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Abstra ct. We generalizeMumford's construction of good quotients
for reductive group actions. Replacing a single linearized invertible
sheafwith a certain group of sheaves,we obtain a Geometric Invariant
Theory producing not only the quasiprojective quotient spaces,but
more generally all divisorial ones. As an application, we characterize
in terms of the Weyl group of a maximal torus, when a proper reduc-
tive group action on a smooth complex variety admits an algebraic
variety as orbit space.
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Intr oduction

Let the reductive group G act regularly on a variety X . In [L9], Mumford asso-
ciatesto every G-linearized invertible sheafL on X a set X *°(L) of semistable
points. He provesthat there is a good quotient p: Xs(L) ! X S5(L)=G, that
means p is a G-invariant atne regular map and the structure sheaf of the
quotient spaceis the sheafof invariants.

Mumford's theory is designedfor the quasiprojective category: His quotient

spacesare always quasiprojective. Conversely for connected G and smooth

X, if a G-invariant open set U % X has a good quotient U ! U=G with

U=G quasiprojective, then U is a saturated subset of a set X s5(L) for some
G-linearized invertible sheafL on X .

Howevwer, there frequertly occur good quotients with a non quasiprojective
quotient space;even if X is quasiatne and G is a one dimensional torus, see
e.g.[ﬁ]. For X = P, or X a vector spacewith linear G-action, the situation is
reasonablywell understood, see[ﬁ] and [E]. But for general X, the picture is
still far from being complete.

The purpose of this article is to presernt a general theory for good quotients
with so called divisorial quotient spaces. Recall from [Q] that an irreducible
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572 J. Hausen

variety Y is divisorial if every y 2 Y admits an atne neighbourhood of the
form Y nSupp(D) with an e®ective Cartier divisor D on Y. This is a consider-
able generalization of quasiprojectivity. For example, all smooth varieties are
divisorial.

Our approad to divisorial good quotient spacesis to replace Mumford's single
invertible sheafL with a free nitely generatedgroup & of Cartier divisors on
X. Then a G-linearization of such a group = is a certain G-sheaf structure
on the graded Oy -algebra A assaiated to =; for the precise de nitions see
Sectionfl.

In Section E we assaiate to every G-linearized group & % CDiv(X) a set
X3$(m) % X of semistablepoints and a set X (a) %2 X 35(a) of stable points.
Theorem E generalizesMumford's result on existenceof good quotients:

Theorem 1. For any G-linearized group & of Cartier divisors, there is a gaod
quotient X 3(a) | X 35(m) =G with a divisorial quotient space X 55(a) =G.

We note herethat our quotient spacesare allowed to be non separated;seealso
the brief discussionat the end of Section§ As in the classicalsituation, the
restriction of the above quotient map to the set of stable points separatesthe
orbits. In Theorem 4.1, we give a corverseof the above result:

Theorem 2. For Q-factorial, e.g. smaoth, X every G-invariant open subset
U ¥ X with a good quotient suchthat U=G is divisorial occurs as a saturated
subsetof a set of semistablepoints X 55(a) .

As an application, we discuss actions of connected reductive groups G on
normal complex varieties X. The starting point is the reduction theorem of
A. Bianicki-Birula and J. $wiecika [§, Theorem 5.1]: If somemaximal torus
T % G admits a good quotient X | X=T, then there is a \good quotient" for
the action of G on X in the category of algebraic spaces.

Examples show that in general, the quotient spacereally drops out of the
category of algebraic varieties, see [E page 15]. So, there arises a natural
question: When there is a good quotient X ! X=G in the category of algebraic
varieties?

Our answers to this question are formulated in terms of the normalizer N (T)
of a maximal torus T ¥2 G. Recall that the connectedcomponert of the unit
elemert of N(T) is just T; in other words N (T)=T is nite. The rst result is
the following, seeTheoremB.1;

Theorem 3. Let G he a connected reductive group, and let X be a normal
complex G-variety. Then the following statementsare equivalent;
i) Thereis a gaod quotient X ' X=G with a divisorial prevariety X=G.
ii) There is a good quotient X ! X=N(T) with a divisorial prevariety
X=N(T).
Moreover, if one of thesestatementsholdswith a seprated quotient space then
so does the other.
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A Generaliza tion of Mumf ord's GIT 573

We specializeto proper G-actions. It is an easy consequenceof the reduction
theorem [E Theorem 5.1] that such an action always admits a \geometric quo-
tient" in the category of algebraic spaces.Fundamertal results of Kollfr [@],
Keel and Mori [fLg] extend this fact to a more generalframework.

In our secondresult, Theorem @ the words geometric quotient refer to a good
quotient (in the category of algebraic varieties) that separatesorbits:

Theorem 4. Suppse that a connected reductive group G acts properly on a
Q-factorial complexvariety X . Then the following statementsare equivalent:

i) There exists a geometric quotient X ! X=G.
i) There exists a geometric quotient X ! X=N (T).

Moreover, if one of these statementsholds, then the quotient spaces X=G and
X=N(T) are semrated and Q-factorial.

So, for proper G-actions on Q-factorial varieties, the answer to the above ques-
tion is encaded in an action of the Weyl group W := N(T)=T: A geometric
qguotient X | X=G exists in the category of algebraic varieties if and only if
the induced action of W on X =T admits an algebraic variety as orbit space.

1. G-lineariza tion and ample gr oups

Throughout the whole article, we work in the category of algebraic prevarieties
over an algebraically closed eld K. In particular, the word point refersto a
closedpoint. First we X the notions concerninggroup actions and quotients.

In this section, G denotesa linear algebraic group, and X is an irreducible G-
prevariety, that meansX is an irreducible (possibly non separated) prevariety
(over K) together with a regular group action % GE£ X | X.

For reductive G, a gaod quotient of the G-prevariety X is a G-invariant atne
regular map p: X | X=G of prevarieties such that p°: Ox—g ! pa(Ox)C
is an isomorphism. By a geometric quotient we mean a good quotient that
separatesorbits. Geometric quotient spacesare denoted by X=G.

Remark 1.1 @ Theorem 1.1]. Let p: X ! X =G be a good quotient for an
action of a reductive group G. Then we have:

i) For every G-invariant closedsetA % X the imagep(A) ¥2 X =G is closed.
i) If A;B ¥ X are closedG-invariant subsets,then p(A\ B) equalsp(A)\
p(B).
iy Each bre pi (y) contains exactly one closedG-orbit.
iv) Every G-invariant regular map X ! X ©factors uniquely through p.

Now we intro duce the basic conceptsusedin this article, comparealso [E] and

[@]. When we speak of a subgroup of the group CDiv (X ) of Cartier divisors
of X, we always mean a nitely generatedfree subgroup.
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574 J. Hausen

Let & ¥ CDiv(X) be sudch a subgroup. Denoting by Ap := Ox (D) the sheaf
of sectionsof D 2 &, we obtain a a-graded Ox -algebra:
M

A = Ap:
D2m

The following notion extends Mumford's concept of a G-linearized invertible
sheafto groups of divisors:

Definition 1.2 Fix the canonical G-sheafstructure (g )(x) := f (g 1¢x) on
the structure sheafOy .

i) A G-linearization of the group = is a graded G-sheaf structure on the
o-graded Oy -algebra A sud that the represertation of G on A(U) is
rational for every G-invariant open subsetU %2 X .

i) A strong G-linearization of the group o is a G-linearization of & suc
that on eadh homogeneoussomponert Ap, D 2 r, the G-sheafstructure
arises from a G-linearization ¥§(Ap) 2 pr% (Ap) in the senseof [fLg,
De nition 1.6].

The reasonto introduce besidesthe straightforward generalization B i) also
the wealker notion [L.2 i), is that in practice the latter is often much easierto
handle. Howewer, in many important casesboth notions coincide, for example
if the componert G° of the unit elemen is a torus:

Pr oposition 1.3. If X is covered by Gl-invariant atne open subsets,then
every G-linearization of = is in fact a strong G-linearization of @.

Proof. Assumethat o % CDiv(X) is G-linearized, and let Ap be a homoge-
neouscomponent of the assaiated graded Oy -algebra. Consider a geometric
line bundle p: L ! X having Ap asits sheafof sections. Then the G-sheaf
structure of Ap givesrise to a set theoretical action, namely

GEL! L; (9;2) 7' gtz := (g¢ )(g%(2));

wherefor givenz 2 L we chooseany local sectionf of Ap satisfying f (p(z)) =
z. Note that this well de ned. In view of @ Lemma 2.3], we only have to
shaw that this action is regular. Sincefor 'xed g 2 G the map z 7! gdz is
obviously regular, it suxcesto shav that G°£ L ! L is regular.

According to our assumptionon X, it sutcesto treat the casethat X is atne.
But then the rational represenation of G° on the O(X )-algebra
M
A= Anp (X)
n2N
de nesaregular G%-action on the dual bundle L°:= Spec(A) such that L°! X
becomesequivariant and G° acts linearly on the "bres. It is straightforward to

ched that this GP-action on L%is dual to the G°-action on L. Hencealso the
latter action is regular. O
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A Generaliza tion of Mumf ord's GIT 575

Concerning existenceof linearizations, we have the following generalization of
[L9, Corollary 1.6], compare[fL4, Proposition 3.6]:

Pr oposition 1.4, Suppmsethat G is connected and that X is a normal se@-
rated variety. Then every group & % CDiv (X ) admits a strongly G-linearized
sulgroup a%% o of nite index.

Proof. Choosea basisDg;:::;D, of . According to [@ Proposition 2.4],
there is a positive integer n suc that eat sheafA,p, admits a G-linearization
in Mumford's sense. Tensoring these linearizations gives the desired strong
linearization of the subgroupa®% o generatedby nDq;::: ;nD,. O

A more special existencestatemert for non connectedG will be given in §.3
There is also a uniquenessstatemert like [@ Proposition 1.4]. Note that in
our version, we do not assumeG to be connected:

Pr oposition 1.5, Supmsethat & % CDiv(X) admits two strong G-lineariza-
tions. If O°(X) = K holdsand G hasonly nitely many characters, then the
two G-linearizations coincide on a sulgroup a®% o of "nite index.

Proof. To distinguish the two G-sheaf structures on the graded Oy -algebra
assaiated to &, we denotethem by (g;f) 7! g¢f and (g;f) 7! gef . Consider
a homogeneousomponert Ap, and the tensor product

Ap - oy A D; g2 (f - h):= g¢f - goh:

Since as an Ox -module, Ap - o, A; p is isomorphic to the structure sheaf
itself, we obtain a G-sheafstructure on Oy , alsodenotedby (g;f) 7! g2f. As
it arisesfrom a G-linearization in the senseof [[L9, Denition 1.6], this G-sheaf
structure is of the form

(92 f)(x) = Alg;x)f (' ')

with a function A2 O°(G £ X). Sincewe assumedO®(X) 2 K®, the function
A does not depend on the secondvariable. In fact, A even turns out to be a
character on G.

Now, replacing in this setting D with a multiple nD amourts to replacing A
with A". Thus, taking n to be the order of the character group of G, we see
that for any D 2 m, the two G-sheafstructures on A,p coincide. The assertion
follows. O

We look a bit closerto the Oy -algebra A assaiated to a group & %2 CDiv(X).
This algebra gives rise to a prevariety X = SpeqA) and a canonical map
q: ® 1 X. Welist somebasicfeatures of this construction:

Remark 1.6. Let ¥ := Spec(A) and g: ¥ ! X be as above. For an open
subsetU % X , setB := g 1(U).
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576 J. Hausen

i) For asectionf 2 Ap (U), let Z(f) := Supp(Djy + div(f)) denotethe set
of its zeroes. Then we have

O :=fx21;f(x)6 0g= g Y(UnzZ(f)):

i) The algebraictorus H := SpeqK|[r]) actsregularly on ¥ such that every
f 2 Ap(U) is homogeneouswith respect to the character AP, i.e., we
have

f(tex) = AP (t)¢f (x):

iii) The action of H on X is free and the map q: X1 Xisa geometric
quotient for this action.

For the subsequen constructions, it isimportant to "gure out thosegroupsa Y2
CDiv (X ) for which the assaiated prevariety X over X is in fact a quasiatne
variety. This leadsto the following notion:

Definition  1.7. We call the group & % CDiv(X) ample on an open subset
U % X, if there are homogeneousectionsf 1;::: ;f; 2 A(U) sud that the sets
UnZ(f;) are atne and cover U.

If & ¥ CDiv(X) is ample on X, then we say for short that @ is ample. So, the
prevariety X admits an ample group & ¥ CDiv (X)) if and only if it is divisorial
in the senseof Borelli [@], i.e.,, every x 2 X has an atne neighbourhood
X nSupp(D) with somee®ective D 2 CDiv(X).

Remark 1.8 If X is a divisorial prevariety, then the intersection U\ U? of
any two atne open subsetsU; U%% X is again atne.

In the following statemen, we subsumethe consequence®f the existence of
a G-linearized ample group, compare [@, Section 2]. By an atxne closure of
a quasiatne variety Y we mean an atne variety Y cortaining Y asan open
densesubvariety.

Pr oposition 1.9 Let G be a linear algebmic group and let X be a G-
prevariety. Suppose that @ % CDiv(X) is G-linearized and ample on some
G-invariant open U %2 X . Let B = g 1(U) %20, whereq: ¥ ! X is asatove.

i) 0 is quasiatne and the representation of G on O(@) induces a regular
G-action on B suchthat the actions of G and H := Spec(K[r]) commute
and the canonical map q: 01 x becomes G-equivariant.

i) For any collection fq;:::;f, 2 A(U) satisfying the amplenesscondition,
there existsa (G £ H)-equivariant atne closure U of B suchthat the f;
extendto regular functions on U and g *(Us,) = U;, holds.

Proof. Use[fL3, Lemmas2.4 and 2.5]. O
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2. Stability notions

Generalizing[@, De nitions 1.7 and 1.8]we shall ass@iate to alinearized group
of divisors sets of semistable, stable and properly stable points. Moreover, for
ample linearized groups, we give a geometric interpretation of semistability in
terms of a generalizednullcone.

Let G be areductive algebraicgroup, and let X be an irreducible G-prevariety.
Supposethat o % CDiv(X) is a G-linearized ( nitely generatedfree) subgroup.
Denote the assaiated a-graded Ox -al\l/glgebra by

A= Ap:
D2a

Definition 2.1 Let G, X, @ and A be asabove. We say that a point x 2 X
is

i) semistable if x has an atne neighbourhood U = X nZ(f) with some
G-invariant f 2 Ap(X) sudc that the D°2 o admitting a G-invariant
fpo 2 Apo(U) which is invertible in A(U) form a subgroupof nite index
in g,

i) stable if x is semistable,its orbit Gdx is of maximal dimensionand Gx
is closedin the set of semistablepoints of X,

iii) properly stable if x is semistable,its isotropy group Gy is nite and G
is closedin the set of semistablepoints of X..

Following Mumford's notation, we denotethe G-invariant open setscorrespond-
ing to the semistable,stable and properly stable points by X s$(a), XS(=) and
X§(a) respectively. If we want to specify the acting group G, we also write
X35(m; G) etc..

Remark 2.2 Let X be complete, let D 2 CDiv(X) be an e®ectiwe Cartier
divisor and supposethat the invertible sheafL := Ap on X is G-linearized
in the senseof [@, De nition 1.6]. Then the induced G-sheafstructure of Ap
extendsto a G-linearization of @ := ZD. Moreover,

i) XS5(a) cortains precisely the points of X which are semistablein the
senseof [[L9, De nition 1.7 )],
i) X3(n) contains precisely the points of X which are stable in the sense
of L9, De nition 1.7ii)],
i) Xg§(=) cortains preciselythe points of X which are properly stablein the
senseof [[L9, De nition 1.8].

The remainder of this section is dewoted to giving a geometric interpretation
of semistability. For this, let U ¥2 X denote any G-invariant open subsetsuc
that & is ample on U and X S5(r) is contained in U, for exampleU = X S5(=).
As usual, let

® = Specd); q:R! X; B:=qglu):

Document a Mathema tica 6 (2001) 571{592



578 J. Hausen

Recall from Section that the map q: ®! Xisa geometric quotient for the
action of H := SpedK][e]) on ¥ induced by the o-grading of A. Moreover,
0 is a guasiatxne variety and carries a regular G-action making q: 01 x
equivariant.

Our description involvestwo choices. First let fq;:::;f, 2 A(X) be homoge-
neousG-invariant sectionssuc that the setsX nZ(f;) areasin De nition Ei)
and cover X 35(n).

Next choosea (G£ H)-equivariant a+ne closureU of O such that the functions
f; 2 O(8) extend regularly to U and Us, = &, holds for each i = 1;:::;r.
Consider the good quotient

p:U! U=G:= Spec(O(U))C:

Then the quotient variety U=G inherits a regular action of H sud that the map
p: U! U=G becomesH -equivariant. In this setting, the setU nqgi 1(X 5 (x))
takesover the role of the classicalnullcone:

Pr oposition 2.3 Let Vo := U=Gnp(U nB), and let V; % U=G be the union
of all H -orbits with "nite isotropy.

i) One alwayshasqg (X s3(r)) ¥%p' Y(Vo\ Vi).
i) If U= X, theng Y(X@@) = p }(Vo\ V4).

The main point in the proof is to expressCondition E i) in terms of the action
of the torus H on the atne variety U=G. Considermore generally an arbitrary
algebraictorus T and a quasiatne T-variety Y.

Lemma 2.4. The isotropy group Ty of apoint y 2 Y is nite if and only if there
is a homaggeneus function h 2 O(Y) suchthat Y, is an atne neighlmurhood
of y and the characters A° 2 Char(T) admitting an invertible A“homogen®us
h®2 O(Y;) form a sublattice of "nite index in Char(T).

Proof. First supposethat Ty is nite. Considerthe orbit B := T dy. This is

a locally closeda+ne subvariety of Y. The set M consisting of all characters
A% 2 Char(T) admitting a Ahomogeneoush® 2 O(B) with h%y) = 1is a
sublattice of Char(T). We show that M is of full rank:

Otherwise there is a non trivial one parameter subgroup, : K* ! T sud that

A+, = 1holdsfor every A2 M. Thus, by the de nition of M, all homogeneous
functions of O(B) are constart along, (K")d/. As thesefunctions separatethe

points of B, we conclude, (K®) %2 Ty. A cortradiction.

Now, chooseany T-homogeneousfunction h 2 O(Y) sud that Y, is atne,
cortains B asa closedsubset,and for somebaseA?;::: ;A of M the assaiated
functions h? 2 O(B) extend to invertible regular homogeneougunctions on Yy
Then this h 2 O(Y) is asdesired. The \if " part of the assertionis settled by
similar argumerts. O
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Proof of Proposition P.3. Let W := X 5(a) and W := g %(W). We beginwith
the inclusion \¥2" of assertionsi) and ii). First note that W is p-saturated,
becausethis holds for eac Uy, and, accordingto Remark [L. i), W is covered
by thesesubsets. In particular, it follows p(®) Y2 V.

To verify p(W) % Vi, let z 2 W. Take one of the f; with z 2 Us,. Asit is
G-invariant, f; descendsto an H-homogeneougunction h 2 O(U=G). By the
properties of f;, the function h satis es the condition of Lemma @ for the
point p(z). HenceHg,) is nite, which meansp(z) 2 V;.

We cometo the inclusion \ %" of assertionii). Lety 2 Vo\ V4. Lemma P4
provides an h 2 O(X =G), homogeneouswith respect to someAP 2 Char(H),
such that y 2 V := (X=G), holds and the D° 2 & admitting an invertible
ADO—homogeneouiunction onV form a subgroupof "nite index in . Suitably
modifying h, we achieve additionally V %2V \ V;.

Now, considera point z 2 p' }(y). Sincey 2 V,, we have z 2 ®. We have to
shaw that q(z) is semistable. For this, considerthe G-invariant homogeneous
sectionf := p“(h)jy, of Ap (X). By the choiceof h, this f ful'lls the conditions
of De"nition P.11i) and thus the point g(z) is in fact semistable. O

Cor ollar y 2.5 Let o % CDiv(X) be an ample G-linearized group.

i) A point x 2 X35(a) with an orbit Gt of maximal dimension is stable if
and only if for any z 2 g (x) the orbit Géz is closal in %.

ii) A point x 2 X %5(a) with "nite isotropy group Gy is properly stableif and
only if for any z 2 g *(x) the orbit Gz is closel in . O

3. The quotient of the set of semistable points

Let G be a reductive algebraic group, and let X be a G-prevariety. In this
sectionwe show that any set of semistablepoints admits a good quotient. The
result generalizes[@, Theorem 1.10].

Theorem 3.1 Letn % CDiv(X) be a G-linearized sulgroup. Then there exists
a good quotient p: X35(r) | X SS(m) =G and the quotient space X 3%(n) =G is
a divisorial prevariety.

An immediate consequencef this result is that the set of stable points admits
a geometric quotient. More precisely by the properties of good quotients we
have:

Remark 3.2 In the notation of @ the set X 3(r) is p-saturated and the
restriction p: XS(a) | p(X3(=)) is a geometric quotient.

In the proof of Theorem B.J, we make use of the following obsenation on
geometric quotients for torus actions, compare [, Proposition 1.5]:
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Lemma 3.3. Let T be an algebaic torus and suppsethat Y is an irr educible
quasiatne T-variety with geometric quotient p: Y ! Y=T. Then Y=T is a
divisorial prevariety.

Proof. We may assumethat T acts e®ectiwely. Setfor short Z := Y=T. Given
a point z 2 Z, choosea T-homogeneoud 2 O(Y) such that U := Y; is an
ane neighbourhood of p' *(z). Considerthe atne neighbourhood V := p(U)

of z. We shaw that B := Z nV is the support of an e®ective Cartier divisor on
Y.

Let A 2 Char(T) be the weight of the above f 2 O(Y). SinceT acts e®ec-
tively with geometric quotient, all isotropy groups T, are nite. So we can
useLemmaP.4to cover Y by T-invariant atne open setsU; admitting invert-

ible functions g; 2 O(U;) that are homogeneouswith respect to somecommon
multiple mA.

Each h; := f™=g 2 O(U;) is T-invariant and hencewe have h; = p®(h?% with

a regular function h? dened on V; := p(Uj). By construction, the zero set of
h? is just B\ Vi. Sinceevery hf=h’ is regular and invertible on Vi \ V;, the
functions h? yield local equationsfor an e®ectie Cartier divisor E on Z having

support B. O

Proof of Theorem @ As usual, let A be the graded Oy -algebra assaiated
to o. We considerthe corresponding prevariety ¥ := Spec(A) and the map
q: ¥ I X. Recall that the latter is a geometric quotient for the action of
H := Spec(K[a]) on ®. Setfor short W := X SS(a). Surely, o is ample on W.

Proposition @yields that W := g (W) is a quasiatne variety. Moreover, &
carries a G-action that commutes with the action of H and makesq: W ! W
equivariant. Choosefq;:::;f; 2 A(X) satisfying the conditions of De ni-
tion Esudﬁ that W is coveredby the atne setsX nZ(f;), and seth; := fijw.
Choose a (G £ H)-equivariant atne closure W of W such that the above
hi 2 O(W) extend regularly to W and satisfy Wy, = ®,,. The setW is
saturated with respect to the good quotient p: W | W =G becausethis holds
for the sets Wy,,. Consequetly, restricting p to % yields a good quotient
p:W! W=G.

Moreover, Proposition B i) tells usthat H acts with at most nite isotropy
groupson W =G. Thus, there is a geometric quotient W=G! (W =G)=H. By
Lemma E the quotient spaceis a divisorial prevariety. Sincegood quotients
are categorical, we obtain a commutativ e diagram

W 4p/W=G

" L L=H

W —(W=0)=H
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Now it is straightforward to ched that the induced map W ! (W=G)=H is
the desiredgood quotient for the action of G on W. O

We conclude this section with a short discussionof the question, when the
quotient space X 55(=) =G is separated. Translating the usual criterion for
separatenessin terms on functions on the quotient spaceto the setting of
invariant sectionsof the Oy -algebra A of a G-linearized group =@, we obtain:

Remark 3.4. Leta % CDiv(X) bea G-linearized group on a G-variety X, and
let X 55(x) becoveredby X nZ(f;) with G-invariant sectionsf 1;::: ;f, 2 A(X)
asin ﬂ i). The quotient spaceX sS=G is separatedif and only if for any two
indicesi; j the multiplication map de nes a surjection in degreezero:

AGOR )= ACOG, T ACOG

In the classical setting [@, De nition 1.7], the group = is of rank one, and
the above sectionsf; are of positive degree.In particular, for suitable positive
powersn;, all sectionsf"" are of the samedegree,and Remark@ implies that
the resulting quotient spaceis always separated.

As soon aswe leave the classicalsetting, the above reasoningmay fail, and we
can obtain nonseparatedquotient spacesasthe following two simple examples
show. Both examplesarise from the hyperbolic K”-action on the atne plane.
In the rst one we presert a group @ of rank one de ning a nonseparated
quotient space:

Example 3.5. Let the onedimensionaltorus T := K" act diagonally on the
punctured a+ne plane X := K2 nf(0;0)g via

t4(z1;25) = (tzy;th '2o):

Consider the group = % CDiv(X) generated by the principal divisor D :=
div(z1). SinceD is T-invariant, the group @ is canonically T-linearized. We
claim that the corresponding set of semistablepoints is

X (@) = X:
To verify this claim, let A denote the graded Oy -algebraassaiated to @, and
considerthe T-invariant sections
f]_:: 12AD(X), fz:: Z]_ZQZAED(X):

Then the setsX nZ(f;) and X nZ(f,) form an atne cover of X. Moreover,
we have T -invariant invertible sections:

1
12 Ap(X nZ(f4)); — 2 Ap(X nZ(f,):
VAR 4
So, f1;f2 2 A(X) satisfy the conditions of De nition @ i), and the claim is
veri ed. The quotient spaceY := X 5(x) =T is the axne line with doubled
zero. In particular, Y is a nonseparatedprevariety.
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In view of Remark @ we obtain always separatedquotient spaceswhen start-
ing with a group @ = ZD, where D is a divisor on a complete G-variety X.
In this setting, the lack of enoughinvariant sectionsof degreezero on the sets
X nZ(f;) occursfor groupsa of higher rank:

Example 3.6. Let the onedimensionaltorus T := K act diagonally on the
projective plane X := P, via

tqzo; 21;20] == [20;tz1;t1 23]

Consider the group & % CDiv(X) generatedby the divisors D; := Eg + E;
and D, := Eg + E;, where E; denotesthe prime divisor V(X ;z). Sincethe
divisors D; are T-invariant, the group & is canonically T-linearized. We claim
that the corresponding set of semistablepoints is

X S5(=) = X nf[1;0;0];[0; 1; 0] [0; O; 1]g:

To ched this claim, denote the right hand side by U. Let A again denote the
graded Oy -algebraassaiated to =@, and considerthe T-invariant sections
f1:=12Ap,(X);  f2:=12Ap,(X); fa:= % 2 Ap,+p,(X):
For the respective zero sets of these sectionswe have
Z(f1) = V(X520z1);  Z(f2) = V(X;2022);  Z(f3) = V(X 2122):

So, the set U is indeed the union of the atne setsX nZ(f;). Moreover, we
have invertible sections

Z2
12 Ap,(X nZ(f1)); i 2 Ap, (X nZ(f1));

2
12 Ap,(X nZ(f2)); iZADl(X nZ(f2));

YAVA VAVA
7 2Am,(XNZ(fa); 5" 2 A, (X nZ(fa)):
0

0
Thus fq1;f5;f3 2 A(X) satisfy the conditions of De nition @ i). Sincethe
“xed points [1;0;0], [0;1;0] and [0;0; 1] occur as limit points of suitable T-
orbits through U, they cannot be semistable. The claim is veri ed.
Note that X 35(a) equalsin fact the setof (properly) stable points. The quotient
spaceY := X 55(a) =T is a projective line with doubled zero. In particular, Y
is a nonseparatedprevariety.

4. Good quotients for Q-factorial G-varieties

Let G be a not necessarilyconnectedreductive group, and let X be an irre-
ducible G-prevariety. In [L3, Converse1.13], Mumford shaws that, provided X
is a smooth variety and G is connected,every open subsetU with a geometric
quotient U ! U=G sudch that U=G is quasiprojective arisesin fact from a set
of stable points.
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Here we generalizethis statemert to non connectedG and open subsetswith a
divisorial good quotient space.Assumethat X is Q-factorial, i.e., X is normal
and for eadh Weil divisor D on X, somemultiple of D is Cartier. Moreover,
supposethat X is of atne intersection, i.e., for any two open atne subsetsof
X their intersection is again atne.

To formulate our result, let U % X be an open G-invariant set of the G-
prevariety X sud that there exists a good quotient U ! U=G. Then we
have:

Theorem 4.1 If U=Gis divisorial, then there existsa G-linearized group & %2
CDiv(X) suchthat U is contained in X3%(a) and is saturated with respect to
the quotient map X 5(a) ! X 5(n) =G.

For the proof of this statemert, we need two lemmas. The rst oneis an
existencestatemert on canonical linearizations:

Let H beany linear algebraicgroup. We say that a Weil divisor E on a normal
H -prevariety Y is H-tame, if Supp(E) is H-invariant and for any two prime
cyclesk;, E, of E with E, = h¢E; for someh 2 H their multiplicities in E
coincide.

Lemma 4.2. Let o % CDiv(Y) be a group consisting of H -tame divisors. Then
o admits a canonical H -linearization, namely

Ac(U)! Ag(h®);  (hef)(x):= f(hi Lex):

Proof. First we note that the canonical action of H on K(Y) inducesindeed a
H -sheafstructure on the sheafAg of an H-tame Cartier divisor E on Y. This
follows from the fact that for f 2 K(Y), the order of a translate h¢f along a
prime divisor Eq of E is given by

ordg, (hdf ) = ordy 1, (f):

We still have to show that for every H-invariant open setV % Y, the rep-
resenation of H on Ag (V) is regular. Consider the maximal separated sub-
setsVp;:::;Vy of V nSupp(E), see [E Theorem I]. Their intersection V° is
H -invariant, and Ag (V) injects H -equivariantly into O(V9. Hence [@, Sec-
tion 2.5] givesthe claim. O

Now, considera normal prevariety Y with e®ectivE;:::;E, 2 CDiv(Y) such
that the setsV; := Y nSupp(E;) are atne and cover Y. Let j ¥ CDiv(Y)
be the subgroup generatedby E;i;:::;E,. Denote the assaiated j-graded
Oy -algebra by M M
B = Bg = Ov (E):
E2j E2j

Lemma 4.3. In the alove setting, every open setV; = Y nSupp(E;) is covered
by nitely many open atne subsetsV; Y2V, with the following properties:

i) Vi =Y nZ(h;) with someh; 2 By, g (Y), wheen; 2 N,
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i) for eachk = 1;:::;r there exists an hjjx 2 Bg, (Vj ) without zeres in
Vi .

Proof. Let y 2 V; and consideran atne open neighbourhood V %2 V; of y such
that on V we have Eyx = div(hQ) with someh? 2 O(V) for all k. Then eath
he := 1=h? is a section of Bg, (V) without zeroesin V. By suitably shrinking
V, we achieve V = X nZ(h) with someh 2 By, g, (X) and somen; 2 N. Since
“nitely many of such V cover V;, the assertionfollows. O

Proof of Theorem [8.1. Sincethe quotient spaceY := U=Gis divisorial, we Nd
e®ectieEq;::: ;E; 2 CDiv(Y) suc that the setsV; := Y nSupp(E;) are atne
and cover Y. Let V;, hj and h;j asin Lemma E Consider the quotient
map p: U! Y and the pullback divisors

D?:= p°(E;) 2 CDiv (U):

Then ewvery U; := pi 1(V,) is atne and equalsU n Supp(D?). Moreover, since
they are locally de ned by invariant functions, we seethat the divisors D? are
G-tame. Since X is Q-factorial and of atne intersection, we can construct
G-tame e®ectiwe divisors D; 2 CDiv(X) with the following properties:

i) Diju = m;D? holds with somem; 2 N and we have X nSupp(D;) = U;,
i) forsomel; 2 N, everyf := p“(h!ji ) extendsto a global sectionof Ox (Dj)
and satises X nZ(fj) = p 1(V;).

Let @ ¥ CDiv(X) denotethe group generatedby the divisors D1;:::;D,, and
let A bethe assaiated graded Ox -algebra. Lemma@ tells us that the group
a is canonically G-linearized by setting g¢ (x) := f (g &) on the homogeneous
componerts of A.

Note that the setU % X is covered by the atne open subsetsU; = p' 1(\/i,- ).
Thus, using the pullback data f;; and

fij i = P (hi'k) 2 Ap, (Uy );
it is straightforward to ched U %2 X *%(a). Moreover, sincethe U; are de ned
by the G-invariant sectionsf; , we seethat they are saturated with respect
to the quotient map p% XSS(m) ! XSS(n) =G. Hence U is p%saturated in
X $5(m). O

Cor ollar y 4.4. Let the algebmic torus T act e®etively and regularly on a
Q-factorial variety X, and let U % X be the union of all T-orbits with "nite
isotropy group. If dim(X nU) < dim(T), then U is the set of semistablepoints
of a T-linearized group & ¥ CDiv(X) .

Proof. By [R3 Corollary 3], there is a geometric quotient U ! U=T. Using

Proposition and Lemma @ we seethat U=T is a divisorial prevariety.
Theorem provides a T-linearized group & % CDiv(X) such that X 55(o)
contains U as a saturated subset with respect to p: XsS(r) | XSS(m) =T.
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Semicorinuity of the bre dimension of p and dim(X nU) < dim(T) imply
U = X55(n). d

The classicalexample of a generic C*-action on the Grassmannianof two di-
mensional planesin C*, comparealso [g] and [29], ts into the setting of the
above obsenation:

Example 4.5. Realize the complex GrassmannianX := G(2;4) via Plécker
relations as a quadric hypersurfacein the complex projective spacePs:

X = V(Ps;20Z5 | 7124 + 2223):

This allows usto de ne a regular action of the one dimensionaltorus T = C*
on X in terms of coordinates:

tdzo; 21; 22; 235 243 25] = [tzo; t%21; 1320, 1323, 1424 t525]:

This T-action hassix xed points. Let U %2 X be the complemern of the xed
point set. It is well known that the quotient spaceY := U=T is a honseparated
prevariety which is covered by four projective open subsets. Moreover, Y con-
tains two nonprojective complete open subsets, see [E Remark 1.6] and [E,
Example 6.4].
According to Corollary .4, the set U can be realized as the set of semistable
points of a T-linearized group of divisors. Let us do this explicitly. Consider
for example the prime divisors D; := V(X ;z;) and D, := V(X;z4) and the
group

o := ZD; © ZD, % CDiv(X):
Then the group @ is canonically T-linearized. We shav that X3S(n) = U
holds. Let A denote the graded Ox -algebra assaiated to =, and considerthe
following T-invariant sectionsf; 2 A(X):

22z
for = 3—342A4Dli 0,(X);  hori=12Ap, (X nZ(fo));
1
202 z3
foz = %ZAZDl(X); hoz := ﬁZAZDz(X nZ(fo2));
202 z3
fos = %ZAzm(x); hos = ?%ZAZDz(X NnZ(fos));
2324
f04 = 2—32A3D1(X); h04 =12 ADZ(X nZ(f04));
1
23z 2028
fos = 20 2 Aup,(X): hos == =% 2 Aup, (X nZ(fos));
1 4
22
fip:= i2A2D1+D2(X); hi2 =12 Ap, (X nZ(f12));
22
f13 = iZAzDﬁ'DZ(X); h13 =12 ADI(X nZ(f13));

f14 = 12AD1+D2(X); h14 =12 ADl(X nZ(f14));
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7,22
f15:= % 2 Asp,(X); his == 12 Ap, (X nZ(f15));

4

22
fa4:= —2- 2 Ap,+20,(X); h2sa := 12 Ap,(X nZ(f24));

2124
3
ZoZ Z
fas:= 252 2 Agp, (X); has = 22 Agp, (X NZ(f2s));
z5 VAWAS

Z2
faq = i 2 Ap,+20,(X);  hzg:= 12 Ap, (X nZ(fz4));

232 z3
fas = —325 2 Aap,(X); has := > 2 Azp, (X nZ(f3s5));
Z; VAWAS

2
fas = %2A4Dzi D, (X); hss == 12 Ap, (X nZ(f4s)):
4

By de nition, we have Z(fj ) = V(X;zz) for the set of zeroesof f;; . Conse-
quertly, U is the union of the axne opensubsetsX; := X nZ(f; ). Moreover,
ewery h; is invertible over Xj , and the claim follows.
In fact, using Pict (X ) 2 Z2, it is not hard to show that besidesthe T-invariant
open subsetsW % X admitting a projective quotient variety W=T, the subset
U is the only open subsetof the form X 35(a) with a T-linearized group & %

CDiv (X).
5. Reduction theorems for good quotients

In this section, G is a connectedreductive group and the "eld K is of charac-
teristic zero. Fix a maximal torus T % G and denote by N (T) its normalizer
in G. The “rst result of this section relates existenceof a good quotient by G
to existenceof a good quotient by N (T):
Theorem 5.1 For a normal G-prevariety X, the following statements are
equivalent:

i) Thereis a gaod quotient X | X=G with a divisorial prevariety X =G.

ii) There is a gaod quotient X ! X=N(T) with a divisorial prevariety

X=N(T).

Moreover, if one of thesestatementsholdswith a sefrated quotient space, then
so does the other.

Note that if X admits a divisorial good quotient space,then X itself is divi-
sorial. In the secondresult, we specializeto geometric quotients. Recall that
an action of G on X is said to be proper, if the mapG£ X | X £ X sending

(g; x) to (gdx; x) is proper.

Theorem 5.2 Suppmsethat G acts properly on a Q-factorial variety X. Then
the following statementsare equivalent:

i) There exists a geometric quotient X ! X=G.
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i) There exists a geometric quotient X ! X=N (T).

Moreover, if one of these statementsholds, then the quotient spaces X=G and
X=N (T) are semrated Q-factorial varieties.

As an immediate consequence,we obtain the following statemert on orbit
spaceshby the special linear group SL,(K), which applies for example to the
problem of moduli for n ordered points on the projective line, compare [
and [4, Section5]:

Cor ollar y 5.3. Let SLy(K) act properly on an open subsetU %2 X of a Q-
factorial toric variety X suchthat some maximal torus T % SL,(K) acts by
means of a homomorphismT ! Ty to the big torus Tx % X. Then there is a
gemetric quotient U !  U=SL,(K).

Proof. SinceSL,(K) acts properly, there is ageometricquotient U ! U=T. Let
U%% X be a maximal open subsetsud that U % U° and there is a geometric
quotient U%!  U%T. Then the set U°is invariant under the big torus Tx , see
e.g. [@, Corollary 2.4]. Thus the geometric quotient spaceY ?:= U%T is again
a toric variety.

In particular, any two points y;y°2 Y%admit a commona+ne neighbourhood
in YO But this property is inherited by Y := U=T. Thus, sinceW := N(T)=T
is of order two, we obtain a geometric quotient Y ! Y=W. The composition
ofU! YandY ! Y=W isageometricquotient for the action of N(T) on U.
So Theorem B.3 givesthe claim. O

We cometo the proof of Theoremsp.] and f.4 We make use of the following
well known fact on semisimplegroups:

Lemma 5.4 If G is semisimplethen the character group of N (T) is "nite.

Proof. It suzcesto shaw that for eah & 2 Char(N (T)), the restriction A :=
Ajr is trivial. Clearly A is "xed under the action of the Weyl group W =
N (T)=T on R- z Char(T) induced by the N (T)-action

(ne®)(t) := &ni ttn)

on Char(T). On the other hand, W acts transitiv ely on the set of Weyl cham-
bers asswiated to the root systemdetermined by T % G. Consequetly, A lies
in the closure of every Weyl chamber and henceis trivial. O

Proof of Theorem @ The implication \i) ) ii)" is easy use @ Lemma 4.1].
To prove the cornverse,we rst reduceto the casethat G is semisimple: Let
R % G be the radical of G. Then R is a torus, and we have R %2 T. In
particular, there is a good quotient X ! X 9 for the action of R on X. Thus
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we obtain a commutativ e diagram

=N(T)

X=N(T)

XO

Consider the induced action of the connectedsemisimplegroup G°:= G=R on
X% The image T? of T under the projection G ! G°is a maximal torus of
GP Moreover, N (T9 is the image of N(T) under G! G° Thus, the upwards
arrow of the above diagram is a good quotient for the action of N(T9 on X°

To proceed, we only have to derive from the existence of a good quotient
X0 X%=N(TY that there is a good quotient X %! X %=G° with a divisorial
prevariety X ®=G° In other words, we may assumefrom the beginning that the
group G is semisimple.

Let p: X I X=N(T) denotethe good quotient. Using Lemmas.4 and .3 we
can construct a canonically N (T)-linearized ample group & %2 X consisting of
N (T)-tame divisors sud that we have

XS3(@;N(T)) = X:

Note that this equality also holds for any subgroup a® %2 o of nite index
in @ We construct now sud a subgroup a® % a for which the canonical
N (T)-linearization of a® extendsto a strong G-linearization. The rst step is
to realize X as an open G-invariant subset of a certain G-prevariety Y with
O(Y) = K.

Consider the maximal separatedopen subsetsX 1;:::;Xn 2 X, see[ﬁ, The-
orem I]. Since G is connected, it leaves these sets invariant. By Sumihiro's
Equivariant Completion Theorem [R3, Theorem 3], we nd G-equivariant open
embeddings X; ! Z; into complete G-varieties Z;. Applying equivariant nor-
malization, we achieve that eat Z; is normal.

Let Y; denote the union of X; with the set of regular points of Z;. Note that
O(Y;) = K. Dene Y to be the G-equivariant gluing of the varieties Y; along
the invariant open subsetsX; % Y;. Then we have O(Y) = K. Moreover, all
points of Y nX are regular points of Y.

By closingcomponerts, every Cartier divisor D 2 o extendsto a Cartier divisor
onY. Letj % CDiv(Y) denotethe (free) group of Cartier divisors generatedby
these extensions. Lemma@ ensuresthat the canonical N (T)-linearization of
o extendsto acanonicalN (T)-linearization of the groupj. By [@ Corollary 2]
and Proposition E this linearization is even a strong one.

We claim that somesubgroupj °%2 i of nite index admits a strong G-lineariza-
tion. Let B be the graded Oy -algebraassaiated to j. For ead homogeneous
componert Bg = Bgjy,, somepower Bye ;i admits a G-linearization asin [[L§,
Proposition 2.4]. SinceG is semisimple,theselinearizations are unique, se€e[
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Proposition 1.4]. Thus they de ne G-sheafstructures on the Oy, -algebras
M

Bi = Bei;
E2j;
for suitable subgroupsi; %2 i of nite index. Again by uniquenessof strong
G-linearizations, we can patch the above G-sheaf structures together to the
desired strong G-linearization on the intersection j ° % j of the subgroups
ii ¥2i, and our claim is proved.

Now, sincethe character group of N(T) is nite, Proposition B tells us that
on some subgroup j °°% ; © of nite index, the canonical N (T)-linearization
and the oneinduced by the G-linearization coincide. Thus restricting j °°to X
provides the desiredsubgroupa®¥ o of nite index. We replacea with a®

In order to obtain a quotient of X by G, we want to apply Theorem Q So
we have to show that X 5(a;G) equalsX . For this, let A be the graded Oy -
algebra assaiated to o, and set ¥ := Spec(A). Moreover, let q: ® | X be
the canonicalmap and H := Spec(K[g]) the torus acting on ¥. Note that

X%(=;T) = X*¥(a;N(T)) = X:
ChooseG-invariant homogeneous 1;::: ;f; 2 A(X) and T-invariant homoge-

neoushy;:::;hs 2 A(X) sudh that the complemens X nZ(f;) and X nZ(h;)
satisfy the condition of Denition P.1i) and

X% (@;G) XnZE))[ ;[ X nZ(f));
X5(a;T) (X nzZ(h)) [ :i:[ (X nZ(hr)):

Sincer is ample, Proposition Byields a (G £ H)-equivariant atne closureX
of ¥ such that the f; and the h; extend to regular functions on X satisfying
X1, = R, and Xy, = Ry, . Moreover, we obtain a commutativ e diagram of
H -equivariant maps:

_ P _
X - IX=G
=G X
T XX
XX
Pr } XXX
X=T

Now, let x 2 X, and assumethat x is not semistable with respect to G.
Choosez 2 g %(x), and let y := pg(z). By Proposition E i), the assumption
X 62X 3% (m; G) amounis to y 2 pPg (7n>b) or to anisotropy group Hy of positive
dimension.

First supposethat we havey 2 pg(X n )b). Let Gz be the closed orbit in
pi.l(y). Then Gz is contained in X n Y. Moreover, the Hilb ert-Mumford-
Birk es Lemma [10], provides a maximal torus T°%: G such that the closure of
T9%z intersects G ¢z°.

Document a Mathema tica 6 (2001) 571{592



590 J. Hausen

Let g2 G with gT% * = T. Then the closureof T&g cortains a point z°°2 Gg°.
Surely, pr (9&) equalsp; (z%9. Thus, sincez®2 X n¥, Proposition 2.3ii) tells
us that gt = g(gdz) is not semistablewith respectto T. A cortradiction.

As the situation y 2 pg (Yn)b) is excluded, the isotropy group Hy, is of positive
dimension, and the whole bre Diel(y) is cortained in ®. Let Ho % Hy bethe
connectedcomponert of the neutral elemen. Then Hy acts freely on the "bre
p5t(y), and the closedorbit Gdz°% p;*(y) is invariant by Ho.

Let t : g 7! g&°denotethe orbit map. Sincethe actions of G and Ho commute,
GY:= 1i Y(Ho&Y is a subgroupof G. SinceH&°2 Hy, there is a torus S°%: G°
with 1 (S% = Hq® usefor example[11, Proposition 1V.11.20].

Let T9% G be a maximal torus with S°% T9 and chooseg 2 G with T =
gT% 1. Then Hotg@z® equals(gS%i 1) @ydz® According to Proposition 2.3 ii),
the point (g9 is not semistablewith respectto T. A cortradiction. So,every
X 2 X is semistablewith respectto G, and the implication \ii) ) i)" is proved.

We cometo the supplemen concerning separateness.Clearly, existenceof a
good quotient X I X =G with X=G separatedimplies that also the quotient
spaceX =N (T) is separated.

For the corverse,supposethat X | X=N(T) existswith a separateddivisorial
X=N(T). Then there is a good quotient X ! X=T with a separatedquotient
spaceX =T, and [6, Theorem 5.4] implies that alsothe quotient spaceX=G is
separated. O

In the proof of Theorem 5.2, we shall use that geometric quotient spacesof
proper actions inherit Q-factoriality. By the lack of a referencefor this pre-
sumably well-known fact, we give here a proof:

Lemma 5.5. Supmsethat a reductive group H actsregularly with nite isotropy
groupson a variety Y and that there is a geometric quotientp: Y ! Y=H. If
Y is Q-factorial, then sois Y=H.

Proof. Assumethat Y is Q-factorial, and let E ¥2 Y=H be a prime divisor.
Then pi 1(E) is a union of prime divisors D1;::: ;D,. Somemultiple mD of the
divisor D := D3+ :::+ D, is Cartier. UsingLemma4.2and Proposition 1.3, we
seethat the group of Cartier divisors generatedby mD is canonically strongly
H -linearized.

Enlarging m, we achieve that the sheafA,p is equivariantly isomorphicto the
pullback p”(L) of someinvertible sheafL on Y=H, usee.qg.[17, Proposition 4.2].
The canonicalsection1 2 Anp (Y) is H-invariant and henceinducesa section
f 2 L(Y=H) having preciselyE asits set of zeroes. O

Proof of Theorem 5.2. If one of the quotients exists, then by [19, Section 0.4]
and Lemmab5.5, the quotient spaceis separatedand Q-factorial. Now, existence

of a geometric quotient X ! X=G surely implies existence of a geometric
quotient X=N(T). Conversely if X=N (T) exists, then it is Q-factorial. Hence
Theorem 5.1 yields a geometric quotient X ! X=G. O
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