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Abstra ct. For A a central simple algebra of degree2n, the nth
exterior power algebra ¸ n A is endowed with an involution which pro-
vides an interesting invariant of A. In the casewhereA is isomorphic
to Q ­ B for somequaternion algebra Q, we describe this involution
quite explicitly in terms of the norm form for Q and the corresponding
involution for B .
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The classi¯cation of irreducible representations of a split semisimple simply
connectedalgebraic group G over an arbitrary ¯eld F is well-known: they are
in one-to-onecorrespondencewith the coneof dominant weights of G. Further-
more, onecan tell whether or not an irreducible representation is orthogonal or
symplectic (= supports a G-invariant bilinear form which is respectively sym-
metric or skew-symmetric) by inspecting the corresponding dominant weight
[11, x3.11]. (Throughout this paper, we only consider ¯elds of characteristic
6= 2, cf. 1.8.) A G-invariant bilinear form on an irreducible representation is
necessarilyunique up to a scalar multiple.
If the assumption that G is split is dropped, then the Galois group ¡ of a
separableclosure Fs of F over F acts on the cone of dominant weights (via
the so-called\ ¤-action"), and this action may be nontrivial. Those irreducible
representations corresponding to dominant weights which are not ¯xed by ¡ are
not de¯ned over F . Although an irreducible representation ½whosedominant
weight is ¯xed by ¡ may not be F -de¯ned, there is always somecentral simple
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F -algebra A and a map G ! SL 1(A) de¯ned over F which is an appropriate
descent of ½, see[14] or [12, p. 230, Prop. 1] for details. The algebra A is
uniquely determined up to F -isomorphism. If ½is orthogonal or symplectic
over Fs, then it is easyto show that A supports a unique G-invariant involution
° of the ¯rst kind which is adjoint to the G-invariant bilinear form over every
extensionof F where A is split and hence½is de¯ned.
It is of interest to determine ° . For example, invariants of ° in turn provide
invariants of G. All involutions ° have beenimplicitly determined for F = Qp

and F = R in [4] and [5], but over an arbitrary ¯eld the problem is much more
di±cult sinceinvolutions are no longer classi¯ed by their classicalinvariants [2].
We restrict our attention to simply connectedgroupsof type 1A2n ¡ 1; that is, to
the caseG = SL 1(A) for A a central simple F -algebraof degree2n. Moreover,
we will focus on the fundamental irreducible representation corresponding to
the middle vertex of the Dynkin diagram of G, which supports a G-invariant
involution ° .
For any nonnegative integer k · 2n, there is a central simple F -algebra ¸ k A
attached to A called the kth exterior power of A, and the appropriate analogues
of the fundamental representations of SL 1(A) are the natural mapsSL 1(A) !
SL 1(¸ k A) for 1 · k < 2n. The representation we will study, which corresponds
to the middle vertex of the Dynkin diagram, is the k = n case.In general,¸ k A
is of degree

¡ 2n
k

¢
and is Brauer-equivalent to A ­ k , see[7, 10.A]. It is de¯ned so

that when A is the split algebra A = EndF (W ), this ¸ k EndF (W ) is naturally
isomorphic to EndF (^ k W ).
The nth exterior power ¸ n A is endowed with a canonical involution ° such
that when A is split, ° is adjoint to the bilinear form µ de¯ned on ^ n W by the
equation µ(x1 ^ : : : ^ xn ; y1 ^ : : : ^ yn )e = x1 ^ : : : ^ xn ^ y1 ^ : : : ^ yn , wheree is
any basisof the 1-dimensionalvector space^ 2n W . This involution is preserved
by the imageof G in SL 1(¸ n A) and is the onewe wish to describe. If n is even
and A ­ n is split, then ° is orthogonal and ¸ n A is split, so our fundamental
representation of G is de¯ned over F and orthogonal. For example, for A a
biquaternion algebra over an arbitrary ¯eld F , ° is adjoint to an Alb ert form
of A [3, 6.2]. In this paper, we provide a complete description of ° for G of
type 1A2n ¡ 1 when n is odd (see1.1) or when n is even and A is isomorphic to
B ­ Q where Q is a quaternion algebra (in 1.4 and 1.5). In particular, until
now a description of ° hasnot beenknown for any algebraA of index ¸ 8. If A
is a tensor product of quaternion algebras,we provide (in 1.6 below) a formula
that gives° in terms of the norm forms of the quaternion algebras.

Describing this particular involution ° is also interesting from the point of view
of groups of type 1D2n . Such a group is isogenousto G = Spin(E ; ¾) for E a
central simple algebra of degree4n and ¾an orthogonal involution with triv-
ial discriminant. If ¾ is hyperbolic, then E is isomorphic to M 2(A) for some
algebra A of degree2n. The analogueof the direct sum of the two half-spin
representations for Spin(M 2(A); ¾) over F is the map G ! SL 1(C(M 2(A); ¾))
whereC(M 2(A); ¾) denotesthe even Cli®ord algebraof (M 2(A); ¾). This alge-
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Inv olutions and Tra ce Forms on Exterior Powers 101

bra is endowed with a canonical involution ¾which is G-invariant; it is mostly
hyperbolic but contains a nontrivial piece which is isomorphic to (¸ n A; ° ).
Pleasesee[3] for a precisestatement and [10] for a rational proof.
This relationship between representations of D 2n and A2n ¡ 1 as well as the
results in this paper hint at a general theory of orthogonal representations of
semisimplealgebraicgroupsover arbitrary ¯elds. We hope to study this in the
future.

1 St atement of the main resul ts

We will always assumethat our base¯eld F has characteristic 6= 2 and that
A is a central simple F -algebra of degree2n. (See1.8 for a discussionof the
characteristic 2 case.) We assumemoreover that A is isomorphic to a tensor
product A = Q­ B , whereQ is a quaternion algebraover F , and B is a central
simple F -algebra, necessarilyof degreen. Note that this is always the case
when n is odd. We write ° Q for the canonical symplectic involution on Q and
nQ for the norm form.
If n is odd, the main result is the following, proven in Section 4:

Theorem 1.1. If n is odd, the algebra with involution (¸ n (Q ­ B ); ° ) is Witt-
equivalent to (Q; ° Q )­ n .

Witt-equiv alence for central simple algebras is the natural generalization of
Witt-equiv alencefor quadratic forms, see[1] for a de¯nition.
Assumenow that n is even, n = 2m. Then ¸ n A is split and the involution °
is orthogonal. We ¯x somequadratic form qA to which ° is adjoint. It is only
de¯ned up to similarit y.
The algebra ¸ m B is endowed with a canonical involution which we denote by
°m . For k = 0; : : : ; n, we let tk : ¸ k B ! F be the reducedtrace quadratic form
de¯ned by

tk (x) = Trd¸ k B (x2):(1.2)

This form alsohasa natural description from the representation-theoretic view-
point: The group SL 1(B ) acts on the vector space¸ k B , and when B is split
¸ k B is isomorphic to a tensor product of an irreducible representation with
its dual, seeSection 2. Consequently , there is a canonical SL 1(B )-invariant
quadratic form on ¸ k B ; it is tk .
We let t+

m and t ¡
m denotethe restrictions of tm to the subspacesSym(¸ m B ; ° m )

and Skew(¸ m B ; ° m ) of elements of ¸ m B which are respectively symmetric and
skew-symmetric under ° m , so that tm = t+

m © t ¡
m . The forms thus de¯ned are

related by the following equation, proven in 5.5:

Theorem 1.3. In the Witt ring of F , the following equality holds:

h2i ¢
m ¡ 1X

k=0

(¡ 1)k tk =

(
¡ t ¡

m if m is even,
t+
m if m is odd.
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The similarit y classof qA is determined by the following theorem, proven in 5.7:

Theorem 1.4. If n is even, n = 2m, the similarity class of qA contains the
quadratic form:

t+
m ¡ t ¡

m + nQ ¢
³

t ¡
m +

X
0· k<m
k even

h2i tk

´
if m is even,

t ¡
m ¡ t+

m + nQ ¢
³ X

0· k<m
k even

h2i tk

´
if m is odd.

The Witt classof this quadratic form can be described more precisely under
someadditional assumptions(seeProposition 6.1 for precisestatements). We
just mention here a particular casein which the formula reducesto be quite
nice.
Assume that m is even and B is of exponent at most 2. Then ¸ m B is split,
and its canonical involution is adjoint to a quadratic form qB . Even though
this form is only de¯ned up to a scalar factor, its squareis actually de¯ned up
to isometry. We then have the following, proven in 5.8:

Cor ollar y 1.5. If m is even (i.e., degB ´ 0 mod 4) and B is of exponent
at most 2, then the similarity class of qA contains a form whoseWitt class is
q2

B + nQ
¡
2n ¡ 2 ¡ 1

2

¡ n
m

¢
¡ ^ 2qB

¢
.

Someof the notation needsan explanation. For a quadratic form q on a vector
spaceW with associated symmetric bilinear form b so that q(w) = b(w; w),
we have an induced quadratic form on ^ 2W which we denote by ^ 2q. For
x1; x2; y1; y2 2 W , its associated symmetric bilinear form ^ 2b is de¯ned by

(^ 2b)(x1 ^ x2; y1 ^ y2) = b(x1; y1)b(x2; y2) ¡ b(x1; y2)b(x2; y1):

Thus if q = h®1; : : : ; ®n i , we have

^ 2q ' ©1· i<j · n h®i ®j i :

From this, one seesthat even if q is just de¯ned up to similarit y, ^ 2q is well-
de¯ned up to isometry. (The form ^ 2q also admits a representation-theoretic
description: It is isomorphic to a scalar multiple of the Killing form on the Lie
algebra o(q), where the scalar factor dependsonly on the dimension of q.)
From Corollary 1.5, we also get the following, which is proven in 6.3:

Cor ollar y 1.6. Let A r = Q1 ­ ¢¢¢­ Qr be a tensor product of r quaternion
F -algebras, where r ¸ 3, and let TA r be the reduced trace quadratic form on
A r . The similarity classof qA r contains a quadratic form whoseWitt class is

2n ¡ 1 ¡
2n ¡ 2

n
h2r i ¢TA r = 2f ( r ) ¡2r ¡ (2 ¡ nQ 1 ) ¢¢¢(2 ¡ nQ r )

¢
;

where n = 2r ¡ 1 = 1
2 degA and f (r ) = 2r ¡ 1 ¡ r ¡ 1.
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Inv olutions and Tra ce Forms on Exterior Powers 103

In particular, for r = 3, we get the quadratic form

4(nQ 1 + nQ 2 + nQ 3 ) ¡ 2(nQ 1 nQ 2 + nQ 1 nQ 3 + nQ 2 nQ 3 ) + nQ 1 nQ 2 nQ 3 :

Adrian Wadsworth had casually conjectured a description of qA 3 in [3, 6.8],
and we now seethat his conjecture wasnot quite correct in that it omitted the
nQ 1 nQ 2 nQ 3 term.

As a consequenceof Corollary 1.6, we can show that the form qA lies in the nth
power of the fundamental ideal of the Witt ring W F for many central simple
algebrasA of degree2n; the following result is proven in 6.4:

Cor ollar y 1.7. Suppose that A is a central simple algebra of degree 2n ´ 0
mod 4 which is isomorphic to matrices over a tensor product of quaternion
algebras. Then the form qA lies in I nF .

The ¯rst author conjectured [3, 6.6] that qA lies in I nF for all central simple
F -algebrasA of degree2n ´ 0 mod 4 and such that A ­ 2 is split. Corollary 1.7
fails to prove the full conjecture becausefor every integer r ¸ 3 there exists a
division algebraA of degree2r and exponent 2 such that A doesn't decompose
as A0 ­ A00 for any nontrivial division algebrasA0 and A00 [6, 3.3], so such an
A doesn't satisfy the hypothesesof Corollary 1.7.
If A is a tensor product of two quaternion algebras,the form qA is an Alb ert
form of A, and the Witt index of qA determinesthe Schur index of A, asAlb ert
has shown (seefor instance [7, (16.5)]). Corollary 1.6 shows that one cannot
expect nice results relating the Witt index of qA r and the Schur index of A r for
r ¸ 3. As pointed out to us by Jan van Geel, the di±cult y is that Merkurjev
hasconstructed in [9, x3] algebrasof the form A r for r ¸ 3 (i.e., tensor products
of at least 3 quaternion algebras) which are skew ¯elds but whosecenter, F ,
has I 3F = 0. By Corollary 1.7, the forms qA r are then hyperbolic.

Remark 1.8 (characteristic 2). One might hope that results concerningrepre-
sentations of algebraicgroupswould not involve the restriction that the charac-
teristic is not 2. However, removing this restriction for the results in this paper
would necessarilydramatically change their nature. For example, the trace
forms tk occurring here are degeneratein characteristic 2. Also, our methods
require the abilit y to take tensor products of quadratic forms and to scaleby
a factor of h2i , neither of which are available in characteristic 2. Theserestric-
tions may be avoidable, but we have chosennot to attempt to do so because
such an attempt would almost certainly make this paper so technical that it
would be nearly unreadable.

2 Description of ¸ n M 2(B )

In order to prove theseresults, we have to describe the algebrawith involution
(¸ n (Q ­ B ); ° ), which we will do by Galois descent. Hence we ¯rst give a
description of ¸ n M 2(B ), seeTheorem 2.5 below.
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AssumeB = EndF (V ) for somen-dimensional vector spaceV . For 0 · k · n,
we have ¸ k B = EndF (^ k V). We identify M 2(B ) ' EndF (V © V) by mapping¡

a b
c d

¢
2 M 2(B ) to the endomorphism

(x; y) 7!
¡
a(x) + b(y); c(x) + d(y)

¢
:

The distinguished choice of embedding of B in M 2(B ) corresponds with the
obvious choiceof direct sum decomposition of V © V. (There are many others.)
This givesan identi¯cation ¸ n M 2(B ) = EndF (^ n (V ©V)). For all integersk, `,
this decomposition determines^ k V ­ ^ ` V asa vector subspaceof ^ k+ ` (V © V)
by mapping (x1 ^ ¢¢¢^ xk ) ­ (y1 ^ ¢¢¢^ y` ) to

(x1; 0) ^ ¢¢¢^ (xk ; 0) ^ (0; y1) ^ ¢¢¢^ (0; y` ) 2 ^ k+ ` (V © V):

In particular, we have

^ n (V © V) = ©n
k=0

¡
^ k V ­ ^ n ¡ k V

¢
:(2.1)

For each k, the space^ k V ­ ^ n ¡ k V can be identi¯ed to EndF (^ k V) asfollows.
Fix a nonzeroelement (hencea basis) e of ^ n V and de¯ne a bilinear form

µk : ^ k V £ ^ n ¡ k V ! F

by the equation

µk (xk ; xn ¡ k ) e = xk ^ xn ¡ k for x ` 2 ^ ` V.

This form is nonsingular, so it provides the identi¯cation mentioned above

^ k V ­ ^ n ¡ k V = EndF (^ k V)(2.2)

by sending xk ­ xn ¡ k to the map y 7! xk µn ¡ k (xn ¡ k ; y). The product in
EndF (^ k V) then corresponds in ^ k V ­ ^ n ¡ k V to

(xk ­ xn ¡ k )(yk ­ yn ¡ k ) = µn ¡ k (xn ¡ k ; yk ) xk ­ yn ¡ k :

From (2.1) and (2.2), we deducean identi¯cation of the corresponding endo-
morphism rings

¸ n M 2(B ) = EndF (©n
k=0 ¸ k B ):(2.3)

This remains true in the casewhen B is non split, as we will prove by Galois
descent. First, we must intro duce somemaps on ©n

k=0 ¸ k B .
Since the bilinear form µk is nonsingular, for any f 2 EndF (^ k V), we have a
unique element ° k (f ) 2 EndF (^ n ¡ k V) such that

µk (f (x); y) = µk (x; ° k (f )(y)) ;
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for every x 2 ^ k V and y 2 ^ n ¡ k V. This de¯nes a canonical anti-isomorphism
(not depending on the choice of e)

° k : EndF (^ k V) ! EndF (^ n ¡ k V)

such that

° k (x ­ y) = (¡ 1)k (n ¡ k ) y ­ x(2.4)

for x and y as before. One may easily verify that ° n ¡ k ± ° k = IdEnd F (^ k V )
for all k = 0; : : : ; n. By Galois descent, the maps ° k are de¯ned even when
B is nonsplit, i.e., we have anti-isomorphisms ° k : ¸ k B ! ¸ n ¡ k B such that
° k ± ° n ¡ k = Id ¸ k B (see [7, Exercise 12, p. 147] for a rational de¯nition). In
the particular casewhere n is even, by de¯nition of the bilinear form µn= 2, the
map ° n= 2 is actually the canonical involution on ¸ n= 2B .

Theorem 2.5. Whether or not B is split, there is a canonical isomorphism

©: ¸ n M 2(B ) ! EndF (¸ 0B © ¢¢¢© ¸ n B )

which in the split caseis the identi¯c ation (2.3) above. The canonical involution
° on ¸ n M 2(B ) inducesvia © an involution on EndF (©n

k=0 ¸ k B ) which is adjoint
to the bilinear form T de¯ned on ¸ 0B © ¢¢¢© ¸ n B by

T(u; v) =

(
(¡ 1)` Trd¸ k B (u° ` (v)) if k + ` = n;
0 if k + ` 6= n;

for any u 2 ¸ k B and v 2 ¸ ` B .

Proof. We prove this by Galois descent. Fix a separableclosureFs of F and let
¡ := Gal(Fs=F) be the absolute Galois group. We ¯x a vector spaceV over F
such that dimF V = degB = n and let Vs = V ­ F Fs. We ¯x alsoan Fs-algebra
isomorphism ' : B ­ F Fs

»¡! EndF (V ) ­ F Fs. Every ¾2 ¡ acts canonically
on Vs and EndF s (Vs) = EndF (V ) ­ F Fs; we denoteagain by ¾thesecanonical
actions, so that ¾(f ) = ¾±f ±¾¡ 1 for f 2 EndF s (Vs). On the other hand, the
canonical action of ¡ on B ­ F Fs corresponds under ' to sometwisted action
¤ on EndF s (Vs). Sinceevery Fs-linear automorphism of EndF s (Vs) is inner, we
may ¯nd g¾ 2 GL(Vs) such that

¾¤ f = g¾ ±¾(f ) ±g¡ 1
¾ = Int (g¾) ±¾(f ) for all f 2 EndF s (Vs).

Then ' inducesan F -algebra isomorphism from B onto the F -subalgebra
©

f 2 EndF s (Vs) j g¾ ±¾(f ) ±g¡ 1
¾ = f for all ¾2 ¡

ª
:

The ¤-action of ¡ on EndF s (Vs) induces twisted actions on EndF s

¡
^ n (Vs ©

Vs)
¢

and on EndF s

¡
©n

k=0 EndF s (^ k Vs)
¢

such that the F -algebrasof ¡-in variant
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elements are ¸ n
¡
M 2(B )

¢
and EndF (©n

k=0 ¸ k B ) respectively. To prove the ¯rst
assertion of the theorem, we will show that these actions correspond to each
other under the isomorphism

EndF s

¡
^ n (Vs © Vs)

¢ »¡! EndF s

¡
©n

k=0 EndF s (^ k Vs)
¢

derived from (2.1) and (2.2).
For ¾2 ¡ and k = 0, : : : , n, de¯ne ^ k g¾ 2 GL(^ k Vs) by

^ k g¾(x1 ^ : : : ^ xk ) = g¾(x1) ^ : : : ^ g¾(xk ):

Then ' inducesan F -algebra isomorphism from ¸ k B onto the F -subalgebra
©

f 2 EndF s (^ k Vs) j ^ k g¾ ±¾(f ) ± (^ k g¾)¡ 1 = f for all ¾2 ¡
ª

;

hencealso from EndF (©n
k=0 ¸ k B ) to

n
f 2 EndF s

¡
©n

k=0 EndF s (^ k Vs)
¢

j
¡
©k Int (^ k g¾)

¢
±¾(f ) = f ±

¡
©k Int (^ k g¾)

¢
for all ¾2 ¡

o
:

Similarly, de¯ne ^ n (g¾ © g¾) 2 GL
¡
^ n (Vs © Vs)

¢
by

^ n (g¾ © g¾)
¡
(x1; y1) ^ : : : ^ (xn ; yn )

¢
=

¡
g¾(x1); g¾(y1)

¢
^ : : : ^

¡
g¾(xn ); g¾(yn )

¢
;

so that ¸ n
¡
M 2(B )

¢
can be identi¯ed through ' with

n
f 2 EndF s

¡
^ n (Vs © Vs)

¢
j

^ n (g¾ © g¾) ±¾(f ) = f ±^ n (g¾ © g¾) for all ¾2 ¡
o

:

Certainly, ^ n (g¾ © g¾) = ©n
k=0 (^ k g¾ ­ ^ n ¡ k g¾) under (2.1), and computation

shows that ^ k g¾ ­ ^ n ¡ k g¾ = (det g¾) Int (^ k g¾) under (2.2). Therefore, (2.1)
and (2.2) induce an isomorphism of F -algebras

©: ¸ n ¡
M 2(B )

¢ »¡! EndF (©n
k=0 ¸ k B ):

To complete the proof of the theorem, we show that the canonical involution °
on ¸ n

¡
M 2(B )

¢
corresponds to the adjoint involution with respect to T under

©. In order to do so, we view ¸ n
¡
M 2(B )

¢
and EndF (©n

k=0 ¸ k B ) as the ¯xed
subalgebrasof EndF s

¡
^ n (Vs © Vs)

¢
and EndF s

¡
©n

k=0 EndF s (^ k Vs)
¢
, and show

that the canonical involution ° on EndF s

¡
^ n (Vs © Vs)

¢
corresponds to the

adjoint involution with respect to T (extended to Fs) under the isomorphism
induced by (2.1) and (2.2).
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Taking any nonzeroelement e 2 ^ n Vs, the identi¯cation ^ 2n (Vs ©Vs) = ^ n Vs ­
^ n Vs allows us to write e­ e for a nonzeroelement of ^ 2n (Vs ­ Vs). Then ° is
adjoint to the bilinear form

£ : ^ n (Vs © Vs) £ ^ n (Vs © Vs) ! Fs

given by

£( x; y) e ­ e = x ^ y for x; y 2 ^ n (Vs © Vs)

aswasmentioned in the intro duction. Using the identi¯cation of ^ k Vs ­ ^ n ¡ k Vs

as a subspaceof ^ n (Vs © Vs), we have that for x i ; yi 2 ^ i Vs,

£( xk ­ xn ¡ k ; y` ­ yn ¡ ` ) =
½

(¡ 1)` µk (xk ; y` )µn ¡ k (xn ¡ k ; yn ¡ ` ) if k + ` = n,
0 if k + ` 6= n.

We translate this into terms involving B , using the isomorphism ' to identify
¸ k Bs := (¸ k B ) ­ F Fs with EndF s (^ k Vs). In particular, we know that

Trd¸ k B s
(xk ­ xn ¡ k ) = µn ¡ k (xn ¡ k ; xk )

for Trd the reducedtrace, and that

µk (xk ; xn ¡ k ) = (¡ 1)k (n ¡ k ) µn ¡ k (xn ¡ k ; xk ):

So for x = xk ­ xn ¡ k 2 ¸ k Bs and y = y` ­ yn ¡ ` 2 ¸ ` Bs,

£( x; y) =
½

(¡ 1)` Trd¸ k B s
(° ` (y)x) if k + ` = n,

0 if k + ` 6= n:

Of course,in the k + ` = n casewe could just as easily have taken

£( x; y) = (¡ 1)` Trd¸ ` B s
(° k (x)y):

So, the vector spaceisomorphismderived from (2.1) and (2.2) is an isometry of
£ and T, and it follows that the canonicalinvolution ° adjoint to £ corresponds
to the adjoint involution to T under ©.

For later use, we prove a little bit more about this isomorphism ©. Let us
consider the elements e1 = ( 1 0

0 0 ) and e2 = ( 0 0
0 1 ) 2 M 2(B ), and let t be an

indeterminate over F . We write ¸ n for the map M 2(B ) ! ¸ n M 2(B ) de¯ned
in [7, 14.3], which is a homogeneouspolynomial map of degree n. In the
split casewhere M 2(B ) is identi¯ed with EndF (V © V) and ¸ n M 2(B ) with
EndF

¡
^ n (V © V)

¢
, the map is given by

(¸ n f )(w1 ^ ¢¢¢^ wn ) = f (w1) ^ ¢¢¢^ f (wn )

for f 2 EndF (V © V) and w1, : : : , wn 2 V © V. Whether or not B is split,
there exist `0; : : : ; `n 2 ¸ n M 2(B ) such that

¸ n (e1 + te2) = tn `0 + tn ¡ 1`1 + ¢¢¢+ t` n ¡ 1 + `n :

We then have
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Lemma 2.6. For k = 0; : : : ; n, the image of `k under © is the projection on
¸ k B . Moreover, we have° (`k ) = `n ¡ k .

Proof. It is enough to prove it in the split case. Hence,we may assumeB =
EndF (V ), and use identi¯cation (2.2) of the previous section. An element of
¸ k B = EndF (^ k V) can be written as (x1 ^ ¢¢¢̂ xk ) ­ (y1 ^ ¢¢¢̂ yn ¡ k ), where
x1; : : : ; xk ; y1; : : : ; yn ¡ k 2 V . The endomorphism ¸ n (e1 + te2) acts on this
element as follows:

¸ n (e1 + te2) ((x1 ^ ¢¢¢^ xk ) ­ (y1 ^ ¢¢¢^ yn ¡ k ))
= (x1; 0) ^ ¢¢¢^ (xk ; 0) ^ (0; ty1) ^ ¢¢¢^ (0; tyn ¡ k )
= tn ¡ k (x1 ^ ¢¢¢^ xk ) ­ (y1 ^ ¢¢¢^ yn ¡ k ):

Hence, the image under ` i of this element is itself if i = k and 0 otherwise.
This proves the ¯rst assertion of the lemma. By Theorem 2.5, to prove the
secondone, one has to check that for any u; v 2 ¸ 0B © ¢¢¢© ¸ n B , we have
T(` i (u); v) = T(u; `n ¡ i (v)), which follows easily from the description of T given
in that theorem.

Remark 2.7. By the previous lemma, the elements `0; : : : ; `n 2 ¸ n M 2(B ) are
orthogonal idempotents. Hence,the fact that ° (`k ) = `n ¡ k for all k = 0; : : : ; n
implies that the involution ° is hyperbolic if n is odd and Witt-equiv alent to
its restriction to `m ¸ n M 2(B )`m if n = 2m.

We will also usethe following:

Lemma 2.8. For any b 2 F £ , consider g0 := ( 0 b
1 0 ) 2 M 2(B ), and set g :=

¸ n (g0). We have:

1. for any u 2 ¸ k B , ©(g)(u) = bn ¡ k ° k (u) 2 ¸ n ¡ k B ;

2. g2 = bn and ° (g) = (¡ 1)n g;

3. For any k = 0; : : : ; n, g`k = `n ¡ k g.

Proof. Again, it is enough to prove it in the split case. A direct computation
then shows that for any x ­ y 2 ^ k V ­ ^ n ¡ k V = ¸ k B , we have

g(x ­ y) = (¡ 1)k (n ¡ k ) bn ¡ k (y ­ x);

which combined with (2.4) gives(1), which in turn easily implies (3). The ¯rst
part of (2) is becausȩ n restricts to be a group homomorphism on M 2(B )¤ [7,
14.3], and the secondpart then follows since ° (g)g = Nrd ¸ n M 2 (B ) (g) = (¡ b)n

by [7, 14.4].
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3 Description of ¸ n (Q ­ B )

We supposethat Q = (a;b)F is a quaternion F -algebra and B is an arbitrary
central simple F -algebra of degreen. We will describe ¸ n (Q ­ B ) by Galois
descent from K = F (®), where ® 2 Fs is a ¯xed squareroot of a. More pre-
cisely, let us identify Q with the F -subalgebraof M 2(K ) generatedby

¡
® 0
0 ¡ ®

¢

and g0 = ( 0 b
1 0 ), i.e.,

Q = f x 2 M 2(K ) j g0 ¹xg¡ 1
0 = xg;

where¹ denotesthe non-trivial automorphism of K =F. We also have

Q ­ B = f x 2 M 2(BK ) j g0 ¹xg¡ 1
0 = xg;

where BK = B ­ F K , and g0 is now viewed as an element of M 2(BK ).
The canonical map ¸ n : A ! ¸ n A restricts to be a group homomorphism on
A¤ [7, 14.3]. Moreover, when degA = 2n, for a 2 A¤, Int( ¸ n (a)) preserves the
canonical involution ° on ¸ n A [7, 14.4], and so we get a map

¸ n : Aut( A) ! Aut( ¸ n A; ° ):

In particular this holds for A = M 2(BK ). This induces a map on Galois
cohomology

H 1(K =F; Aut (M 2(BK )))
H 1 ( ¸ n )

¡¡ ¡ ¡ ¡! H 1(K =F; Aut (¸ n M 2(BK ); ° )) :

The image under this map of the 1-cocycle ¹ 7! Int (g0) is the 1-cocycle ¹ 7!
Int( ¸ n g0), as in the precedingsection. Sincethe former 1-cocycle corresponds
to Q ­ B , the latter corresponds to ¸ n (Q ­ B ), so

¸ n (Q ­ B ) = f x 2 ¸ n M 2(BK ) j g¹xg¡ 1 = xg(3.1)

for g := ¸ n (g0). We ¯x this de¯nition of g for the rest of the paper.

4 The n odd case

This section is essentially the proof of Theorem 1.1.
We set ¸ evenB := ©0· k<n

k even
¸ k B . For 0 · k · n, we let tk be the reduced trace

quadratic form on ¸ k B as in (1.2). We then have the following:

Lemma 4.1. When n = degB is odd, the algebra with involution (¸ n (Q­ B ); ° )
is isomorphic to (Q; ° Q ) ­ (C; ¾), where (C; ¾) is isomorphic to EndF (¸ evenB )
endowed with the adjoint involution with respect to

P
0· k<n
k even

tk .

Proof. If i; j 2 Q satisfy i 2 = a, j 2 = b and ij = ¡ j i , then since¸ n restricts to
be a group homomorphism on (Q ­ B )¤, ¸ n (i ­ 1) and ¸ n (j ­ 1) 2 ¸ n (Q ­ B )
anticommute and satisfy

¸ n (i ­ 1)2 = an ; ¸ n (j ­ 1)2 = bn ;
° (¸ n (i ­ 1)) = ¡ ¸ n (i ­ 1); ° (¸ n (j ­ 1)) = ¡ ¸ n (j ­ 1):
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(For the bottom two equations, see [7, (14.4)].) Hence, these two elements
generatea copy of Q in ¸ n (Q ­ B ) on which ° restricts to be ° Q and we have
(¸ n (Q­ B ); ° ) ' (Q; ° Q ) ­ (C; ¾), whereC is the centralizer of Q in ¸ n (Q­ B )
and ¾denotesthe restriction of ° to C [7, 1.5].
To describe C, we take i = ®(e1 ¡ e2) and j = g0, as in the beginning of the
previous section, so that ¸ n (j ­ 1) = g and

¸ n (i ­ 1) = ®n (( ¡ 1)n `0 + (¡ 1)n ¡ 1`1 + ¢¢¢+ `n ) = ¡ ®n (`even ¡ `odd );

where `even =
P

0· k · n
k even

`k and `odd =
P

0· k · n
k odd

`k .

Let us consider the map ª : `even¸ n (M 2(B )) `even ! ¸ n (M 2(BK )) de¯ned by
ª( x) = x + gxg¡ 1. A direct computation shows that ª is an F -algebra homo-
morphism, amazingly. Clearly, ª( x) = ª( x) and since g2 = bn is central (see
Lemma 2.8), gª( x) = ª( x)g for all x. Hence, the image of ª is contained in
¸ n (Q ­ B ) and is centralized by g. Moreover,

¸ n (i ­ 1)ª( x) = ¡ ®n (x ¡ gxg¡ 1) = ª( x)¸ n (i ­ 1):

Hence, the image of ª also centralizes ¸ n (i ­ 1), and is therefore con-
tained in C. Now, since `even is an idempotent of ¸ n (M 2(B )), the algebra
`even¸ n (M 2(B )) `even is simple, hence ª is injective. By dimension count it
follows that its image is exactly C.
Since ° (ª( x)) = ª( g¡ 1° (x)g), the involution ¾ on C corresponds via ª to
Int( g¡ 1) ± ° on `even¸ n (M 2(B )) `even. Note that if x 2 `even¸ n (M 2(B )) `even,
then ° (x) 2 `odd ¸ n (M 2(B )) `odd and g¡ 1° (x)g 2 `even¸ n (M 2(B )) `even. By
Theorem 2.5, we get that (C; ¾) is isomorphic to EndF (¸ evenB ) endowed
with the involution adjoint to the quadratic form T 0 de¯ned by T 0(u; v) =
T(u; ©(g)(v)). Using the description of T given in Theorem 2.5 and
Lemma 2.8(1), it is easy to check that the ¸ k B are pairwise orthogonal for
T0 and that T0 restricts to be h(¡ b)n ¡ k i tk on ¸ k B . Thus T0 is similar toP

0· k<n
k even

tk .

Let us now prove Theorem 1.1. If n = 2m + 1, then the algebrawith involution
(Q; ° Q )­ n is isomorphic to (Q; ° Q ) ­ (EndF (Q); adn Q )­ m , whereadn Q denotes
the adjoint involution with respect to the quadratic form nQ . Indeed, onemay
easilycheck that (Q­ Q; ° Q ­ ° Q ) is isomorphic to

¡
EndF (Q); adT( Q;° Q )

¢
, where

T(Q;° Q ) is the quadratic form de¯ned by T(Q;° Q ) (x) = TrdQ (x° Q (x)). Sincefor
any x 2 Q, we have x° Q (x) = nQ (x) 2 F , T(Q;° Q ) = h2i nQ , and (Q­ 2; ° ­ 2

Q ) '
(EndF (Q); adn Q ). Therefore, to prove Theorem 1.1, it su±ces to show that the
algebraswith involution (Q; ° Q ) ­ (C; ¾) and (Q; ° Q ) ­ (EndF (Q); adn Q )­ m are
Witt-equiv alent. We will usethe following lemma:

Lemma 4.2. Let (U; q) and (U0; q0) be two quadratic spaces over F . There
exists an isomorphism

(Q; ° Q ) ­ (EndF (U); adq) ' (Q; ° Q ) ­ (EndF (U0); adq0)

if and only if the quadratic forms nQ ­ q and nQ ­ q0 are similar.
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Proof. Consider the right Q-vector spaceUQ = U ­ F Q. The quadratic form
q on U inducesa hermitian form h : UQ £ UQ ! Q (with respect to ° Q ) such
that

h(u ­ x; u0 ­ x0) =
1
2

¡
q(u + u0) ¡ q(u) ¡ q(u0)

¢
°Q (x)x0

for u, u0 2 U and x, x0 2 Q. The adjoint involution adh satis¯es

(EndQ (UQ ); adh ) = (EndF (U); adq) ­ (Q; ° Q ):(4.3)

The trace form of h, which is by de¯nition the quadratic form

U ­ F Q ! F; x 7! h(x; x);

is q ­ nQ . Similarly, we denote by h0 the hermitian form induced by q0. By a
theorem of Jacobson[13, 10.1.7], the hermitian modules (UQ ; h) and (U0

Q ; h0)
are isomorphic if and only if their trace forms are isometric. Hence, if the
quadratic forms q ­ nQ and q0 ­ nQ are similar, i.e., q ­ nQ ' h¹ i q0 ­ nQ for
some ¹ 2 F ¤, then the hermitian forms h and h¹ i h0 are isomorphic, which
provesthat

(Q; ° Q ) ­ (EndF (U); adq) ' (Q; ° Q ) ­ (EndF (U0); adq0):

Conversely, if there is such an isomorphism, then equation (4.3) shows that
the hermitian forms h and h0 are similar, hencetheir trace forms q ­ nQ and
q0 ­ nQ also are similar.

These two lemmas reduce the proof of Theorem 1.1 to showing that the
quadratic forms nQ ­

P
0· k<n
k even

tk and n­ (m +1)
Q are Witt-equiv alent, up to a

scalar factor.
On the one hand, we have n­ (m +1)

Q = 4m nQ , since n­ 2
Q = 4nQ . On the other

hand, since the algebra B is split by an odd-degree¯eld extension, Springer's
Theorem [8, VI I.2.3] shows that tk is isometric to the trace form of

¸ k (M n (F )) = M (n
k ) (F )

which is Witt-equiv alent to
¡ n

k

¢
h1i . Hencethe Witt classof nQ ­

P
0· k<n
k even

tk is

X
0· k<n
k even

µ
n
k

¶
nQ = 2n ¡ 1nQ = 4m nQ ;

which completesthe proof of Theorem 1.1.

5 The n even case

In this section, we prove Theorems1.3, 1.4, and Corollary 1.5.
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Assumefrom now on that n is even and write n = 2m. Consider the element
of ¸ n (M 2(BK ))

h = ®(1 ¡ b¡ m g)( `0 + ¢¢¢+ `m ¡ 1 + 1
2 `m ) + (1 + b¡ m g)( 1

2 `m + `m +1 + ¢¢¢+ `n ):

One can check that

h¡ 1 = 1
2

¡
(®¡ 1 + b¡ m g)( `0 + ¢¢¢+ `m ) + (1 ¡ b¡ m g®¡ 1)( `m + ¢¢¢+ `n )

¢

and g = bm hh
¡ 1

.
Therefore, it follows from (3.1) that

¸ n (Q ­ B ) = h¸ n M 2(B )h¡ 1 ½ ¸ n M 2(B )K :

Using the isomorphism © of Theorem 2.5 as an identi¯cation, we then have

¸ n (Q ­ B ) = EndF
¡
h(¸ 0B ) © ¢¢¢© h(¸ n B )

¢
;

and the canonical involution on ¸ n (Q ­ B ) is adjoint to the restriction of the
bilinear form TK to the F -subspaceh(¸ 0B ) © ¢¢¢© h(¸ n B ). This restriction is
given by the following formula:

Lemma 5.1. The F -subspaces h(¸ k B ) are pairwise orthogonal. Moreover, for
u, v 2 ¸ k B we have

TK (h(u); h(v)) =
8
>><

>>:

¡ 2a(¡ 1)k bm ¡ k Trd¸ k B (uv) if k < m;

(¡ 1)m
³

1+ a
2 Trd¸ m B

¡
°m (u)v

¢
+ 1¡ a

2 Trd¸ m B (uv)
´

if k = m;

2(¡ 1)k bm ¡ k Trd¸ k B (uv) if k > m:

Proof. Using Lemmas 2.6 and 2.8(1), one may easily check that for any u 2
¸ k B , we have

h(u) =

8
><

>:

®(u ¡ bm ¡ k ° k (u)) if k < m;
1
2

£
(1 + ®)u + (1 ¡ ®)° k (u)

¤
if k = m;

u + bm ¡ k ° k (u) if k > m:

The claim then follows from the description of T given in Theorem 2.5 and
Lemma 2.8(1) by somedirect computations. For instance, if u; v 2 ¸ m B , we
get

TK
¡
h(u); h(v)

¢
= (¡ 1)m Trd¸ m B K

£
h(u)° m

¡
h(v)

¢¤
(5.2)

by Theorem 2.5, and

h(u)° m
¡
h(v)

¢
=

1
4

£
(1 + ®)2u° m (v) + (1 ¡ a)

¡
uv + ° m (u)° m (v)

¢
+ (1 ¡ ®)2°m (u)v

¤
:

(5.3)

Document a Ma thema tica 6 (2001) 99{120



Inv olutions and Tra ce Forms on Exterior Powers 113

Since Trd¸ m B
¡
u° m (v)

¢
= Trd¸ m B

¡
°m (u)v

¢
and Trd¸ m B

¡
°m (u)° m (v)

¢
=

Trd¸ m B (uv), it follows that

Trd¸ m B K

£
(1 + ®)2u° m (v) + (1 ¡ ®)2°m (u)v

¤
= 2(1 + a) Trd¸ m B

¡
°m (u)v

¢

and
Trd¸ m B K

£
(1 ¡ a)(uv + ° m (u)° m (v))

¤
= 2(1 ¡ a) Trd¸ m B (uv):

Therefore, (5.2) and (5.3) yield

TK
¡
h(u); h(v)

¢
= (¡ 1)m 1 + a

2
Trd¸ m B

¡
°m (u)v

¢
+ (¡ 1)m 1 ¡ a

2
Trd¸ m B (uv):

This lemma provides a ¯rst description of the similarit y classof qA :

Pr oposition 5.4. If n is even,the similarity classof qA contains the quadratic
form:

¡
©0· k<m h2(¡ 1)k bm ¡ k i h1; ¡ ai tk

¢
© h(¡ 1)m i (t+

m © h¡ ai t ¡
m ):

Proof. Since the anti-isomorphism ° k de¯nes an isometry tk ' tn ¡ k , the re-
striction of TK to h(¸ k B © ¸ n ¡ k B ), for all k < m, is

h2(¡ 1)k bm ¡ k ih1; ¡ ai tk :

Moreover, we have

1 + a
2

Trd¸ m B
¡
°m (u)v

¢
+

1 ¡ a
2

Trd¸ m B (uv) =
(

Trd¸ m B (uv) if u 2 Sym(¸ m B ; ° m );
¡ aTrd¸ m B (uv) if u 2 Skew(¸ m B ; ° m ):

Hence,the proposition clearly follows from the lemma.

5.5. Pr oof of Theorem 1.3.
Theorem 1.3 is a consequenceof the precedingresults in the special casewhere
Q = (a;b)F is split. In that case, we may take b = 1 so that the matrix
g0 = ( 0 1

1 0 ) then decomposesas g0 = f 0
¹f ¡ 1
0 , where f 0 =

¡
1 ¡ ®
1 ®

¢
. Hence,

if we let f = ¸ n f 0, we have g = f ¹f ¡ 1. On the other hand, we also have
g = h¹h¡ 1, for h as in the precedingsection, hencef ¡ 1h = f ¡ 1h, which means
that f ¡ 1h 2 ¸ n

¡
M 2(B )

¢
. Considering the isomorphism © of Theorem 2.5

as an identi¯cation as we did in the preceding section, we get that f ¡ 1h 2
EndF (¸ 0B © ¢¢¢© ¸ n B ), hence

h(¸ 0B © ¢¢¢© ¸ n B ) = f (¸ 0B © ¢¢¢© ¸ n B ):
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To prove Theorem 1.3, we compute the restriction of TK to this F -subspacein
two di®erent ways. First, we use [7, (14.4)], which says that f is a similarit y
for TK with similarit y factor NrdM 2 (B K ) (f 0) = (¡ 2®)n = 2n am . Hence, for
any u; v 2 ¸ 0B © ¢¢¢© ¸ n B , we have

TK (f (u); f (v)) = 2n am T(u; v):

By Remark 2.7and Theorem2.5, the form T is Witt-equiv alent to its restriction
to ¸ m B , which is isometric to h(¡ 1)m i (t+

m © h¡ 1i t ¡
m ).

Second, the restriction of TK to h(¸ 0B © ¢¢¢© ¸ n B ) has been computed in
Lemma 5.1 and the proof of Proposition 5.4. Comparing the results, we get
that the quadratic forms

¡
©0· k<m h2(¡ 1)k ih1; ¡ ai tk

¢
© h(¡ 1)m i (t+

m © h¡ ai t ¡
m )

and

h2n am ih(¡ 1)m i (t+
m © h¡ 1i t ¡

m )

are Witt-equiv alent. If m is even, we get that the following equality holds in
the Witt ring:

³ X

0· k<m
h2(¡ 1)k ih1; ¡ ai tk

´
+ t+

m + h¡ ai t ¡
m = t+

m ¡ t ¡
m ;

from which we deduce

h1; ¡ ai
³³ X

0· k<m
h2(¡ 1)k i tk

´
+ t ¡

m

´
= 0:

To ¯nish the proof, we may assumea is an indeterminate over the base¯eld
F . The previous equality then implies that the quadratic form

³ M

0· k<m
h2(¡ 1)k i tk

´
© t ¡

m

is hyperbolic, which proves the theorem in this case. A similar argument ¯n-
ishesthe proof for the m odd case.

Remark 5.6. Let t ( ¸ m B ;° m ) : ¸ m B ! F be the quadratic form

t ( ¸ m B ;° m ) (x) = Trd¸ m B (°m (x)x):

Using Theorem1.3, together with the facts that tn ¡ k = tk , t ( ¸ m B ;° m ) = t+
m ¡ t ¡

m ,
and that 2q ' 2h2i q for an arbitrary quadratic form q since 2h2i = 2h1i , we
obtain the following memorableformula:

nX

k=0

(¡ 1)k tk = t ( ¸ m B ;° m ) in W F :
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5.7. Pr oof of Theorem 1.4. Consider ¯rst the casewhere m is even. In
that case,Theorem 1.3 yields

X
0· k<m
k even

h2i tk + t ¡
m =

X
0· k<m

k odd

h2i tk :

Substituting in the formula given in Proposition 5.4, we get that the similarit y
classof qA contains a quadratic form whoseWitt classis

X
0· k<m
k even

h2; ¡ 2ai tk +
X

0· k<m
k even

h¡ 2b;2abi tk + h¡ a; ¡ b;abi t ¡
m + t+

m

=
X

0· k<m
k even

h2i nQ tk + t+
m ¡ t ¡

m + nQ t ¡
m :

Now, supposem is odd. Multiplying by hai the quadratic form given in Propo-
sition 5.4 does not change its similarit y class, and shows that the similarit y
classof qA contains a quadratic form whoseWitt classis

h1; ¡ ai ¢
³

t+
m +

X

0· k<m
h2(¡ b)k+1 i tk

´
+ t ¡

m ¡ t+
m :

Substituting for t+
m the formula of Theorem 1.3 simpli¯es the expressionin

brackets to h1; ¡ bi ¢
³ P

0· k<m
k even

h2i tk

´
and completesthe proof.

5.8. Pr oof of Cor ollar y 1.5. Let us assumethat B is of exponent at most
2. Then, for any even k, the algebra ¸ k B is split. Hence, its trace form tk is
Witt-equiv alent to

¡ n
k

¢
. Since m is even, ¸ m B is also split, and its canonical

involution ° m is adjoint to a quadratic form qB . This form is only de¯ned up
to a scalar factor, but its squareis de¯ned up to isometry. Now [7, 11.4] gives
relationships betweenqB and the forms t+

m and t ¡
m :

t+
m ¡ t ¡

m ' q2
B and ¡ t ¡

m ' h1=2i ^ 2 qB :

Hence,by Theorem 1.4, the similarit y classof qA contains a form whoseWitt
classis

q2
B + nQ

³
h¡ 2i (^ 2qB ) +

X
0· k<m
k even

¡ n
k

¢
h2i

´
:

One may easily check that, since h2; 2i ' h1; 1i and qB is even-dimensional,
q2

B ' h2i q2
B . Since we are concernedonly with the similarit y classof qA , we

may therefore forget the factors h2i throughout. Moreover, since m is even,P
0· k<m
k even

¡ n
k

¢
= 2n ¡ 2 ¡ 1

2

¡ n
m

¢
, and Corollary 1.5 follows.

6 Another appr oach to the n even case

Let us decompose B = B0 ­ B1, where degB0 = 2m0 is a power of 2 and
degB1 = m1 is odd. We have m = m0m1, and m is even if and only if m0 > 1.
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We write T0 for the trace form of B0. Under the assumption that B ­ 2
0 is split

(which is automatic if m is odd), we will give a di®erent characterization of qA

for A = Q ­ B than the one in Theorem 1.4. Corollaries 1.6 and 1.7 will follow
from this.

Pr oposition 6.1. Suppose that B ­ 2
0 is split. Then the similarity class of qA

contains a form whoseWitt class is

2n ¡ 1 +
2n ¡ 3

m0
T0(nQ ¡ 2) if m is even

and

2n ¡ 2(nQ ¡ nB 0 ) if m is odd:

(Note that B0 is a quaternion algebra if m is odd.)

This result is already known for m odd: If A is a biquaternion algebra (i.e.,
m = 1) it is [3, 6.2], and in general it follows from [3, 6.4] by a straightforward
computation, using the fact that for any integerk ¸ 1, onehasnk

Q = 22(k ¡ 1) nQ .
However, the results from [3] make useof Cli®ord algebras,which seemsa long
way to go. So we include a direct proof.
We start with a lemma.

Lemma 6.2. Suppose that B ­ 2
0 is split. Then the quadratic form tk is Witt-

equivalent to
¡ n

k

¢
if k is evenand 1

2m 0

¡ n
k

¢
T0 if k is odd. Moreover, we have:

t ¡
m =

2n ¡ 3

m0
h2i T0 ¡

³
2n ¡ 2 ¡ 1

2

¡ n
m

¢́
h2i if m is even,

and

t+
m = 2n ¡ 2h2i ¡

³
2n ¡ 3 ¡ 1

4

¡ n
m

¢́
h2i T0 if m is odd.

This lemma actually speci¯es t+
m and t ¡

m whatever the parit y of m sincein both
casestm = t+

m + t ¡
m , and tm is known.

Proof. Since B1 is split by an odd-degree¯eld extension, Springer's Theorem
shows that tk is isometric to the trace form of ¸ k

¡
B0 ­ M m 1 (F )

¢
. If k is even,

this algebra is split, and the result is clear. If k is odd, the algebra is Brauer-
equivalent to B0, henceisomorphic to M p(F ) ­ B0, where p = 1

2m 0

¡ n
k

¢
. The

form of tk for k odd then follows from the fact that the trace form of a tensor
product of central simple algebrasis isometric to the product of the trace forms
of each factor.
We have m = m0m1, and m is odd if and only if m0 = 1. Recall that

X
0· k<m
k even

¡ n
k

¢
=

(
2n ¡ 2 if m is odd;
2n ¡ 2 ¡ 1

2

¡ n
m

¢
if m is even;
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and

X
0· k<m

k odd

¡ n
k

¢
=

(
2n ¡ 2 ¡ 1

2

¡ n
m

¢
if m is odd;

2n ¡ 2 if m is even:

The second part of the lemma then follows from Theorem 1.3 by a direct
computation.

Let us now prove Proposition 6.1. Assume¯rst that m is even. The preceding
lemma yields

t ¡
m +

X
0· k<m
k even

h2i tk =
2n ¡ 3

m0
h2i T0

and

t+
m ¡ t ¡

m =
¡ n

m

¢
¡ 2t ¡

m = 2n ¡ 1h2i ¡
2n ¡ 2

m0
h2i T0 +

¡ n
m

¢
h1; ¡ 2i :

Since
¡ n

m

¢
is even, the last term on the right side vanishes,hencethe quadratic

form given by Theorem 1.4 is

h2i
³

2n ¡ 1 ¡
2n ¡ 2

m0
T0 +

2n ¡ 3

m0
nQ T0

´
:

This ¯nishes the m even case.
Assume now that m is odd. Then, B0 is a quaternion algebra, and T0 =
h2i (2 ¡ nB 0 ). The precedinglemma yields

X
0· k<m
k even

h2i tk = 2n ¡ 2h2i

and

t ¡
m ¡ t+

m = 1
2

¡ n
m

¢
T0 ¡ 2t+

m = 1
2

¡ n
m

¢
T0 ¡ 2n ¡ 1h2i +

³
2n ¡ 2 ¡ 1

2

¡ n
m

¢́
h2i T0:

If m = 1, then this reducesto t ¡
m ¡ t+

m = ¡h 2i nB 0 , and Theorem 1.4 gives the
desiredresult. Otherwise, sincem is odd and m ¸ 3, the integer 2n ¡ 2 ¡ 1

2

¡ n
m

¢

is even, by [7, (10.29)], hence
¡
2n ¡ 2 ¡ 1

2

¡ n
m

¢¢
h2i = 2n ¡ 2 ¡ 1

2

¡ n
m

¢
and the right

side of the last displayed equation simpli¯es to yield

t ¡
m ¡ t+

m = ¡ 2n ¡ 2h2i nB 0 :

Therefore, the quadratic form given by Theorem 1.4 is 2n ¡ 2h2i (nQ ¡ nB 0 ),
which is isometric to 2n ¡ 2(nQ ¡ nB 0 ) since 2n ¡ 2h2i = 2n ¡ 2, and the proof of
Proposition 6.1 is complete.

6.3. Pr oof of Cor ollar y 1.6. Corollary 1.6 can be proved by induction,
using the formula given in Corollary 1.5, but it can also be directly deduced
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from Proposition 6.1. Indeed, let us assumeA = A r = Q1 ­ ¢¢¢­ Qr is a
product of r ¸ 3 quaternion algebras. We let B = Q2 ­ ¢¢¢­ Qr . Its degree
n = 2r ¡ 1 is a power of 2, and since r ¸ 3, m = 2r ¡ 2 is even. In the notation
from earlier in this previous section, we have B0 = B and B ­ 2

0 is split. Hence,
we may apply Proposition 6.1. The form T0 is the trace form of B , that is the
tensor product of the trace forms of the quaternion algebrasQi for i = 2; : : : ; r .
Hence,we have T0 = h2r ¡ 1i (2 ¡ nQ 2 ) ¢¢¢(2 ¡ nQ r ), and Proposition 6.1 tells us
that the similarit y classof qA contains a form whoseWitt classis

2n ¡ 1 +
2n ¡ 3

2r ¡ 2 h2r ¡ 1i (nQ 1 ¡ 2)(2 ¡ nQ 2 ) ¢¢¢(2 ¡ nQ r ) =

= 2n ¡ 1h2r ¡ 1i ¡ 2n ¡ r ¡ 1h2r ¡ 1i (2 ¡ nQ 1 )(2 ¡ nQ 2 ) ¢¢¢(2 ¡ nQ r )
= h2r ¡ 1i 2n ¡ r ¡ 1¡

2r ¡ (2 ¡ nQ 1 ) ¢¢¢(2 ¡ nQ r )
¢
;

which provesthe corollary.

6.4. Pr oof of Cor ollar y 1.7. Let us now considera central simple algebra
A asin the statement of Corollary 1.7. Then A is isomorphic to M k (A r ), where
A r = Q1 ­ ¢¢¢­ Qr is a product of r quaternion algebras. If A is split then
qA is hyperbolic and the result is clear, so we may assumethat r 6= 0. Because
degA ´ 0 mod 4 by hypothesis, we may further assumethat r 6= 1 (so that
r ¸ 2), with perhapssomeof the Qi being split.
We ¯rst treat the k = 1 case. If r = 2, then A is biquaternion algebra and qA

is an Alb ert form, which lies in I 2F . If r ¸ 3, then by Corollary 1.6 we have to
prove that

2n ¡ 1 ¡ 2n ¡ r ¡ 1(2 ¡ nQ 1 ) ¢¢¢(2 ¡ nQ r )

lies in I nF . When we expand this product, the terms of the form 2n ¡ 1 cancel,
and we are left with a sum of terms of the form § 2n ¡ ` ¡ 1nQ i 1

¢¢¢nQ i `
, where

` ¸ 1. Sincefor any i the form nQ i lies in I 2F , 2n ¡ ` ¡ 1nQ i 1
¢¢¢nQ i `

belongsto
I n ¡ ` ¡ 1+2 `F = I n + ` ¡ 1F , and henceto I nF .
Now supposethat k ¸ 2. Since r ¸ 2, we have deg(A r ) ´ 0 mod 4 and we
can apply [3, 6.3(1)]. Hence, the similarit y classof qA contains a form which
is Witt-equiv alent to q­ k

A r
. Since the result holds for A r by the k = 1 case,we

are done.
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