+ °m(uU)°m(v)) =2(1j @) Trd mg(uv):

Therefore, (5.2) and (5.9) yield
T nwin = (9" 22 o e+ 9" 2211 ()
O

This lemma provides a ‘rst description of the similarity classof ga:

Pr oposition 5.4. If nis even,the similarity classof gy contains the quadmatic
form:

i . ¢ .
'©0. kem P2 LKBM KIHL | aity © H(j 1)Mi(th © hjaiti,):

Proof. Sincethe anti-isomorphism ° de nes an isometry tx ' tn; «, the re-
striction of T to h(, kB © , "i kB), for all k < m, is

R 1)XB" Kihi;j aity:

Moreover, we have

+ i ¢ 1
12aTrd,mB|°m(u)v NEIILS R
Trd mg (uv) if u2 Sym(,™B;°n);
i aTrd mg(uv) if u2 Skew(, "B;°m):
Hence,the proposition clearly follows from the lemma. O

5.5. Proof of Theorem [L.3]
Theorem E is a consequencef the precedingresults in the special casewhere
Q = (ajb)r is split. In that case,we may take b = 1 so that the matrix

%o = (93) then decomposesas go = fof{ *, where fo = '%i®® . Hence,
if weletf =  "fo, we have g = ffil. On the other hand, we also have

g= hhi 1, for h asin thepreceding section, hencef i 1h = fi 1, which means
that fith 2 | nlMZ(B) . Considering the isomorphism © of Theorem E
as an identi cation as we did in the preceding section, we get that fi th 2
Ende (, °B © ¢¢¢© , "B), hence

h(,°B ©¢t¢©  "B) = f (, °B © ¢¢¢©  "B):
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To prove Theorem B we compute the restriction of Tx to this F-subspacein
two di®erent ways. First, we use [ﬁ (14.4)], which says that f is a similarity
for Tx with similarity factor Nrdy,s)(fo) = (i 2®)" = 2"a™. Hence, for
any u;v2 ,°B © ¢¢¢© , "B, we have

Tk (f (U);f (v)) = 2"a" T (u; v):
By Remark[.7and TheoremP.§, the form T is Witt-equiv alert to its restriction
to , MB, which is isometric to h(j 1)™i(t;, © hj 1iti).
Second, the restriction of T to h(, °B © ¢¢¢© , "B) has been computed in

Lemmag and the proof of Proposition E Comparing the results, we get
that the quadratic forms

i©0. kem R2(i 1)Xih1; | aitk¢© hi 1)Mi(t;, © hjaiti,)
and
R"amih(; 1)™i(t), © hj 1iti,)
are Witt-equiv alert. If m is even, we get that the following equality holds in

the Witt ring:
X

R A( 1)%ihl;j aite +t + hjaiti =th§ ti;

from which we deduce
33

h; ai o rem T kit + ti

0:

To "nish the proof, we may assumea is an indeterminate over the base eld
F . The previous equality then implies that the quadratic form

3 M . g -

H 1

o kem (G 1) ity Ot}

is hyperbolic, which provesthe theorem in this case. A similar argumert n-
ishesthe proof for the m odd case.

Remark 5.6. Let t( mg y: ,"B ! F bethe quadratic form
t mBye,)(X) = Trd mp (°m(X)X):
Using Theorem[L.3 together with the factsthat tn; k = tk, t( mg e, ) = thi th,

and that 2q' 2R2iq for an arbitrary quadratic form g since 2i2i = 2hli, we
obtain the following memorableformula:

(| 1)ktk— t( mpgw in WF:
(3 ’ m)
k=0
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5.7. Proof of Theorem [L.4. Consider Tst the casewhere m is even. In
that case, Theorem [L.3 yields

X X
. I _—
0- kem it + ti, = 0. ke<m ity :

k even k odd

Substituting in the formula givenin Proposition @ we get that the similarity
classof gy corntains a quadratic form whoseWitt classis

X
o0 kem MZi 2aite + o o, hi2b;2abit + hja;j b;abiti, + tp,
k even k even X
= kem Mingti + to i th + noth:
k even
Now, supposem is odd. Multiplying by hai the quadratic form givenin Propo-
sition 5.4 does not changeits similarity class, and shows that the similarity
classof gy cortains a quadratic form whoseWitt classis
3 ,

hi;j ai ¢t} + mrQ(ibk+1itk +thogth:

0- k<

Substituting for t}, sthe formula of Theorem B simpli es the expressionin

bracketsto hl;j bi ¢ . k«m MRity and completesthe proof.
k even

5.8. Proof of Corollar y [.5 Let usassumethat B is of exponert at most
2. Then, for any e\fera:k, the algebra , B is split. Hence,its trace form ty is
Witt-equiv alernt to E . Sincem is even, , "B is also split, and its canonical
involution °y, is adjoint to a quadratic form gg. This form is only de ned up
to a scalar factor, but its squareis de ned up to isometry. Now [fj, 11.4] gives

relationships betweengg and the forms t}, and tj;:

th it ¢ and it hl=2i "2
Hence,by Theorem [L4, the similarity classof g cortains a form whoseWitt

classis
3

. X in¢
qé + Ng hi 2'(A2q?>) + 0- k<m rk] rei
k even

One may easily ched that, since h2; 2i hl; 1i and gg is even-dimensional,

g5 ' Migs. Sincewe are concernedonly with the similarity classof ga, we

pay thertlafq;e forget the, factors 2i throughout. Moreover, since m is even,
n

. i
0-kem p = 2" 2§ 10" and Corollary [L.§ follows.
k even

6 Another approach to the n even case

Let us decompseB = By - B, where degBy = 2mg is a power of 2 and
degB; = m; is odd. We have m = mgmy, and m is evenif and only if mg > 1.
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We write Ty for the trace form of By. Under the assumptionthat B 2is split
(which is automatic if m is odd), we will give a di®erert characterization of ga
for A= Q- B than the onein Theorem[L.4. Corollaries[L.§and [L.7 will follow
from this.

Pr oposition 6.1. Supmsethat By 2 is split. Then the similarity classof ga
contains a form whoseWitt classis

nj 3

2nit To(ng i 2)if mis even
0

and
2" 2(ng i ng,) if mis odd:
(Note that By is a quaternion algeba if m is odd.)

This result is already known for m odd: If A is a biquaternion algebra (i.e.,
m = 1) it is [ 6.2], and in generalit follows from [, 6.4] by a straightforward
computation, usingthe fact that for any integerk , 1, onehasn§, = 24ki Yng.
However, the results from [E] make useof Cli®ord algebras,which seemsa long
way to go. Sowe include a direct proof.

We start with a lemma.

2

Lemma 6.2. Sl¢0mse that By < is split ¢ Then the quadmtic form ty is Witt-
n

equivalentto | if k is evenand 5 — ” To if Kk is odd. Moreover, we have:

3

. i ¢
H2|T0| 2n|21 %I

n
m

2n| 3

ti, = ki if m is even,

and
3

tho= 2% 2§ 2P 3 %i”

m

¢
RiTy if mis odd.

This lemma actually speci est;, and tj, whatever the parity of m sincein both
casest, = tf + ti, and ty is known.

Proof. SinceB; is split by an odd-degree eld e>l<tenS|on SprlngersTheorem
shaws that ty is isometric to the trace form of , X Bo- My, (F) . If k is even,
this algebrais split, and the result is clear. If k is odd, the algebra is Brauer-
equivalert to Bo, henceisomorphic to My(F) - Bo, wherep = 5 E . The
form of t for k odd then follows from the fact that the trace form of a tensor
product of certral simple algebrasis isometric to the product of the trace forms
of eac factor.

We have m = mgmq, and m is odd if and only if mg = 1. Recall that

(
X ¢ oniz if m is odd;

n
. = . it . .
O kem  k 2023 10T it mis even;
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and
( i ¢
X i¢ 22y 'Y it m s odd;
0 kem k 2ni 2 if m is even:
The secondpart of the lemma then follows from Theorem [.3 by a direct
computation. O

Let us now prove Proposition E Assume rst that m is even. The preceding
lemma yields

X : nis
th+ o wem @itk = i To
k even Mo
and
it A in¢ ,
thi t;nzlr']‘1 P2t o= 2" i Ir';] hi; i 2i:
Sincelr':1 is even, the last term on the right side vanishes,hencethe quadratic

form given by Theorem [L.4 is
R ,

R AL
ki 2" 1, To + — noTo :
0

Mo

This "nishes the m even case.
Assume now that m is odd. Then, By is a quaternion algebra, and Ty =
2i(2i ng,). The precedinglemma yields
X
0. kem itk = 271 2D

k even

and )
i ¢ i ¢ 8 i ¢

thith=30"Toi 2th =30 Toi 2 R+ 20127 107 ity
If m = 1, then this reducesto t, j ti, = ih2ing,, and TheoremEgivesith%
desiredresult. Otherwise, smcem is odd aee m, 3, theinteggr2"i 2; 21

is even, by [, (10.29)], hence'2i 2 ; 1 nhpi = 2ni 25 1117 anq the right

2
side of the last displayed equation S|mpI| gs to yield K

thj th =i 2" 2Ring,:

Therefore, the quadratic form given by Theorem [L.4 is 2" 2I2i(ng i ng,),
which is isometric to 2" 2(ng j ng,) since2"i 2r2i = 2"i 2, and the proof of
Proposition E is complete.

6.3. Proof of Corollar y [L.f. Corollary [L.§ can be proved by induction,
using the formula given in Corollary E but it can also be directly deduced
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from Proposition E Indeed, let us assumeA = A, = Q.- ¢¢¢- Q, isa
product of r | 3 quaternion algebras. Welet B = Q, - ¢¢¢- Q. Its degree
n= 2i1isapowerof 2, and sincer , 3, m = 2'i 2 is even. In the notation
from earlier in this previous section, we have Bo = B and B 2is split. Hence,
we may apply Proposition p.4 The form Ty is the trace form of B, that is the
tensor product of the trace forms of the quaternion algebrasQ; fori = 2;:::
Hence,we have To = h2"i 1i(2j ng,) ¢¢&(2 ngq, ), and Proposition Etells us
that the similarity classof g, contains a form whoseWitt classis

omis
2 ie S0 (g, | D21 No,) (2 Ng,) =
= 2N 1hZ" 1 I 2nl ri 1hZ“ 1|(2| an)(2| ra;Q )¢¢¢(2| Ng, )

= i Ljoniri ! 2' i (2] nQ1)¢¢¢(2| Ng, )
which provesthe corollary.

6.4. Pr oof of Cor ollar y @ Let us now considera certral simple algebra
A asin the statemert of Corollary E Then A isisomorphicto My (A;), where
Ar = Q- ¢e¢- Q, is a product of r quaternion algebras. If A is split then

da is hyperbolic and the result is clear, sowe may assumethat r 6 0. Because
degA ~ 0 mod 4 by hypothesis, we may further assumethat r 6 1 (so that

r, 2), with perhapssomeof the Q; being spilit.

We rst treat the k = 1 case.If r = 2, then A is biquaternion algebra and gu

is an Alb ert form, which liesin 1% . If r | 3, then by Corollary @We have to

prove that
20y 2Nl ng,)¢ee2i ng,)

liesin 1 "F. When we expand this product, the terms of the form 2"i 1 cancel,
and we are left with a sum of terms of the form §2"1 ‘i Ing, ¢¢tng, , where
., 1. Sincefor any i the form ng, liesin I %, 20 i 'ng,, ¢etng, belongsto
[ni i 2°F = "+ IE and henceto | "F.
Now supposethat k , 2. Sincer , 2, we have deg/A;) ©~ 0 mod 4 and we
can apply [E 6.3(1)]. Hence the similarity classof gy contains a form which
is Witt-equiv alent to qA Sincethe result holds for A, by the k = 1 case,we
are done.
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