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ABSTRACT. This note shavs how two existing approachesto provid-
ing e®ectiwe (quadratic) bounds for the freenesof adjoint line bundles
can be linked to establish a new e®ective bound which approximately
di®ers from the linear bound conjectured by Fujita only by a factor
of the cube root of the dimensian of the underlying manifold. As an
application, a new e®ectie statement for pluricanonical embeddings
is derived.
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1 INTRODUCTION AND STATEMENT OF THE MAIN THEOREM

Let L be an ample line bundle over a compact complex projective manifold
X of complex dimensian n. Let Kx be the canonical line bundle of X. The
following conjecture is due to Fujita [Fuj87].

CoNJECTURE 1.1 (Fuiita). The adjoint line bundle Kx + mL is base point
free (i.e. spanned by global holomorphic sectins) for m > n+ 1. It is very
ample for m >n+ 2.

T he standard example of the hyperplaneline bundle on X = P" shawsthat the
conjectured numerical bounds are optimal. In the caseof X being a compact
Riemann surface, the conjecture is easily veri ed by means of the Riemann-
Roch theorem. Moreover, Reider [Rei88] was able to validate the conjecture
also in the casen = 2. In higher dimensias, the very amplenesspart of the
conjecture has proved to be quite intractable sofar. In fact, no further results
seemto be known here. On the other hand, seweral further results have been
established towards the freenessconjecture. The casen = 3 was sdved by
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32 GORDON HEIER

Ein and Lazarsfeld [EL93] (seealso [Fuj93]), and n = 4 is due to Kawamata
[Kaw97]. In arbitrary dimensian n, the state-of-the-art is that Kx + mL is
basepoint freefor any integer m that is no lessthan a number roughly of order
n? (seebelow for exact statemerts).

To the author's knowledge, [DemQ0] constitutes the most recer survey on the
subject under discussia. It contains an extensiwe list of references(seealso the
referencesat the end of this article) and, furthermore, intr oducesthe reader to
various other e®ectie resultsin algebraic geametry.

The above-mertioned bound in the caseof arbitr ary dimensian n can be derived
from each of the following two theorems, due to Angehm and Siu [AS%] (see
also [Siu96]) and Helmke [Hel97], [Hel99], respectively. Although the proofs
of these two theorems adhere to the same inductive approach, the key ideas
at their coresare of a di®erent nature. In Proposition 3.5, we will shov how
to usethe techniquesin question seanlesslyin a back-to-back manner. T his
insight, together with the numerical considerations in Section 2, will lead to
the improved bound asseted in the Main Theaem and proved in Section 3.
First, let us state the bound given by [AS%)].

THEOREM 1.2 ([AS95]). The line bundle Kx + mL is base point free for m >
in(n+ 1)+ 1.

Secmdly, we state Helmke's result. Due to the nature of his technique, the
assunptions of his theorem are formulated in a slightly di®erent way. We quote
the resultin the way it is presened in [Hel97], becausethe slight improvement
achieved in [Hel99] is not relevant for our purposes.

THEOREM 1.3 ([HELIT]). Assume that L has the additional properties that
L" >n"
and for all x € X:
L Z > my(Z) - n?
for all su?vam‘@ties Z C X withx € Z, d=dmZ < n — 1 and multiplicity
mg(2) < Zl‘ i at . Then Kx + L is base point free.
If n >3, it is clear that we needto set
Sp—fF

-1
mo = max{n - ° Z—l deNand1<d<n}

to determine the minimal bound m, deducible from Theaem 1.3 such that
Kx + mL is basepoint freefor any integer m > mg. Since

SFI—TF
a n=1 1 nlis
i-1 =93 d
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ErrECTIVE FREENESS OF ADJOINT LINE BUNDLES 33

accading to our Lemma 2.3, we nd that the m which one can derive from
Theaem 1.3 is essetially also of the order n2.

We conclude this section with the statement of our Main Thearem, which
assets that the bound mg can be chosento be a number of the order ns.

THEOREM 1.4 (MAIN THEOREM). The line bundle K x + mL is base point free
for any integer m with

1 1
m > (e+ é)n% + én% + 1,
where e =~ 2.718 is Fuler’s number.

2 ESTIMATES FOR BINOMIAL COEFFICIENTS

In order to understand preciselythe natur e of the numerical conditions in the
assunptions of Theaem 1.3, we prove sane auxiliary estimates in this section.
We begn with the following lemma.

3 ’ 1i x

LemvmA 21 Forallz €]0,1[: 1< 5 * <e

Proof. It is obvious that 1 is a strict lower bound of the given expressia, soit

remains to show that
H 1 1

1—-=x

Taking log on both sidesof the inequdity, we seethat we are done if we can
show that

< e.

1j x
X

T —

1 log(1—=x) <1
x

g(z) =

on the open unit interval. Howewer, for this it sutces to prove that
lim, o g(z) = 1and g%x) < 0. Theformer is easily veri ed using L'H 6pital's
rule, while the latter follows readily from a simple computation. O

In the proof of the subsequeh Lemma 2.3, we will employ Lemma 2.1 in the
form of the following corollary.

COROLLARY 2.2. Letn be an integer > 2. Let d be an integer with1 < d < n—1.
Then

ho, T
1< n <e
n—d
Proof. We have
e A1t
K n Woge _ 1 "
n—d Co1- %
Thus the corollary follows immediately from Lemma 2.1. O
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34 GORDON HEIER

T he precedingconsideratio ns allow usto estimate the binomial coez+ cients from
Theaem 1.3 in the form of the following lemma.

LEMMA 2.3. Let1<d<n-—1. Then

Proof. In [AhI78], page 206, Stirling's formula is stated as

H(x)

i(z) = V212" el To'TH

for x > O with 0 < 0(z) < 1. In particular,
V2o el T < j(2) < V2rati Tel etz

for any x > 1. Thus, for the proof of the desired estimate from above, Stirling's
formula enables us to proceedas follows.

L  E i( n)
d—1  (d=D(n—-d)! n—di(d)i(n—d
1 /27 i Tel Netz

<

T n—d\2r4d% zei dy/2m (n — d)™ di Zei (ni d)
s ,

etz d 3n du n Wi a

Vor (n—dn d n—d

3 ,d“ ﬂnid
n

n
d n—d

IN

Resating to Corollary 2.2, we evertually conclude:
Ho_ 1‘|T 1 e Toia

n n
< — <e-.
d-—1 —d n-—d —d
The desired estimate from below is proved analogously:
o I i(n)
d—1 (d=Di(n—-d)! n—di(d)i( n—ad)
1 V2r ™ el m

>
T n—d\2rdd el deiz\/2r (n— d)"i Ui zei (i etz
S———s - M Toia

n n

1 d
- et v2r (n—dn d n—d
> llsn,du n Wi a
- 3n d n—d
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ErrECTIVE FREENESS OF ADJOINT LINE BUNDLES 35

Using Corollary 2.2 again, we obtain:
H 12 r— 1; L

n—19¢_ , 1n_ 1nlii
d—1 T Y3 d

als3

d
>
3n

3 PROOF OF THE MAIN THEOREM

T he following theorem states the improved e®ectie freenessbound which we
shdl prove at the end of this sectim.

THEOREM 3.1 (MAIN THEOREM). The line bundle K x + mL is base point free
for any integer m with

1 1
m > (e+ é)n% + én% + 1,
where e =~ 2.718 is Fuler’s number.

First of all, let usrecdl how a result of this type can be proved by means of
multiplier ideal sheaves.

Let z € X be an arbitrary but "xed point. The key idea of both [AS%] and
[Hel97] is to 'nd an integer my (as small as possible) and a singular metric
of the line bundle myL with the following two propetties:

1. Let h begivenlocdly by e' ». Thenthe curvaturecurrent z‘ac‘)ga dominates
a positive de nite smooth (1, 1)-form on X in the senseof currents.

2. Let the multiplier ideal sheaf of h be de ned stalk-wise by (y € X):
(Zn)y = {f € Ox : |f?¢" © is locdly integrable at y}.

Then, in a neighborhood of z, the zero set of Z;, which we denae by
V(Z), is just the point x. (T his is the key property we are looking for.
Note that the support of V(Z},) is just the set of points where h is not
localy integrable.)

The r st property implies that
HY(X,Ip(Kx + moL)) = (0) (¢ =1),

due to the vanishing theorem of Nadel [Nad89], [Nad90]. (In the specid case
when the singular metric is algebraic geametrically de ned, Nadel's vanish-
ing theorem is the same as the theorem of Kawamata and Viehweg [Kaw82],
[Vie82].) With this information and the secad property, it is easy to obtain
an element of j( X, Kx + mgL) which doesnot vanish at . Namely, consider
the shat exact sequence

0— Zn(Kx + moLl) = Kx + moL — (Ox/Zp)(Kx + moL) — 0.
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36 GORDON HEIER

The relewvant part of the pertaining long exact sequenceeads:
i( X, Kx + moL) — i( V(Zn),(Ox /Zp)(Kx + moL)) — 0O,

which implies by virtue of the secand property that

i( X, Kx + moL) " i( {a}, Opag(Kx + moL)) — O,

meaning that the restriction map to {z} is surjective, which is what we intended
to prove. Note that, since L is ample, there trivially exists a metric with the
two aforementioned properties for every line bundle mL with m > mg (just
multiply the metric for myL by the (m — mg)-th power of a smooth positive
metric of L).

In both [AS%] and [Hel97], the saught-after metric & is produced by an induc-
tive method. First, here is the key statement proved in sections 7{9 of [AS®)].
The cornerstone of its proof is a clever application of the theorem of Ohsava
and Takegoshi on the extensin of L? holomorphic functions [OT87]. Note
that, in contrast to [AS%], we are only concemed with freenessand not point
sepaation, sowe can do without the complicated formulations found there.

PROPOSITION 3.2 ([AS95]). Let d be an integer with 1 < d <n—1. Let kq be a
positive rational number, and let hy be a singular metric of the line bundle kqL.
Assume that x € V(Zyy) and x & V(I ) for v < 1. Moreover, assume that
the dimensions of those components of V(Zp,) which contain x do not exceed
d. Then there exist integers dO kg with0< d®< d and kg < kgo < kg+ d+ ¢ (e
denotes a positive rational number which can be chosen to be arbitrarily small)
and a singular metric hgo of kgL such that hgo possesses the same properties
as hq, but with d and kq replaced by d° and kqp.

Secmd, the key statement of [Hel97] is the following proposition. It is stated in
such away that it unites [Hel97], Proposition 3.2 (the inductiv e statement), and
[Hel97], Coroallary 4.6 (the multiplicit y bound), into oneready-to-usestatemert.
In its proof, the useof the aforementioned L? extensim theorem is avoided by
an explicit bound on the multiplicit y of the minimal certers occurring in the
inductiv e procedure.

ProposITION 3.3 ([HEL97]). Let d be an integer with 1 < d <mn — 1. Let
L" >n"

and . .
L%.Z > my(Z) - n?

for all subvarieties Z C X¢ such that x € Z, d < &= dmZ < n—1 and
multiplicity m,(Z) < ZI' i at . Then there exists an integer 0 < d° < d,
a rational number 0 < ¢ < 1 and an effective Q-divisor D such that D is Q-
linearly equivalent to cL, the pair (X, D) is log canonical at x and the minimal

center of (X, D) at x is of dimension d°
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Let usbrie®y recdl the de nitio ns of some of the terms occurring in Proposition
3.3. First of all, for a pair (X,D) of a variety X and a Q-divisor D, an
embedded resolution is a proper birational morphism 7 : Y — X from a smooth
variety Y sudh that the union of the support of the strict transfoom of D
and the exceptional divisor of 7 is a normal crossingdivisor. Next, we de ne
the following notions, which are fundamental in the study of the birational
geametry of pairs (X, D).

DEFINITION 3.4. Let X be a normal variety and D = P ;d;D; an e®ective
Q-divisor such that Kx + D is Q-Cartier. If 7 : Y — X is a birational
morphism (in particular, an embeddedresdutio n of the pair (X, D)), we de ne
the discrepancy divisor of (X, D) under 7 to be

X

bij = Ky — TFE(KX + D)
J

The pair (X, D) is cdled log canonical (resp. Kawamata log terminal) at x, if
there exists an embeddedresdution 7 sudh that b; > —1 (resp.b; > —1) for all
j with o € w(F;). Moreover, a subvariety Z of X containing « is sad to be a
center of a log canonical singularity at x, if there exists a birational morphism
m:Y — X and a componert F; with 7(F;) = Z and b; < —1.

It follows from Shdkurov's connectednesdemma in [Sha86] that the intersection
of two certers of a log canonical singularity is again a certer of a log canonical
singularity (for a proof, seeglKaw97]). Thusthereexistsa unique minimal certer
of a log canonical singularity at = with respect to the inclusion of subvarieties
on X.

In order to connect Proposition 3.2 and Proposition 3.3 for our purposes,we
derive from the conclusion of Proposition 3.3 a statement about the existence
of a certain singular metric:

ProOPOSITION 3.5. Let (X, D) be a pair of a smooth projective variety X and an
effective Q-divisor D. Let x € X be an arbitrary but fixed point. Assume that
the pair (X, D) is a log canonical at x with its minimal center at x being non-
empty. Let 0 < ¢ < 1 be a rational number such that D is Q-linearly equivalent
to cL. Then there exists a singular metric hp and a rational number c® (which
can be chosen to be arbitrarily close to c) such that hp is a metric of c°L,
x € V(Iyy ) and V(Iy, ) is contained in the minimal center of (X, D) at z in
a neighborhood of x. Moreover, x & V(Z(p, ) for v < 1.

Proof. Let s be a multivalued holomorphic section of ¢L whose Q-divisor is

D. This means that for same positive integer p with ¢p being an integer, the

p-th power of s is the canonical holomorphic section of pcL with divisor pD.

Let Z dende the minimal certerof (X, D) and 7 : Y — X alog resdution of

(X, D) with discrepancy divisor =, b;F;. We chooser sud that there exists
least one index jo with b, = —1 and n(Fj,) = Z. Furthermore, we set
j(Sij = Wu(D).
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Since L is ample, we can choose a nite number of multivalued holomorphic
sectins s1,...,s, of L whose common zero set is exactly Z. Let §, ; dende
the vanishing order of 7°s; along F; at a genelic point of F;. If we set¢ :=
min{d; j, :¢=1,...,q}, then 6 > 0 holds becauseall s; vanish on Z.
For small positive rational numbers e, % we de ne the following singular metric
of, say, el:

Bip 1 b 1

CsPaA L s

Whatever the choice of ¢,c° may be, 7ip is locally integrable outside of Z in
a small neighborhood of z. Here is how to choose e, <% in order to make 7ip
not integrable at x. In a small neighborhood U of z, the integrability of %p is
equivalent to the integrability of

1 o 1

[som2i 9 (L [s;0m)

mhip|Jac(r)|? = |Jac(r) |?

over every small open subsetW of #i }(U). Note that |Jac(w)|? can only be
de ned locally, and over W we take it to be the quotient

™ (wy A by)
ww N oy

where wy;, wyy are arbitr ary but "xed nowhere vanishing loca holomorphic n-
formson U and W, respectively. As we continue, we obselve that there exists
a small open subsetW of i }(U) such that W N F}, # 0 and 7°7ip|Jac(r)|?
has a pole along W N F;,, with its order at a generic point of W N F, being

bj, + €8, — €%.

This number equds —1 if we choose ¢ arbitr arily and set £° := %aﬁjo. We

conclude that, with these choicesfor  and &%, 7ip is not integrable at .
Finally, we set hp := (fip)" with

r:=min{p:0<p<1 (hp)”isnot integrable at =}

to obtain the desired singular metric for c°L. Notice that if we let ¢ — 0, then
r—1 e¢—cand - e O

Now we are in a position to prove our Main Theaem.

Proof. Fix x € X. Our goal is to prove that, if mg is the smallest integer no
lessthan

(e+ %)n% + %n% + 1,

there exists a singular metric ~ of the line bundle myL sud that the two
properties listed at the begnning of this section are sais ed. Aswas explained
befare, this is all that is necessey to prove the Main Theaem.
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ErrECTIVE FREENESS OF ADJOINT LINE BUNDLES 39

Let a be the smallest integer which is no lessthan eni. Let dy bethe integral
part of ns. Accading to Lemma 2.3, we have
Mn — 1ﬂ ¢ < n2
-1 "=°

for all integers @ with 1 < & <n — 1. Furthermore,

n2

wls

<a

e <en

for @> n%. Thus we can use Proposition 3.3 to produce an e®ective Q-divisor
D sudh that D is Q-linearly equivalent to caL for same 0 < ¢ < 1, the pair
(X, D) is log canonical at = and its minimal certer at « is of dimensian d° for
same integer d° with 0 < d° < dy. By Proposition 3.5, this translates into the
existenceof a singular metric h; of (%L (0 < ® < 1) such that = € V(Zy,),
x & V(Z,)y) for v < 1 and the dimensims of those componerts of V(Zy,)
that contain = do not exceedd’.

From this point onwards, we can use the method of [AS%] in the form of
Proposition 3.2 to produce inductiv ely a singular metric hy, sud that V(Z},)
is isolated at x. If the constructed metric hs is a metric for, say, kL, then

E<cla+1+2+ .. +do+e+ex+ ...+ eq,.

Sincethe ¢; can be chosento be arbitr arily small positive rational numbers and
since® < 1, we can assune that

Sa+ 1+ 2+ +dyg+t e+t eat . ey <at+ 1+ 2+ ..+ do.

To obtain a metric of moL with the additional property that its curvature
current dominates a positive de nite smooth (1, 1)-form on X in the senseof
currents, we can simply multiply hy by the (mg — k)-th power of a smooth
positive metric of L to obtain the desired metric h of mgL. Note that mg — k
is a positive number because

mo—k > m()—(a+ 1+2+...+d())

> mo—(en%+l+ 1+ 2+ ...+ dy)

1
= mo—(ent+ 1+ 5do(do + 1))

1
> mof(en% +1+ En%(n% + 1)

mo — ((e+ %)n% + %n% +1)>0.
The proof of the Main Thearem is now complete. O
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4  APPLICATIONS

As was indicated before, not much is known about the very amplenesspart of

the Fujita conjecture. The theorems and techniqguesmentioned in the previous
sections do not seemto be directly applicable to it. Howewver, Angehm and Siu

[AS%] were able to prove the following weaker analog to the very ampleness
part of Fujita's conjecture, in which they assune that L, in addition to being
ample, is also basepoint free. Their result improveson previous results of Ein,

Kéchle and Lazarsfeld [EKL95] and Kollar [Kol93].

THEOREM 4.1 ([AS95]). Let L be an ample line bundle over a compact complex
manifold X of complex dimension n such that L is free. Let A be an ample line
bundle. Then (n+ D)L+ A+ Kx is very ample.

In conjunction with our Main Theaem, Theaem 4.1 can readily be applied
to the case of an ample canonical line bundle in order to give the following
e®ecti\e statement on pluricanonical embeddings. As far as the author knows,
this is the best e®ective statement on pluricanonical embeddings currertly on
hand. Note that Fujita's conjecture indicates that the statement of Corollary
4.2 shauld hold true for any integer m > n + 3.

COROLLARY 4.2. If X is a compact complex manifold of complex dimension n
whose canonical bundle K x is ample, then mK x is very ample for any integer
m > (e+ %)n% + %n% + (e+ %)n% + 3n + %n% + 5.

Proof. Let mo be the smallest integer no lessthan (e + %)n% + %n% + L
Accading to our Main Theaem, moKx + Kx = (mg + 1)Kx is base
point free (and, of course, ample). Thus we can apply Theaem 4.1 with
L= (mg+ 1)Kx and A = Kx to obtain that mKx is very ample for any
integer m > (n+ 1)(mg + 1) + 2. A simple estimate yields the following upper
bound for (n+ 1)(mg+ 1) + 2:

(n+ (mo+ 1)+ 2
= mon+)+n+3

1 1
< ((e+ é)n% + én% +1+ I)(n+ 1)+ n+3
= (et %)n% + %n% + (e+ %)n% + 3n+ %n% + 5.
O
Finally, we remark that our e®ectie statement on pluricanonical embeddings
can be usedto shapen the best known bound for the number of dominant
holomorphic maps from a "xed compact complex manifold with ample canoni-
ca bundle to any variable compact complex manifold with big and numerically

e®ective canonical bundle.
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