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Abstract. Let G denae the p-adic group GL(n), let | (G) denae
the smooth dual of G, let | (- ) dende a Bernstein component of
i (G) and let H(- ) denae a Bernstein idea in the Hede algebra
H(G). With the aid of Langlands parameters, we equip | (- ) with
the structur e of complex algebraic variety, and prove that the periodic
cyclic homology of H(- ) is isomorphic to the de Rham cohomology
of | (- ). We shaw how the structure of the variety | (- ) is related to
Xi's at rmation of a conjecture of Lusztig for GL (n;C). The smooth
dual | (G) admits a deformation retraction onto the tempered dual
i 1(G).
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Int r oduc t ion

The use of unrami ed quasicharacters to creae a complex structure is well
established in number theory. The group of unrami ed quasicharacters of the
idele class group of a global "eld admits a complex structure: this complex
structure provides the background for the functional equation of the zetainte-
gral Z(! ;©), see[Bd, Theaem 2, p. 121].

Let now G be a reductive p-adic group and let M be a Levi subgoup of G.
Let | 5¢(M) denae the set of equivalence classesof irreducible supercuspidd
represertations of M. Harish-Chandra creaes a complex structure on the
set! S¢(M) by using unrami ed quasicharacters of M [fL, p.84]. This complex
structur e providesthe background for the Harish-Chandra functional equaions

, p. 91].

Ernstein considered the set- (G) of all conjugacy classesof pairs (M ; %) where
M is a Levi subgoup of G and %is an irreducible supercuspidd represenation
of M. Making useof unrami ed quasicharacters of M, Bernstein gave the set
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- (G) the structure of a complex algebraic variety. Each irreducible componert
- of - (G) has the structure of a complex at ne algebraic variety [E].

Let | (G) denae the set of equivalence classesof irreducible smooth represen-
tations of G. We will cdl | (G) the smooth dual of G. Bernstein de nes the
in" nitesimal character from | (G) to - (G):

inf:ch::} (G)! - (G):

The in"nitesim al character is a "nite-to -one map from the set | (G) to the
variety - (G).

Let F be a nonarchimedea local "eld and from now on let G = GL(n) =
GL(n;F). Let now W bethe Weil group of the local "eld F, then W admits
unrami ed quasicharacters, namely thosewhich are trivial on the inertia sub-
group | . Making useof the unrami ed quasicharacters of Wg, we intr oduced
in [E] a complex structure on the set of Langlands parameters for GL(n). In
view of the loca Langlands correspondencefor GL (n) this creates, by tr ansport
of structure, a complex structure on the smooth dual of GL (n).

In Section 1 of this article, we desciibe in detail the complex structure on the
set of L-parameters for GL (n). We prove that the smooth dual | (GL(n)) has
the structure of complex manifold. The loca L-factors L(s;%) then appea as
complex valued functions of seweral complex variables. We illustr ate this with
the local L-factors atta ched to the unrami ed principal seilies of GL(n).

The complex structure on | (GL(n)) is well adapted to the periodic cyclic
homology of the Hede algebra H(GL(n)). The identical structure arisesin
the work of Xi on Lusztig's conjecture [. Let W be the extended ax ne
Weyl group assaiated to GL(n;C), and let J be the assaiated based ring
(asymptotic algebra) [@, . Xi con'r ms Lusztig's conjecture and provesthat
J - 2z C is Morita equivalent to the coordinate ring of the complex algebraic

variety (CE)“:Sn, the extended quotient by the symmetric group S, of the
complex n-dimensiaal torus (C#)". In Section 2 we descibe the theorem of
Xi on the structure of the basedring J.

Sothe structure of extended quotient, which runs thr ough our work, occursin
the work of Xi at the level of algebras. The link with our work is now provided
by the theorem of Baum and Nistor [§, f]

HPa(H (n;q)) * HP.(J)

where H (n; g) is the assxiated extended at ne Hede algebra.

Let - be a component in the Bernstein variety - (GL(n)), and let H(G) =
H (- ) be the Bernstein decanposition of the Hede algebra.

Let

' (-) = (inf:ch)il-:

Then| (- ) isasmooth complex algebraic variety with “nitely many irreducible
componerts. We have the following Bernstein decanposition of | (G):

G
(G = )
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Let M be acompact C! manifold. ThenC?! (M) is a Fr@det algebra, and we
have Connes' fundamental theorem [@, Theaem 2, p. 208]:

HP.(C! (M)) 2 H*(M;C):

Now the idea H (- ) is a purely algebraic object, and, in computing its periodic
cyclic homology, we would hopeto 'nd an algebraic variety to play the role of
the manifold M. This algebraic variety is| (- ).

Theorem 0.1. Let - be a component in the Bernstein variety - (G). Then
the periodic cyclic homolay of H (- ) is isomorphic to the periodised de Rham
cohomolay of | (- ):

HPo(H (- )) 2 H( (- );C):

This theorem constitutes the main result of Section 3, which is then usedto
shaw that the periodic cyclic homology of the Hede algebra of GL (n) is isomor-
phic to the periodic cyclic homology of the Schwartz algebra of GL (n). We also
provide an explicit numerical formula for the dimensim of the periodic cyclic
homology of H(- ) in terms of certain natural number invariants atta ched to

The smooth dual | (GL(n)) has a natural strati ca tion-by-dimensian.
We compare this strati cation with the Sdineider-Zink strati ca tion [.
Strati ca tion-by-dimensim is ner than the Schneider-Zink strati ca tion, see
Section 3.

A scheme X is a topological space, called the support of X and denaed jXj,
together with a shed Ox of rings on X, suc that the pair (jXj; Ox ) is locally
at ne, see[@, p. 21]. The smooth dual | (G) determinesa reducedscheme, see
[@, Prop. 2.6]. If S is the reducedscheme determined by the Bernstein variety
- (G), then | (G) is a scheme over S, i.e. a scheme together with a morphism
i (G) ! S. This morphism is the g-projection introducedin [E]:

Vgl (G)! S

In Section 4 we give a detailed desciiption of the g-projection and prove that
the g-projection is a nite morphism.

From the point of view of honcommutative geametry it is natural to seekthe
spaceswhich underlie the noncommutativ e algebras H (G) and S(G). The space
which underlies the Hede algebra H (G) is the complex manifold | (G). The
space which underlies the Schwartz algebra is the Harish-Chandra parameter
space, which is a disjoint union of compact orbifolds. In Section 5 we construct
a deformation retraction of the smooth dual onto the tempered dual. We view
this defarmation retraction as a geametric counterpart of the Baum-Connes
assenbly map for GL(n).

In Section 6 we tr ack the fate of supercuspidd represettations of G thr ough the
diagram which appeasin Section 5. In particular, the index map * manifests
itself as an example of Ahn reciprocity.

We would like to thank Paul Baum, Alain Connes,Jean-Francois Dat and Nigel
Higsan for many valuable conversations. Jacek Brodzki was supported in part
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by a Leverhulme Trust Fellowship. This article was completed while Roger
Plymen was at IHES, France.

1. The complex structure on the smoot h dual of GL(n)

The eld F is a nonarchimedean local "eld, sothat F is a nite extensian of
Qp, for same prime p or F is a nite extensim of the function "eld Fy((x)).
Theresidue eld kg of F is the quotient or =m¢ of the ring of integers or by
its unigue maximal ideal mg. Let g be the cardinality of kg .

The essenceof local class eld theory, see[@, p.300], is a pair of maps

(d:Gi! B:v:FE 1 2)
where G is a pro nite group, b is the pro nite completion of Z, and v is the
valuation.
Let F be a sepaable algebraic closure of F. Then the absdute Galois group
G(FjF) is the projective limit of the Tnite Galois groups G(EjF) taken over
the “nite extensims E of F in F. Let I be the maximal unrami ed extensian
of F. Themap d is in this casethe projection map

d:G(FjF)i! G(FjF)2 2

The group G(FjF) is procyclic. It has a single topological genemtor: the
Frobenius automorphism Az of FjF. The Weil group We is by denitio n the
pre-image of < Ar > in G(F j F). We thus have the surjective map

d:Wg ! Z

Thepre-image of Ois the inertia group | . In other words we have the following
shart exact sequence

1V 1g! Wl Z1' O
Thegroup I ¢ is giventhe pro nite topology inducedby G(FjF). Thetopology
on the Weil group WE is dictated by the above shat exact sequence.T he Weil
group WE is alocaly compact group with maximal compact subgoup I . The
map

WE i! G(FjF)

is a contin uous homomorphism with denseimage.
A detailed accaunt of the Weil group for local "elds may be found in [@]. For
atopological group G we dende by G the quotient G2 = G=G° of G by the
closure G€ of the commutator subgroup of G. Thus G is the maximal abelian
Hausda® quatient of G. The local reciprocity laws [@, p.320]

reje - G(EjF)® 2 FE=Ng EF
now creae an isomorphism , p.69:
re t w22 gt

We have Wg = t ©"lg;n 2 Z. The Weil group is a localy compact, totally
disconnected group, whose maximal compact subgoup is | . This subgoup
is also open. There are thr ee models for the Weil-Deligne group.
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Complex Struct ure 95

One model is the crossedproduct Wg n C, where the Weil group acts on C by
w ¢x = kwkx, for all w2 Wg and x 2 C.

Theaction of Wg on C extendsto an action of W on SL (2; C). The semidirect
product Wg n SL(2; C) is then isomorphic to the direct product W £ SL (2; C),
see[@, p.278]. Thena complex represetation of Wg £ SL(2; C) is determined
by its restriction to Wg £ SU(2), where SU(2) is the standard compact Lie
group.

From now on, we shdl usethis model for the Weil-Deligne group:

L =W £ SU(Z)
Definit ion 1.1. An L-parameter is a continuous homomorphism
A:Lg! GL(n;C)

sud that A(w) is serisimple for all w 2 Wg. Two L -parameters are equivalent
if they are conjugate under GL(n;C). The set of equivalence classesof L-
parameters is dended ©(G).

Definit ion 1.2. A represeration of G on a complex vector spaceV is smooth
if the stabilizer of each vector in V is an open subgoup of G. The set of
equivalence classesof irreducible smooth represenations of G is the smooth
dual | (G) of G.

Theorem 1.3. Local Langlands Correspondence for GL(n). There is a natural
bijection between ©(GL(n)) and | (GL(n)).

The naturality of the bijection involves compatibilit y of the L-factors and 2-
factors atta ched to the two typesof objects.
The loca Langlands conjecture for GL(n) was proved by Laumon, Rapoport
and Stuhler when F has positive characteristic and by Harris-Taylor [[[7]
and Henniart [19] when F has characteristic zero.
We recdl that a matrix coetcient of a represeration %:0of a group G on a
vector spaceV is a function on G of the form f (g) = hH4g)v;wi, wherev 2 V,
w 2 V7 and V* dendes the dual space of V. The inner product is given by
the duality betweenV and V®°. A represetiation %0of G is called supercuspidal
if and only if the support of every matrix coexcient is compact modulo the
cenre of G.
Let ¢; = spin(j) dendae the (2j + 1)-dimensimal complex irreducible represen-
tation of the compact Lie group SU(2), j = 0;1=2;1;3=2;2;:::.
For GL(n) the loca Langlands correspndenceworks in the following way.
2 Let Y%be an irreducible represertation of the Weil group Wg. Then
Y& (Y2 1) is an irreducible supercuspidd represenation of GL (n), and
ewvery irreducible supercuspidd represenation of GL(n) arisesin this
way. If det(¥} is a unitary character, then ¥ (¥2 1) has unitary certral
character, and sois pre-unitary.
2 Wehave % (Y= spin(j)) = Q(¢ ), the Langlands quotient assciated to
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96 J. Br odzki, R. Plymen

then Q(¢ ) is in the discrete seiies. In particular, if ¥2= 1 then ¥ (1 -
spin(j)) is the Steinberg represenation St(2j + 1) of GL(2] + 1).
2 |If Ais an L-parameter for GL(n) then A= A; ©:::© Ay, where Ay =

If det(%) is a unitary character for each j, then % (A) is a tempered
represenation of GL(n).

This correspndencecreaes, as in [@ p. 381], a natur al bijection
Ye :©(GL(n)) ! | (GL(N)):
A quasi-character A : Wg | Cf is unrami ed if A is trivial on the inertia
group | . Recdl the shat exact sequence
ol 1e! We!*z1 0

ThenA(w) = z4MW) for soamez 2 C£ . Note that A is not a Galois represettation
unlessz has nite order in the complex torus C%, see[@]. Let 3 WEg) denae
the group of all unrami ed quasi-characters of Wg. Then
3 Wg) ' CF
A7 z

Each L-parameter A: Ly ! GL(n;C) is of the form A; © ¢¢¢© A, with each
A irreducible. Each irreducible L-parameter is of the form %2 spin(j) with %
an irreducible represettation of the Weil group Wg.

Definit ion 1.4. The orbit O(A) ¥ ©¢ (G) is de ned as follows

) /L
OA=f AAjJA 23 W)l r- mg
r=1
where each A, is an unrami ed quasi-character of W .

Definit ion 1.5. Let detA, be a unitary character, 1 - r - m and let A =
A ©:::©A,. The compact orbit O'(A) 2 ©'(G) is de ned as follows:

) M
OA=f AAjA 228 (Wg);1- r- mg
r=1

where each A, is an unrami ed unitary character of W .
We note that | £ SU(2) ¥2 WE £ SU(2) and in fact | ¢ £ SU(2) is the maximal
compact subgoup of Lr. Now let A be an L-parameter. Moving (if necessay)
to another point in the orbit O(A) we can write A in the canonical form

Az A©:::0A0::0A©::©A
where A; is repeaed |, times,:::, A is repeaed |, times,and the represena-
tions

Al esup
are irr@ducible and pairwise inequivalent, 1 - j - k. We'will now write
k = k(A). This natural number is an invariant of the orbit O(A). We have

O(A) = Sym'*CE £ ::: £ SymxC*
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the product of symmetric products of CE .

Theorem 1.6. The set ©(GL(n)) hasthe structure of complex algebraic vari-
ety. Each irr educble component O(A) is isomorphic to the product of a complex
atn e space and a complex torus

O(A) = A' £ (CE)K
whee k = k(A).

closedsubset. Therefare X is an at ne algebraic variety, as in [36, p.50].
Let A = C[X] be the coordinate ring of X. This is the restriction to X of

and let Z denae the quatient variety X=S,. Thevariety Z is an at ne complex
algebraic variety.
The coordinate ring of Z is

C[Z]' C[x;:::;xa]® - C[% Y
' C[3%;:::;%]- C[%1Y
' Cl3a;:: %, 1]- Cl¥m: %4
" C[A" 11- C[A fOg]
" CIAM1E (A fOg)]

where A" dendes complex at ne n-space. The coordinate ring of the quotient
variety CE"=S,, is isomorphic to the coordinate ring of A"i 1 £ (A f0g). Now
the categories of at ne algebraic varieties and of nitely genemted reduced
C-algebras are equivalent, see[36, p.26]. Therefare the variety CE"=S, is
isomorphic to the variety A"i 1 £ (A f0g).

Consider Aj fOg = V(f) wheref(x) = xaX2j 1. Then @=@&1 = x, 6 0
and @=@&, = x1 6 0 on the variety V(f). SoAj fOg is smooth. Then
A"l £ (A f0Og) is smooth. Therefore the quotient variety CE"=S, is a
smooth complex a+ ne algebraic variety of dimensian n. Now each orbit O(A)
is a product of symmetric products of C¥. Therefare each orbit O(A) is a
smooth complex at ne algebraic variety. We have

O(A) = Sym'*CE £ ::: £ Sym*CE = Al £ (CF)X

wherel = |1+ :::+ I j k and k = k(A). a
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We now transport the complex structure from ©(GL (n)) to | (GL(n)) via the
loca Langlands correspondence. This leads to the next result.

Theorem 1.7. The smooth dual | (GL(n)) has a natural complex structure.
Each irr educible component is a smooth complex atn e algebraic variety.

Thesmooth dual | (GL(n)) hascountably many irreduciblecomponerts of each
dimensian d with 1 - d - n. Theirreducible supercuspidd represetations of
GL (n) arrange themselwesinto the 1-dimensiaal tori.

It follows from Theaems 1.6 and 1.7 that the smooth dual | (GL(n)) is a
complex manifold. Then C £ | (GL(n)) is a complex manifold. So the local
L -factor L(s;%) and the local 2-factor 2(s; %) are functions of several complex
variables:

L:CE! (GL(n)i! C

2:CE£ | (GL(n)) ! C:

sicharacters of the Weil group Wg. Then we have
A w) = 7'

with z 2 CE forall 1- j - n. Let Abethe L-parameter givenby A;©:::0A,.
Thenthe image ¥ (A) of A under the loca Langlands correspondence¥s is an
unrami ed principal seliesrepresertation.

For the local L-factors L(s;Y) see[23, p. 377]. Theloca L-factor attached to
such an unrami ed represertation of GL(n) is given by

] Y o
L(s;%(A) = (i zq "
j=1
This exhibits the loca L-factor as a function on the complex manifold C £
Sym"CE .

2. The structure of the based ring J

Let W be the extended at ne Weyl group assciated to GL(n;C). For each
two-sided cell ¢ of W we have a corresponding partition , of n. Let * be the
dual partition of ,. Let u be a unipotent element in GL(n; C) whose Jordan
blocks are determined by the partition . Let the distinct parts of the dual
partiion ! be®;:::;t, with 1, repeaed n; times,1- r - p.

Let Cg (u) bethe centralizer of uin G = GL(n; C). Thenthe maximal reductive
subgroup F¢ of Cg(u) isisomorphic to GL (ny; C)£ GL(nz; C)£ ¢¢E GL (n,; C).
Following Lusztig [27] and Xi [40, 1.5] lepJ be the free Z-module with basis
ftw j w2 Wg. Themultiplicationtyty = |, “wuvtv de nesan assaiativ e
ring structure on J. The ring J is the basedring of W. For each two-sided
cell ¢ of W the Z-submodule J. of J, spanned by all t,,, w 2 c, is a two-sided
ideal of J. Thering J; is the basedring of the two-sidedcell c. Let jY|j be the
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number of left cells contained in c. The Lusztig conjecture says that thereis a
ring isomorphism

Je ! Mij(RFc); tw 7! YAw)

where Rg, is the rational represenation ring of F.. This conjecture for
GL (n; C) has beenproved by Xi [40, 1.5, 4.1, 8.2].

SinceF isisomorphic to a direct product of the generl linear groups GL (n;; C)
(1 i- p) weseethat Rg, is isomorphic to the tensa product over Z of the
represemnation rings Rg (n;:c), 1+ i - p. For the ring Rg, (n.c) We have

ReL (ni0) Z[%a Y %
' Z[Xl;"';Xn;Xill;"';X' 1]s.1
We have
Rl (nic) - zC' C[Sym"CE]
and

Re, - zC' C[Sym"CE £ ¢¢¢£ Sym"»CE]

Werecdl the extended quotient. Let the nite group j act on the space X . Let
X =f(x;°):°x=xg, letj act on ® by °1(x;°) = (°1x; °;°°i 1), Then =
is the extended quotient of X by j, and we have

G

R= = X'=Z(°)
where one ° is chosenin each j-co njugacy class.
There is a canonical projection X=j ! X=j.

Let ° 2 S, have cycletype?!, let X = (C%)". Then

o

X® ' (CE)'t £ ¢G¢E (CE)»
. Z(°) ' (Z=1Z)0Sy, £ CGCE (Z=,Z) 0OS;,
X°=Z(°) ' Sym''Ct £ ¢¢¢£ Sym"rC*E
and so
Re, - zC' CIX =Z(°)]
Then

J-2C=0c(Jc-2C)» Oc(Rg, - 2C)' C[R=S,]

The algebra J - 7 C is Morita equivalent to a reduced, nitely genemted, com-
mutativ e unital C-algebra, namely the coordinate ring of the extendedquatient
ﬁ:Sn .
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3. Periodic cyclic homology of the Hecke algeb ra

The Bernstein variety - (G) of G is the set of G-conjugacy classesof pairs
(M;3%)3, where M is a Levi (i.e. block-diagonal) subgoup of G, and %is an
irreducible supercuspidd represertation of M. Each irreducible smooth rep-
resenation of G is a subquotient of an induced represertation igy % The
pair (M;%) is unique up to conjugacy. This creaes a nite-to -one map, the
in nitesim al character, from | (G) onto - (G).

Let - (G) be the Bernstein variety of G. Each poaint in - (G) is a conjugacy
classof cuspidd pairs (M;%). A quasicharacter A: M ! C¥£ isunrami ed if
A is trivial on M*. The group of unrami ed quasicharacters of M is dended
a( M). Wehave? M) 2 (CE) where" is the parabolic rank of M. The group
a( M) now creaes orbits: the orbit of (M;%) isf(M;A- 3 : A2 3 M)g.
Denae this orbit by D, and set- = D=W(M;D), where W(M) is the Weyl
group of M and W (M ;D) is the subgoup of W (M) which leavesD globally
invariant. The orbit D has the structure of a complex torus, and so- is a
complex algebraic variety. We view - as a componert in the algebraic variety
- (G).

The Bernstein variety - (G) is the disjoint union of ordinary quotients. We now
replacethe ordinary quctient by the extended quotient to creae a new variety
- *(G). Sowe haveG

G
-(G)= D=W(M;D) and - *(G)= [B=W(M;D)

Let - be a component in the Bernstein variety - (GL(n)), and let H(G) =
H (- ) be the Bernstein decanposition of the Hede algebra.
Let
''(-) = (inf:ch)il-:
Then| (- ) isasmooth complex algebraic variety with “nitely many irreducible
componerts. We have the following Be(r;nstein decanposition of | (G):

(G = ()
Let M beacompact Ct manifold. ThenC?* (M) is a Fr§det algebra, and we
have Connes' fundamental theorem [14, Theaem 2, p. 208]:
HP,(C! (M)) 2 H*(M;C):

Now the ideal H (- ) is a purely algebraic object, and, in computing its periodic
cyclic homology, we would hope to nd an algebraic variety to play the role of
the manifold M . This algebraic variety is| (- ).

Theorem 3.1. Let - be a component in the Bernstein variety - (G). Then
the periodic cyclic homolgyy of H (- ) is isomorphic to the periodised de Rham
cohomolay of | (- ):

HPa(H (- )) 2 H°( (- );O):
Proof. We can think of - as a vector (¢1;:::;¢) of irreducible supercuspidd
represerations of smaller general linear groups, the ertries of this vector being
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only determined up to tensaring with unrami ed quasicharacters and permuta-

Then there is a Morita equivalence
H(-)» H(ei;a) - :::- H(er; o)

This result is due to Bushnell-Kutzko [11, 12, 13]. We descibe the stepsin
the proof. Let (*2W) be an irreducible smooth represenation of the compact
opensubgoup K of G. Asin [12, 4.2], the pair (K;%) is an - -typein G if and
only if, for (%4V) 2 | (G), we have inf.ch.(*4 2 - if and only if Yacontains %2
The existenceof an - -type in GL(n), for each component - in - (GL(n)), is
established in [13, 1.1]. Solet (K;%3 be an - -type in GL(n). Asin [12, 2.9],
let

e x) = (volK)i (dim % Tracey (“%x' 1))
for x 2 K and 0 otherwise.
Then ey is an idempotent in the Hedke algebra H (G). Then we have

H(- )= H(G)re,aH(G)
asin [12, 4.3] and the two-sidedided H (G) ae,,oH (G) is Morita equivalent to
e, H(G) @e, Now let H(K ;%) be the endomorphism-valued Hede algebra

attached to the semisimple type (K;%3. By [12, 2.12] we have a canonical
isomorphism of unital C-algebras :

H(G;%A- cEndcW 2 e,o0H(G) mey,
sothat e,,oH(G) ey, is Morita equivalent to H (G;%. Now we quote the main
theorem for semisimple typesin GL(n) [13, 1.5]: there is an isomorphism of
unital C-algebras

H(G;A2 H(Gy;%)- ::- H(Gr; %)
The factors H (Gj; %) are (extended) at ne Hedke algebras whose structure is
given explicitly in [11, 5.6.6]. This structure is in terms of genefmtors and
relations [11, 5.4.6]. Solet H(e;q) dende the at ne Hedke algebra assciated
to the at ne Weyl group Z® 0 Se. Putting all this together we obtain a Morita
equivalence

H(-)» H(ei;q) - - H(ersq)
The natural numbers qu;:::;q arespeci ed in [11, 5.6.6]. They are the cardi-
nalities of the residue elds of certain extensian "elds E,=F;:::;E,=F.

Using the Kiénneth formula the calculation of HP.(H (- )) is reducedto that
of the at ne Hedke algebra H (e;qg). Baum and Nistor demonstrate the spectral
invariance of periodic cyclic homology in the classof nite type algebras [3, 4].
Now H(e;q) is the lwahori-Hedke algebra assaiated to the extended at ne
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Weyl group Z€ 0 S, and let J be the asymptotic Hedke algebra (basedring)
assciated to Z®0 S.. Accading to [3, 4], Lusztig's morphismsAq H(e;q)! J
induce isomorphisms

(Ag)e : HPs(H(e;0)) ! HPL(J)
for all g2 C® that are not proper roots of unity. At this point we can back
track and deducethat

HPa(H(e;q) ' HPa(J) ' HPa(H1)

and usethe fact that H(e;1) ' C[Z® 0 S¢]. It is much more illuminating to
quote Xi's proof of the Lusztig conjecture for the basedring J, seeSection 2.
Then we have

HPs(H (€;0) ' HPa(J) ' HPa(C[(CE)e=S.]) * H((TE )e=S,; C):

If - has exponents e;;:::;e thene + :::+ e = d(- ) = dim¢c -, and W(- )
is a product of symmetric groups:

W(-)=Se £ 11 £ S
We have

HPs(H(-)) *  HPo(H(ei;an) - ¢6¢- H(e;q))
HPa(H (€15 1)) - ¢6¢- HPa(H (e q))

Ho((CE)er=S,,;C) - ¢¢- H2((CE)e =S, ;C)
Now the extended quotient is multiplicative, i.e.
(C)de) 2w (- ) = (TE)er=S,, £ GGeE (TE e =S,
which implies that
HPo(H (- )) = H*((CE)90 =W (- );C)
Recdl that

- = (CH)U0 =w(-)
-t = (CE)10 W)

and by [8, p. 217 we have | (- ) ' - *. It now follows that
HPo(H(-)) ' H°G (- ); C)

a
Lemma 3.2. Let - bea component in the variety - (G) and let - hawve exponents
fey;:::;e0. Then for j = 0;1 we hawe
dimcHP; H(- ) = 271 17 (ey) ¢0¢ (er)

X
“(e) = 2®()i 1

i.i=e
and whee ®(, ) is the number of unequal parts of , . Here |, j is the weight of
., i.e. the sum of the parts of , so that , is a partition of e.
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Proof. Suppose r st that - has the single exponert e. By Theaem 3.1 the
periodic cyclic homology of H (- ) is isomorphic to the periodised de Rham
cohomology of the extendedquotient of (C£ )€ by the symmetric group Se. The
componerts in this extendedquatient correspond to the partitio ns of e. In fact,
if ®(, ) is the number of unequd parts in the partitio n , then the corresponding
componert is homotopy equivalent to the compact torus of dimensin @, ).
We now proceed by induction, using the fact that the extended quatient is
multiplica tive and the Kénneth formula. o

Theaem 3.1, combined with the calculation in [7], now leads to the next result.

Theorem 3.3. The inclusion H(G) j! $(G) induces an isomorphism at the
level of periodic cyclic homolay:

HP.(H(G)) ' HP.(S(G)):
Remark 3.4. We now consider further the disjoint union
O(- ) = O(A)) t ¢eet O(A) ' -+
If we apply the local Langlands correspondence¥s then we obtain
| ()= Y% (O(A)) t 6ot % (O(A)) " -7

This partitio n of | (- ) isidentical to that in Schneider-Zink [34, p. 198], modulo
notational di®erences.In their notation, for each P 2 B thereis a natur al map

Qp : Xnr(Np) ! Irr(-)

such that G
Irr(-) = im(Qe):
P2B
In fact this is a specid strati ca tion of Irr(- ) in the precisesenseof their article
[34, p.198].
Let [
Zp = im(Qp)
po. P

Then Zp is a Jacobsm closedset, in fact Zp = V(Jp), where Jp is a certain
2-sidedideal [34, p.198]. We note that the set Zp is also closedin the topology
of the presen article: each component in - * is equipped with the classicd
(analytic) topology.

Issuesof strati ca tion play a dominant role in [34]. The strati ca tion of the
tempered dual | '(GL(n)) arisesfrom their construction of tempered K -types,
see[34, p. 162, p. 189]. In the context of the presen article, there is a natur al
strati ca tion-by-dimensian as follows. Let 1- k - n and de ne

k-stratum = fO(A) j dimc O(A) - kg
If ¥& (O(A)) is the complexi cation of the componert £ %! '(G) then we have
dimg £ = dimc O(A):
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The partial order in [34] on the components £ transfersto a partial order on
complex orbits O(A). T his partial order originatesin the opposite of the natur al
partial order on partitio ns, and the partitio ns manifest themsehesin terms of
Langlands parameters. For example, let

A = 1 spin(j1) © ¢¢¢O ¥~ spin(j,)
A0 = Y% spin(9) © ¢6¢O ¥ spin(j ?)

Let ,1 =21+ 1;::0;, =2, +1,11=2+1:::;1, =20+ 1and dene

Guiisue)r w1, .2, i
(CETRRSREEY I 1

The natur al partial order on partitio nsis: , - * if and only if
L1+ CeC+ - g+ CCC+ Ly
for all i , 1, see[28, p.6]. Let I(,) be the length of ,, that is the number of

parts in . Thendimc O(A) = I(,). Let , % 1%bethe dual partitio ns asin [28].
Then we have [28, 1.11] , , t if and only if 19, © Note that I(,) = , 9,

[(t)=19. Then

£>'£11 5511 10> 50) 52'12
Soif £ - £: then dimg£ - dimg£:, similarly O(A) - O(A) im-
plies dimc O(A) - dimc O(AY. Strati ca tion-by-dimensia is ner than the
Sdneider-Zink strati ca tion [34].

Let now R dendae the ring of all reqular functionson | (G). Thering R is a
commutativ e, reduced, unital ring over C which is not nitely genemted. We
will cal R the extended centre of G. It is natural to believe that the extended
cerire R of G is the certre of an “extended category' made from smooth G-
modules. The work of Schneider-Zink [34, p. 201] contains various resultsin
this direction.

4. The gpr ojec tion

Let - beacomponent in the Bernstein variety. This componept is an ordinary
quotient D=j. We now consider the extendedquotient B=j = D" =Z-, where
D is the complex torus CE™. Let ° be a permutation of n letters with cycle
type
= (1:::®) ¢l ®)
where ®; + ¢¢¢+ ® = m. On the xed setD" the map Y4, by de nitio n, sends
the element (zy;:::;z1;:::;2;::1; 2z ) wherez; isrepeaed ® times,1- j - T,
to the element
(q(®1i 1):221; - :;q(l. ®1):221 ..... q(®,; 1):2Zr;:::;q(1i ®’):22r)

The map % inducesa map from D*=Z- to D=j, and soamap, still denaed Y,
from the extended quotient B=j to the ordinary quotient D=j. This creaesa
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map Y4 from the extended Bernstein variety to the Bernstein variety:

Yo - (G)i! -(G):
Definit ion 4.1. The map % is céaled the g-projection.
The g-projection % occurs in the following commutativ e diagram [8]:

@) iiii! 1 (G)

? ?
®y yinf. ch.
Y,

- T (G) it -(G)

Let A;B be commutative ringswith A %2B;12 A. Thenthe element x 2 B is

X"+ ax"l+ i+ a, =0

Then B is integral over A if each x 2 B is integral over A. Let X;Y be at ne
varieties, f : X j! Y a reqular map suc that f (X) is densein Y. Then
the pull-back f# denes an isomorphic inclusion C[Y] j! C[X]. We view
C[Y] as a subring of C[X] by means of f #. Thenf is a nite map if C[X] is
integral over C[Y], see[35]. This implies that the pre-image F' 1(y) of each
point y 2 Y is a nite set, and that, asy movesin Y, the points in Fi 1(y)
may merge together but not disappear. Themap A'j fOgi! Alisthe classic
example of a map which is not "nite.

Lemma 4.2. Let X be a component in the extended variety - * (G). Then the
g-projection ¥ is a nite map from X onto its image Y4(X).

Proof. Note that the xed-point setD” is a complex torus of dimensim r, that
Y4(D") is a torus of dimension r and that we have an isomorphism of at ne
varieties D* 2 %(D"). Let X = D =Z.;Y = Y%(D" )= where Z- is the j-
certralizer of °. Now each of X and Y is a quotient of the variety D° by a nite
group, henceX;Y are at ne varieties [35, p.31]. Wehave D" j! X j! Y
and C[Y]j! C[X]i! C[D°]. Accading to [35, p.61], C[D"] is integral over
C[Y] sinceY = D"=j. Therefare the subring C[X] is integral over C[Y]. So
the map Y4 : X ! Y is nite. a

Example 4.3. GL(2). Let T be the diagonal subgoup of G = GL(2) and
let - be the component in - (G) containing the cuspidd pair (T;1). Then
%2 ! (GL(2)) is arithmetically unrami ed if inf:ch:%2 - . If ¥ (A) = Y%then
Ais a 2-dimensimal represenation of L and there are two possibilities:

Ais redudble, A= A; © A, with Aj; A, unrami'ed quasicharacters of We . So
Aj(w) = zjd(wj;z,- 2 Ct;j = 1;2. We have % (A) = Q(As; Ay) where A; does
not precedeA,. In particular we obtain the 1-dimensiaal represenations of
G as follows:

Ve (1i1PA©] | PA) = QG JTPA T 1TPA) = Axdet:
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A is irreducble, A = A - spin(1=2). Then % (A) = Q(¢) with ¢ =
fj ji 172A;j j*2Ag so Y% (A) = A - St(2) where St(2) is the Steinberg rep-
resenation of GL(2).

The orbit of (T;1) is D = (C%)? and W(T;D) = Z=2Z. Then - 2
(CE)2=z=27 2 Sym?CE. The extended quotient is - * = Sym? Cf t CE.
The gj projection works as follows:

Y :121,2,9 7! 215259

Yo 2 7' 0%z, 7zg
where q is the cardinality of the residueeld of F.

Let A = H(GL(2)=l) be the Iwahori-Hede algebra of GL(2). This is a nite

type algebra. Following [21, p. 327], dendae by Prim,(A) ¥2 Prim(A) the set
of primitiv e ideas B % A which are kemels of irreducible represenations of A

of dimensian n. Set X; = Primy(A), X, = Prim1(A)t Primy(A) = Prim(A).

Then X, and X, are closed setsin Prim(A) de ning an increasing Ttr ation
of Prim(A). Now A is Morita equivalent to the Bernstein idea H(- ), and
I ()" Prim(A).

Let Ay = 1- spin(/2), A, = 1- 1©1- 1. The 1-dimensinal represen-
tations of GL(2) determine 1-dimensimal represettations of H(G==l) and so
lie in X1. The L-parameters of the 1-dimensinal represenations of GL(2)

do not lie in the 1-dimensimal orbit O(A;): they lie in the 2-dimensimal orbit

O(A2). TheKazhdan-Nistor-Schneider strati ca tion [21] doesnot caincide with

strati ca tion-by-dimensia.

Example 4.4. GL(3). In the above example, the g-projection is strati ed-
injective, i.e. injective on each orbit type. This is not soin generl, as shavn
by the next example. Let T be the diagonal subgoup of GL(3) and let - be
the componert containing the cuspidd pair (T;1). Then- = Sym®*C* and

-t =symictt (CE)%t Cf

;I'he map Y4 works as follows:
21,275,239 7! £21;,25; 239
(z;w;w) 7! fz;q"%w; g *wg
(z;2,2) 7' faz; z,q zg:
Consider the L-parameter
A= A;- 10A;- spin(1=2) 2 ©(GL(3)):
If A(w) = z9M) then we will write A = z. With this understood, let
Al =q- 1©q ¥2- spin(1=2)
A=qgl- 109"?- spin(1=2):
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Then®A;); ®A,) are distinct points in the same stratum of the extendedquo-
tient, but their image under the g-projection ¥ is the single point fq *;1;qg 2
Sym°® CE .
Let
Az = 1- spin(3=2)

AA=gl-101- 1©qg- L
Then the distinct L-parameters A;; Ay; Az; A, all have the same image under
the g-projection Y.

5. The diagram

In this section we credae a diagram which incorporates seweral major results.
The following diagram sewvesas a framework for the whole article:

1

K2P(G) — Ka(C/(G))
ch ch
? ?
Ha(G;G) - HPa(H(G)) — = HP.(S(G))
. ? ?
He(©(G); C) ——— Hg(} (G); C) —— HZ(} '(G); C)

The Baum-Connesassenbly map ! is an isomorphism [1, 24]. The map
Hao(G;  G) ! HPL(H(G))

is an isomorphism [20, 33]. Themap {. is an isomorphism by Theaem3.3. The
right hand Chern character is constructed in [9] and is an isomorphism after
tensaring over Z with C [9, Theaem 3]. The Chem character on the left hand
side of the diagram is the unique map for which the top half of the diagram is
commutativ e.

In the diagram, HZ(} '(G); C) denaesthe (periodised) compactly supported de
Rham cohomology of the tempered dual | *(G), and HZ(} (G); C) dendes the
(periodised) de Rham cohomology supported on "nitely many components of
the smooth dual | (G). The map

HPa(S(G)) ! Hi( '(G): ©)

is constructed in [7] and is an isomorphism [7, Theaem 7].
The map
H( (G);C) ! H(G '(G); C)
is constructed in the following way. Givenan L-parameter A:Lg ! GL(n;C)
we have
A= A©O:::©A,

with each Aj an irreducible represertation. We haveA',- = Y% - spin(j) where
each ¥ is an irreduciblerepresertation of the Weil group Wg . We shal assurne
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that det% is a unitary character. Let O(A) be the orbit of A asin Denitio n
1.4. Themap O(A)! O'(A) is now de ned as follows

AAL©:::© AnAn 7! jALji L ¢ALAL© 11 © AN T ¢AnAn:
This map is a defarmation retraction of the complex orbit O(A) onto the com-
pact orbit O'(A). Since ©(G) is a disjoint union of such complex orbits this
formula determines, via the loca Langlands correspondencefor GL(n), a de-
formation retraction of ! (G) onto the tempereddual | '(GL (n)), which implies
that the induced map on cohomology is an isomorphism.
The map
HI(©(G);C) ! HS( (G); C)
is an isomorphism, induced by the loca Langlands correspondenceVs .
The map
HPa(H(G)) ! H:( (G); C)
is an isomorphism by Theaem 3.1.
There is at presert no direct de nitio n of the map

Ha(G; G)! HZ(©(G); C):

Suppose for the momernt that F has characteristic 0 and has residue eld of
characteristic p. An irreduciblerepreseration %2zof the Weil group We is caled
wildly rami'ed if dimY%is a power of p and ¥%6' ¥%- A for any unrami ed
quasicharacter A 6 1 of Wg. We write ©%'(F) for the set of equivalence
classesof such represettations of dimensian p™. An irreducible supercuspidd
represettation Y2 of GL(n) is wildly ramied if n is a power of p and % 6'
Y (A+det) for any unrami ed quasicharacter A 6 1 of F£. Wewrite | "' (F)
for the set of equivalence classesof such represenations of GL(p™; F). In this
case Bushnell-Henniart [10] construct, for each m, a canonical bijection

Yem O (F) ! 1 11 (F):

Now the maximal simple type (J;, ) of an irreducible supercuspidd represetta-
tion determines an element in the chamber homology of the at ne building [2,
6.7]. The construction of Bushnell-Henniart therefare determines a map from
a subspace of HZ"*"(©(G); C) to a subspace of Ho(G; ™ G).

In the context of the above diagram the Baum-Connes map has a geametric
counterpart: it is induced by the defarmation retraction of | (GL(n)) onto the
tempered dual | '(GL(n)).

6. Super cuspidal repres ent ations of GL(n)

In this section we track the fate of supercuspidd represenations of GL(n)
through the diagram constructed in the previous Sectin. Let %:be an irre-
ducible n-dimensimal complex represenation of the Weil group Wg sud that
det%zis a unitary character and let A= % 1. Then A is the L-parameter for
a pre-unitary supercuspidd represenation ! of GL(n). Let O(A) be the orbit
of A and O'(A) be the compact orbit of A. Then O(A) is a componert in the
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Bernstein variety isomorphic to C and O!(A) is a componert in the tempered
dual, isomorphic to T. The L-parameter A now determinesthe following data.

6.1. Let (J;,) be a maximal simple type for ! in the senseof Bushnell and
Kutzk o [11, chapter 6]. Then J is a compact open subgoup of G and , is a
smooth irreducible complex represertation of J.
We will write

T=fA- 1 :A223aYG)g
where 2 1(G) denaes the group of unrami ed unitary characters of G.

Theorem 6.1. Let K be a maximal compact subgroup of G containing J and
form the induced representation W = Indﬂ< (,). We theg hawe

2(GEK W) Indg (W) IndS(,)"  vd¥a
T

Proof. The supercuspidd represettation ! contains , and, modulo unrami ed
unitary twist, is the only irreducible unitary represeration with this property
[11, 6.2.3]. Now the Ahn reciprocity theorem expresses’.ndJG asadirectintegral
[26, p.58]: b

Ind$(,)= n%,)vd%

where d%is Plancherel measure and n(%, ) is the multiplicit y of , in ¥%;.
But the Hede algebra of a maximal simple type is commutative (a Laurent
polynomial ring). Therefore ! j; contains , with multiplicit y 1 (thanks to C.
Bushnell for this remark). We then have n(A- !; ) = 1for all A 2 2 {(G).
We note that Plancherel measure inducesHaar measure on T, see[31].

The at ne building of G is de ned as follows [38, p. 49]:

“G=RE “SL(n)

where g 2 G acts on the at ne line R via t 7! t + val(det(g)). Let G* =
fg2 G :val(det(g)) = Og. We usethe standard model for ~ SL(n) in terms of
equivalenceclassesf og - lattices in the n-dimensiaal F -vector spaceV. Then
the vertices of ~ SL(n) are in bijection with the maximal compact subgoups
of G*, see[32, 9.3]. Let P 2 ~ G be the vertex for which the isotr opy subgoup
is K = GL(n;or). Then the G-orbit of P is the set of all verticesin G
and the discrete space G=K can be identi ed with the set of vertices in the
a+ ne building ~ G. Now the base space of the assaiated vector bundle G £ ¢
W is the discrete coset space G=K, and the Hilbert space of *2-sectinns of
this homogeneaus vector bundle is a redization of the induced represenation
Indg (W). o

The Co(" G)-module structure is de ned as follows. Let f 2 Co(" G), s 2
2(GE£k W) and de ne
(fs)(v) = f(v)s(v)
for each vertex v 2 ~G. We proceedto construct a K -cycle in degee0. This
K -cycleis
(Co("G);"*(GEk W) ©0;0)
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interpreted as a Z=2Z-graded module. This triple satis es the properties of a
(pre)-Fredhdm module [14, IV] and socreaes an elemert in K ¢ (G). By The-
orem 5.1 this genetator credaes a free C(T)-module of rank 1, and so provides

a genemtor in Ko(C/(G)).

6.2. TheHede algebra of the maximal simple type (J;, ) is commutativ e (the
Laurent polynomials in one complex variable). The periodic cyclic homology
of this algebra is generated by 1 in degeezero and dz=z in degeel.

The corresponding summand of the Schwartz algebra S(G) is Morita equiva-
lent to the Fr@det algebra C* (T). By an elementary application of Connes'
theorem [14, Theaem 2, p. 208], the periodic cyclic homology of this Fr@det
algebra is generated by 1 in degeeO and duin degeel.

6.3. The corresponding componert in the Bernstein variety is a copy of C% .
The cohomology of C? is generated by 1 in degee0 and duin degeel.

The corresponding componert in the tempered dual is the circle T. The coho-
mology of T is generated by 1 in degeeO and duin degeel.
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