Documenta Mat h. 183

Famili es of p-Divisible Gr oups

wit h Const ant Newt on Pol ygon
Frans Oort and Thomas Zink

Received: May 2, 2002
Revised: September 19, 2002

Communicated by Peter Schneider

Abstract. Let X bea p-divisible group with constant Newton poly-
gon over a normal Noetherian scheme S. We prove that there exists
an isogeny X ! Y sud that Y admits a slope “Ttr ation. In caseS is
regular this was proved by N. Katz for dim S = 1 and by T. Zink for
dmsS, 1
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Int r oduc t ion

In this paper we work over base elds, and over base shemesover Fy, i.e. we
work ertir ely in characteristic p. We study p-divisible groups X over a base
scheme S (and, cdloquially, a p-divisible group over a base scheme of positive
dimensia will be caled a\family of p-divisible groups"), sud that the Newton
polygon of a b er X5 is independert of s2 S. We cadl X a p-divisible group
with constant Newton polygon.

A p-divisible group over a eld has a slope Ttr ation, see[Z1], Corollary 13; for
the de nitio n of a slope Tir ation, seeDe nitio n .. Over a base of positive
dimensim a slope Itr ation can only exist if the Newton polygon is constant. In
Example @ we show that evenin this casethere are p-divisible groups which
do not admit a slope “Ttr ation.

Themain result of this paper hasas a corollary that for a p-divisible group with
constant Newton polygon over a normal base up to isogeny a slope " ltration does
exist, seeCorollary p.2.

We have accessto this kind of questions by the de nitio n of a compleely slope
divisible p-divisible group, seeDe nitio n Q which implies a structure ner
than aslope Ttr ation. The main theorem of this paper, Theaem @ says that
over a normal basethis structure on a p-divisible group exists up to isogeny.
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184 Oort and Zink

In [Z1], Theaem 7, this was shown to be true over a regular base. In E we
show that without the condition \ normal" the conclusion of the theorem does
not hold.

Here is a motivation for this kind de nitio n and of results:

2 A p-divisible group over an algebraically closed eld is isogeneais with a
p-divisible group which can be de ned over a nite "eld.

2 A p-divisible group over an algebraically closed eld is completely slope
divisible, if and only if it is isomorphic with a direct sum of isoclinic
p-divisible groups which can be de ned over a nite “eld, seefL.5.

We seethat a completely slope divisible p-divisible group comes\ as close as
possible" to a constant one, in fact up to extensians of p-divisible groups anni-
hilated by an insepaable extensimn of the base,and up to monodromy.

From Theaem @ we deduce constancy results which genemrlize results of
Katz [K] and more recerly of de Jong and Oort [JO]. In particular we prove,
Corollary B.4 below:

Let R be a Henselian local rin g with residue “eld k. Let h be a natural number.
Then there exists a constant ¢ with the following property. Let X and Y be
isoclinic p-divisible groupsover S = SpecR whos heights are smaller than h.
Let A : X, ! Yx be a homomorphign. Then p°A lifts to a homomorphisn
X1 Y.

1 Complet ely slope divis ible p-divis ible gr oups

In this section we preseit basic de nitio ns and methods already usedin the
intr oduction.

Let S be a scheme over F,. Let Frob : S ! S be the absdute Frobenius
morphism. For a scheme G=S we write:

cP = Gt S;Frob S

We dende by Fr = Frg : G ! G the Frobenius morphism relative to S.
If G is a nite locally freecommutative group scheme we write Ver = Verg :
G 1 G for the \ Verschiebung'.

Let X be a p-divisible group over S. We denae by X (n) the kernel of the
multiplication by p” : X ! X. Thisis a nite, localy freegroup scheme which
has rank p"" if X is of height h.

Let s = Speck the spectrum of a eld of characteristic p. Let X be a p-divisible
group over s. Let , , 0 bearational number. We call X isoclinic of slope |,
if there existsintegersr , 0, s> 0 suc that , = r=s, and a p-divisible group
Y over S, which is isogeneas to X such that

pirFrsy Y ®)
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p-Divis ible Gr oups 185

is an isomorphism.

A p-divisible group X over S is called isoclinic of slope
s 2 S the group X is isoclinic of slope | .

if for each point

59

1.1 Definit ion. Let X=S be a p-divisible group over a scheme S. A " ltration
0= Xog¥X1 %X %1% Xy =X

consistin g of p-divisible groups contained in X is called a slope Ttr ation of X
if there exists rational numters | 4;:::;, n satisfyingl, ,1>:::> , O

L

such that every subquotient X;=X;; 1, 1< i - m, is isoclinic of slope , ;.

A p-divisible group X over a eld admits a slope “Ttr ation, see[Z1], Corollary
13. The slopes, ; and the heights of X;=X;; 1 depend only on X. The height
of Xj=Xj, 1 is caled the multiplicit y of , ;.

Over connected base scheme S of positive dimensia a slope Ttr ation of X
can only exist if the slopesof X and their multiplicities are independent of
s 2 S. In this casewe say that X is afamily of p-divisible groups with constant
Newton polygon. Even if the Newton polygon is constant a slope “Itr ation in
generl doesnot exist, seeExample @ below.

1.2 Definit ion. Lets> Oandry;:::;rn beintegers suchthats, r; > rp >
21>, , 0. A p-divisible group Y over a scheme S is said to be completely
slope divisible with respect to these integers if Y hasa " ltration by p-divisible
subgroups

0=Yo%Y1 %::: %Yy =Y

such that the following propertie s hold:

2 The quas-isogenies
SN SR IRALE

2 The induced morphisms:;
PR YY1 (VY 1))
are isomorphisms.
Note that the last conditio n impliesthat Y;=Y;; 1 isisoclinic of slope, ; := r;=s.

A TTtr ation descibed in this de nitio n is a slope Ttr ation in the senseof the
previous de nitio n.

Remark. Note that we do not require s and r; to be relatively prime. If Y
is as in the de nition, and t 2 Z.q, it is also completely slope divisible with
respectto t6s, t¢,>t¢,> > t¢, , O
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186 Oort and Zink

We note that the Ttr ation Y; of Y is uniquely determined, if it exists. Indeed,
consider the isogery © = pi 'm Frs:Y | Y(), Then Yy, =Yn, 1 is necesssily
the ©-§tale part Y© of Y, see[Z1] respectively 1.6 below. This proves the
uniguenessby induction.

We will say that a p-divisible group is completely slope divisible if it is
completely slope divisible with respect to same set integers and inequdlities
S, r1>rp>:::>ry, O

Remark. A p-divisible group Y over a "eld K is completely slope divisible
i®Y - g L is completely slope divisible for same "eld L %K. - Proof. The
slope Ttr ation on Y=K exists. We have Ker(p}) % Ker(Fry) i® Ker(p}, ) %
Ker(Fry, ), and the same for equdities. This provesthat the conditions in the
de nitio n for completely slope divisibilit y hold over K i®they hold overL %K.

1.3 Proposit ion. Let Y be a compleely slope divisible p-divisible group over
a perfect scheme S. Then Y is isomorphic to a direct sum of isoclinic and
completely slope divisible p-divisible groups

Proof. With the notation of Denition [L.4 we set © = pi '™ Fr®. Let
Y (n) = SpecA(n) and let Y (n)® = SpecL(n) be the ©-§tale part (seeCorol-
lary @ below). Then © inducesa Frob®-linear endomorphism ©° of A(n) and
L(n) which is by de nitio n bijective on L(n) and nilpotent on the quotient
A(n)=L(n). One veri es (compare [Z1], page 84) that there is a unique ©°-
equivariant section of the inclusion L(n) ! A(n). This shows that Y, =Ym; 1
is a direct factor of Y = Yp,. The result follows by induction on m.  Q:E:D:

Although not needed,we give a characterization of completely slope divisible
p-divisible groups over a “eld. If X is a p-divisible group over a eld K, and
k % K is an algebraic closure, then X is completely slope divisible if and only
if Xk is completely slope divisible; henceit sutcesto give a characterization
over an algebraically closed eld.

Convention: We will work with the covariant Dieudonn® module of a p-divisible
group over a perfect “eld ([Z2], [Me]). We write V, respectively F for Ver-
schiebung, respectively Frobenius on Dieudonn® modules. Let K be a perfect
“eld, and let W(K) be its ring of Witt vectors. A Dieudonn® module M over
K is the Dieudonn§ module of an isoclinic p-divisible group of slope r=s, i®
there exists a W (K )-submodule M °% M sud that M =M Cis annihilated by a
power of p, and sud that pi "VS(M9 = M©.

For later use we introduce the p-divisible group Gm., for coprime positive
integers m and n. Its Dieudonn® module is generated by one element, which
is stable under F™ | V". Gp., is isoclinic of slope, = m=(m + n) (in the
terminology of this paper). The height of Gy, is h = m + n, and this p-
divisible group is completely slope divisible with respectto h=m+n, m.
The group Gn,.n has dimensian m, and its Serre dual has dimensia n.

We have Gy, =t , and Go.1 = Qp=Zp.
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p-Divis ible Gr oups 187

1.4 Proposition. Let k be an algebraically closed eld. An isoclinic p-
divisible group Y over k is completely slope divisible i® it can be de ned over
a nite “eld; i.e. i® there exists a p-divisible group Y ° over some Fq and an
isomorphism Y 2 Y0- ¢ k.

Pr oof. Assunethat Y is slope divisible with respectto s, r, 0. Let M be
the covariant Dieudonn® module of Y. Weset®© = pi "V 5. By assunption this
is a senilinear automorphism of M . By atheorem of Dieudonn§ (seel.6 below)
M has a basis of ©-invariant vectors. HenceM = Mg - W (Fps) W (k) where
Mo % M s the subgoup of ©-invariant vectors. Then Mg is the Dieudonn®§
module of a p-divisible group over Fys such that Y 2 YO- ¢ k.

Converselyassunmethat Y isisoclinic over a nite "eld k of sloper=s. Let M be
the Dieudonn® module of Y. By de nitio n there is a "nitely genemted W (k)-
submodule M %% M - Q sud that p"M %% M % M % for same natur al number
m, and such that p' "'VS(M% = MC% Then© = p' VS is an automorphism of
the nite set M “=p™M °. Hencesame power ©' acts trivially on this set. This
implies that © (M) = M. We obtain that p' "'Fs! inducesan automorphism
of Y. Therefore Y is completely slope divisible. Q:E:D:

1.5 Corollar y. Let Y be a p-divisible group over an algebraically closed
“eld k. This p-divisible group is completely slope divisible i® Y 2 ©Y; such
that every Y; is isoclinic, and can be de ned over a nite " eld.

Pr oof. Indeed this follows from [L.3 and [L4. QED:

1.6 The ©-ftale part.

For further use,we recdl a notion explained and usedin [Z1], Section 2. This
method goes back to Hasseand Witt, seeHW]|, and to Dieudonn§, see[D],
Proposition 5 on page 233. It can be formulated and proved for locally free
sheaves,and it has a corollary for nite °at group schemes.

Let V be a nite dimensimal vectar space over a sepaably closed eld k of
characteristic p. Let f : V | V be a Frob®-linear endamorphism. The set
Cv = fx 2V jf(x)= xgisavector spaceover Fys. ThenV® = Cy - Fs Kisa
subspae of V. The endamorphism f acts as a Frob®-linear automorphism on
VT and acts nilpotently on the quotient V=V’ . This follows essetially form
Dieudonng loc.cit.. Moreover if k is any “eld of characteristic p we have still
unigue exact sequenceof k-vector spaces

o vir vi v=vi1 o

such that f acts as a a Frob®-linear automorphism on V' and acts nilp otently
on the quotient V=V’ .

This can be applied in the following situation: Let S be a sdheme over Fy. Let
G be alocaly freegroup scheme over S endaved with a homomorphism

©:G! GP):
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188 Oort and Zink

In case S = Spec(K), where K is a eld we consider the at+ ne algebra A
of G. The © induces a Frob®-linear endomorphismf : A'! A. The vector
subspace Af inherits the structure of a bigebra. We obtain a “nite group
scheme G = SpecA', which is called the ©-8tale part of G. Moreover we have
an exact sequenceof group schemes:

o! G M1 Gl G®! o

The morphism © inducesan isomorphism G ! (G®)(P"), and acts nilp otently
on the kemel G®i "l

Let now S be an arbitr ary scheme over F,. Thenwe can expect a ©-§tale part
only in the casewhere the rank of G? is independert of x 2 S:

1.7 Corollar y. Let G! S be a nite, locally free group scheme; let © :
G! G®) be a homomorphisn. Assume that the function

S! Z; denedby x7!rank((Gy)®)
is constant. Then there exists an exact sequence
o! g M. g1 G°! 0
such that © is nilpotent on G® " and an isomorphism on the ©-§tale part G®.

The prove is based on another proposition which we usein section 3. Let M
be a nitely genemted, localy freeOs-module. Let t 2 Z.

f :OS'Frob'S;SNI :M(pl)! M
be a morphism of Os-modules. To every morphism T ! S we assciate
Cu(M=Ffx2i(T;M)jf@- x)=xg:

1.8 Pr oposit ion (see[@], Proposition 3). The functor Cy is represented
by a scheme that is ftale and atn e over S. Suppose S to be connected; the
scheme Cy is “nite over S i® for each geometric point “ ! S the cardinality
of Cy (") is the same

Let X be a p-divisible group over a eld K. Suppose© : X | X ™) is a
homomorphism. Then the ©-§tale part X © is the inductive limit of X (n)®.
This is a p-divisible group.

1.9 Corollar y. Let X be a p-divisible group over S. Assume that for each
geomeric point = ! S the height of the ©-§tale part of X- is the same Then
a p-divisible group X © exists and commutes with arbitr ary base change. There
is an exact sequence of p-divisible groups

0! X@nlhp x1 X®1 0

T he following proposition can be deducedfrom proposition E

Documenta Mat hematica 7 (2002) 183{ 201



p-Divis ible Gr oups 189

1.10 Corollar y. Assumethat G! S is a nite, locally free group scheme
over a connected base scheme S. Let © : G jT G®, q= p° be an isomor-
phism. Then there exists a “nite §tale morphism T ! S, and a morphism
T ! Spec(Fq), such that Gt is obtained by base change from a nite group
scheme H over Fy:

H - Spec Fq T i)i GT:

Moreover © is induced from the identity on H.

Remark. If S is a scheme over Ilip the Corallary says in particular that Gt

is obtained by base change from a "nite group scheme over Ilip. In this case
we call Gt constant (compare [E], (2.7)). This shauld not be confused with

the Btale group scheme assaiated to a nite Abelian group A. We will discuss
\ constant” p-divisible groups, seeSection 3 below.

2 The main result: slope fil trations
In this section we show:

2.1 Theorem . Let h be a natural number. Then there exists a natural number
N (h) with the following property. Let S be an integral, normal Noetherian
scheme. Let X be a p-divisible group over S of height h with constant Newton
polygon. Then there is a completely slope divisible p-divisible group Y over S,
and an isogeny:

"X DY over S with deq') - N(h):

In Example .4 we seethat the condition \'S is normal” is essetial. By this
theorem we seethat a slope Ttr ation exists up to isogeny:

2.2 Corollar y. Let X be a p-divisible group with constant Newton polygon
over an integral, normal Noetherian scheme S. There exists an isogeny '
X I Y, suchthat Y over S admits a slope "~ Itration.

Q:E:D:
2.3 Pr oposit ion. Let S be an integral scheme with function “eld K = - (S).
Let X be a p-divisible group over S with constant Newton polygon, such that
Xk is completely slope divisible with respect to the integers s, ry>r, > :::>
rm, 0. Then X is completely slope divisible with respect to the same integers.

Pr oof. The quasi-isogeny © = pi 'm Frs: X | X (P°) s an isogeny, because
this is tr ue over the generl point. Over any geametric point ~ ! S the ©-ftale

part of X- has the same height by constancy of the Newton polygon. Hence
the ©-§tale part of X exists by Corollary @ We obtain an exact sequence:

0! x®nhy x1 x°r o
Assuming an induction hypothesis on X ©i "l givesthe result. Q:E:D:
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190 Oort and Zink

A basictooal in the following proofs is the moduli scheme of isogeniesof degeed
of a p-divisible group (compare [RZ] 2.22): Let X be a p-divisible group over a
stheme S, and let d be a natur al number. Thenwe de ne the following functor
M on the category of S-schemesT. A point of M (T) consists of a p-divisible
group Z over T and an isogeny ® : X+ ! Z of degeed up to isomorphism.
The functor M is representable by a projective scheme over S. Indeed, to each
“nite, locally freesubgoup scheme G Y2 X1 there is a unique isogeny ® with

kemel G. Let n be a natural number suc that p” , d. Then G is a nite,

locally freesubgoup scheme on X (n)y. We set X(n) = Specs A. The at ne
algebra of G is a quatient of the locally freeshed A+. Hencewe obtain a point
of the Grassmannian of A. This provesthat M is represettable as a closed
subsdieme of this Grassmannian.

2.4 Lemma. For every h 2 Z.( there exists a number N (h) 2 Z with the
following property. Let S be an integral Noetherian scheme. Let X be a p-
divisible group of height h over S with constant Newton polygon. There is a
non-empty open subset U %2 S, and a projective morphism % : S”> | S of
integral schemes which induces an isomorphism ¥ : ¥4 *(U) ! U such that
there exist a completely slope divisible p-divisible group Y over S”, and an
isogeny Xs» ! Y, whos degree is bounded by N (h).

Pr oof. Let K be the function "eld of S. We know by [Z1], Prop. 12, that
thereis a completely slope divisible p-divisible group Y © over K , and an isogeny
“0: Xk ! Y° whosedegeeis bounded by a constant which dependsonly on
the height of X . Thekemel of this isogeny is a nite group scheme G° %2 X (n),
for same n. Let G be the scheme-thearetic image of G° in X (n), seeEGA,
1.9.5.3. Then & is °at over some nonempty opensetU % S, and inherits there
the structure of a "nite, locally freegroup stcheme G ¥2 X (n)y. We form the
p-divisible group Z = Xy=G. By construction there are integerss, rm, sud
that .

pi 'm FrS cZ¢ ! ZI((p )

is an isogeny, and r,=s is a smallest slope in the Newton polygon of X .
Therefoe© = pi 'm FrS:Z 1 Z(P°) is an isogeny too. Asin the proof of the
last proposition the constancy of the Newton polygon implies that the ©-§tale
part Z© exists. We obtain an exact sequenceof p-divisible groups on U:

o! zCinty 71 7z o

By induction we nd a non-empty open subsetV %2 U and a completely slope
divisible p-divisible group Ym; 1 which is isogeneass to z&7 "', Taking the
push-aut of the last exact sequenceby the isogery 297 ™ 1 v,,. ; we nd a
completely slope divisible p-divisible group Y over V which is isogeneais to
Xy .

Let d bethe degeeof the isogeny ¥2: Xy ! Y. We considerthe moduli scheme
M of isogeniesof degeed of X de ned above. Theisogeny Xy ! Y de nes
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an S-morphismV ! M . The scheme-thearetic image S” of V is an integral
scheme, which is projectiveover S. Moreover the morphism¥: S” ! Sinduces
an isomorphism ¥ (V) ! V. The closedimmersion S | M corresponds to
an isogeny ¥ : Xs» ! Y” to a p-divisible group Y” on S”. Moreover the
restriction of ¥2 to V is %2 SinceY” has constant Newton polygon, and since
Y” is completely slope divisible in the geneiic point of S” it is completely
slope divisible by Proposition p.3 Q:E:D:

2.5 Lemma. Let k ke an algebraically closed ~eld of characteristic p. Let
S, rL>1r,>::>r,, 0Oandd> 0 beintegers. Let X be a p-divisible
group over k. Then there are up to isomorphism only ~nitely many isogenies
X 1 Z of degree d to a p-divisible group Z, which is completely slope divisible
with respect to s, ri>ro,>:::>ry , O

Pr oof. It sutcesto show this in case also X is completely slope divisible
with respectto s, r; > rp, > :: > ry, , 0. Then X and Z are a direct
product of isoclinic slope divisible groups. T herefare we assune that we are in
the isoclinic casem = 1.

In this casewe consider the contr avariant Dieudonn® modulesM of X, and N

of Z. Let ¥%be the Frobeniuson W (k). Then N % M is a submodule such
that lenggh M=N = log,d. By assunption © = p' "*F* induces a ¥?-linear
automorphism of M respectively N. Let Cy respectively Cy bethe invariants
of © acting of N respectively M. HenceCy is a W (Fps)-submodule of N such
that W(k)- w(,s)Cn = N (e.0. [@] 6.26). Thesameholdsfor M. We seethat
Cn is a W(Fps)-submodule of Cy , sud that length Cy =Cy = Iogp d. Since
there are only "nitely many sud submodules, the assetion follows. Q:E:D:

26 Lemma. Letf : T ! S be a proper morphism of schemes such that
foOr = Os. Letg: T! M be a morphism of schemes. We assume that for
any point » 2 S the set-theoretic image of the ber T, by g is a single point in
M. Then there is a uniqgue morphism h: S! M such that hf = g.

Proof. For » 2 S we set h(») = f(T,). This de nes a set-theaetic map
h:S! M. If U%M is an open neighborhood of h(») then g *(U) is an
open neighborhood of T,. Sincef is closedwe nd an open neighborhood V
of » with fi1(V) % g *(U). Henceh(V) % U; we seethat h is continuous.
Then hy,Os = h.foOr = @g.Or. We obtain a morphism of ringed spaces
Om ! 0O7 = hyOs. Q.E:D:

Theaem .7 follows from the following technical variant which is useful if we
do not know that the normalization is "nite. We will needthat later on.

2.7 Proposit ion. Let h be a natural number. Then there exists a natural

number N (h) with the following property. Let S be an integral Noetherian
scheme. Let X be a p-divisible group over S of height h with constant Newton
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polygon. Then there is a nite birational morphism T ! S, a compleely slope
divisible p-divisible group Y over T, and an isogeny:

Xt Y
over T whos degree is smaller than N (h).

Pr oof. Consider the proper birational map %: S> ! S, and the isogerny
Y. Xs» | Y givenby Lemma @ Take the Stein factorization S> ! T! S.
It is enaugh to 'nd over T an isogeny to a completely slope divisible p-divisible
group. Thereforewe assuneS= T, i.e. ¥%0s» = Os.

Let M ! S be the moduli scheme of isogeniesof X of degeed = degee’.
We will shaw that the S-morphismg:S> ! M dened by Y factors through
SI M.

Let »2 S. Wewrite S = S” £ Spec(- (»). By Lemmap.§ it is sutcesto
show that the set-thearetic image of S, by g is a single point of M . Clearly
M , classi esisogeniesstarting at X, of degeed. Over the algebraic closure
», by Lemma E there are only "nitely many isogeniesof X3! Z of degeed
to a completely slope divisible group (for xed s and r;). This shaws that the
imageof S? (%) ! M ,(») is nite. SinceS? is connected, see[EGA], 1111.4.3.1,
the image of S is a singe point of M ,,.

Hencewe have the desired factorization S! M . It de nesanisogery X ! Z
over S. Finally Z is completely slope divisible since it is completely slope
divisible in the general point of S, and becauseits Newton polygon is constant.

QED:p7&p1
3 Constancy results

Let T be a scheme over Ilzp. We study the question if a p-divisible group X
over T is constant up to isogery, i.e. there exists a p-divisible group Y over il:p
sud that X is isogeneasto Y £¢ T.

3.1 Proposition. Let S be a Noetherian integral normal scheme over f:p.
Let K be the function “eld of S and let K be an algebraic closure of K. We
denote by L %2 K the maximal unrami_ed extension of K with respect to S. Let
T be the normalization of S'in L.

Let X be anisoclinic p-divisible group over S. Then there is a p-divisible group
Xo over F, and an isogeny X £5 T | Xg £gpect, T Such that the degree of
this isogeny is smaller than an integer which depends only on the height of X.

Pr oof: We use Theaem @: there exists an isogerny ' : X ! Y, where Y
over S is completely slope divisible. There are natural numbersr and s, sud
that

©=p "F:Y 1 YP@)
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is an isomorphism. Applying Corollary to Y(n) and © we obtain nite
group schemes X o(n) over Fyps and isomorphisms

Y(n)t 2 Xo(n) £¢, T

The inductive limit of the group schemes X y(n) is a p-divisible group Xy over
Fps. It is isogeneasto X over T. Q:E:D:

3.2 Corollar y. Let S and T be as in the propostion. Let TP 1 T
be the perfect hull of T. Let X be a p-divisible group over S with constant
Newton polygon. Then there is a p-divisible group X over Ilip and an isogeny
Xo £ gpeck, TP I X £5 TP, whose degree is smaller than an integer which
depends only on the height of X .

Pr oof. This follows using Proposition [.3 QE:D:
Finally we prove constancy results without the normality condition.

3.3 Proposition. Let R be a strictly Henselian reduced local ring over i‘:p.
Let X be an isoclinic p-divisible group over S = SpecR. Then there is a p-
divisible group X over |1:p and an isogeny Xo £ gpect, S! X, whos degree is
smaller than an integer which depends only on the height of X .

3.4 Corollar y. To each natural number h there is a natural number ¢ with

the following property: Let R be a Henselian reduced local ring over F, with
residue eld k. Let X and Y be isoclinic p-divisible groups over S = SpecR
whos hdghts are smaller than h. Let A: X, ! Y, be a homomorphisn. Then
p°A lifts to a homomorphisn X | Y.

A proof of the proposition, and of the corollary will be given later.

Remark. In casethe R considered in the previous proposition, or in the
previous corollary, is not reduced, but sais es all other properties, the con-
clusions still hold, exceptthat the integer bounding the degee of the isogeny,
respectively the integer ¢, depend on h and on R.

If R is strictly Henselian the corollary follows from Proposition B.3. Indeed,
assunmethat X and Y areisogeneas to constant p-divisible groups X and Yy
by isogenieswhich are bounded by a constant which dependsonly on h. The
corollary follows because:

Hom((Xo)«; (Yo)x) = Hom((Xo)r; (Yo)r):

Converselythe corollary implies the proposition sinceby Proposition @ overa
sepaably closed eld an isoclinic p-divisible group is isogeneaus to a constant
p-divisible group.

Remark. Assure Corollary E An isoclinic slope divisible p-divisible group
Y over k can be lifted to an isoclinic slope divisible p-divisible group over R.
Indeed the §tale schemes assaiated by E to the a+ ne algebra of Y (n) and
the isomorphism p' " Fr® lift to R. Hencethe categories of isoclinic p-divisible
groups up to isogeny over R respectively k are equivalent.
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3.5 Lemma. Consider a commutative diagram of rin gs over Fp:

R ! A
# #
Rg ! Ag:

Assumethat R! Ry is a surjection with nilpotent kernel @, andthat A! Agis
a surjection with nilpotent kernel b. Moreover let R! A be a monomorphism.
Let X and Y be p-divisible groupsover R. Let ' ¢ : Xg, ! Ygr, b2 @ morphism
of the p-divisible groups oltained by base change. Applying base change with
respect to Ro ! A we obtain a morphism Ay : Xao ! Ya,-

If Ao lifts to amorphism A : Xa ! Ya,then' g lifts to amorphism*' : X ! Y.

Pr oof. By rigidity, lifting s of homomorphisms of p-divisible groups are unique.
Therefore we may replace Ry by its image in Ag and assune that Rg ! Ag is
injective. Then we obtain a= b\ R.

Let n be a natural number such that b" = 0. We argue by induction on n.

If n = 0, we have b = 0 and therefare a = 0. In this casethere is nothing to
prove. If n > 0 we consider the commutativ e diagram:

R ! A

# #
R=(b" 1\ R) | Aspnil

# #

Ro ! Ao:

We apply the induction hypothesisto the lower square. Henceit is enaugh to
show the lemma for the upper square. We assune therefore without loss of
genenrlity that a® = 0; b? = 0.

Let Dx and Dy bethe crystals assaiated to X and Y by Messing[Me]. The
values Dy (R) respectively Dy (R) are nitely genermted projective R-modules
which are endowved with the Hodge Ttr ation Filx % Dyx (R) respectively
Fily 2Dy (R). Weput on arespectively b the trivial divided power structure.
Then' o inducesamap Dx (R) ! Dy (R). By the criterion of Grothendiedk
and Messing' ¢ lifts to a homomorphism over R, i® D (" ¢)(Filx ) %2 Fily.

Since the construction of the crystal commutes with base change, see[Me],
Chapt. IV, 2.4.4, we have canonical isomorphisms:

DXA(A)zA-RDx(R); F"XAzA-RF“x;
DYA(A): A - R Dy(R), F"YA A - R FI|Y

Since Ay lifts we haveida - D(" )(A- g Filx) %A - g Fily. SinceR! A'is
injective this implies D (" o)(Filx ) %2Fily. Q:E:D:
Pr oof of Proposition 3.3. We begn with the case where R is an integral

domain. By Proposition there is a nite ring extension R! A sud that
A is contained in the quotient "eld of R, and suc that there is an isogeny
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Xa ! Y to a completely slope divisible p-divisible group Y over A. The
degee of this isogeny is smaller than a constant which dependsonly on the
height of X. SinceA is a product of loca rings we may assume without loss
of generlity that A isloca. Thering A is a strictly Henselian local ring, see
[EGA] IV 18.5.10, and has therefore no non-trivial nite $tale coverings. The
argument of the proof of Proposition @ shows that Y is obtained by base
change from a p-divisible group X over Fp. Therefore we nd an isogery

" (Xo)a ! Xa

Let us denae by k the common residue eld of A and R. Then' inducesan
isogerny ' : (Xo)k ! Xk. The last lemma shaws that ' ¢ lifts to an isogeny
"1 (Xo)g ! Xg over the completion R of R.

We apply the following fact:
Claim . Consider a b er product of rings:

R I A
# #
Ay | B:

Let X and Y be p-divisible groups over R. Let A; : XA, ! Ya, fori = 1,2 be
two homomorphisms of p-divisible groups which agreeover B. Thenthereis a
unique homomorphism A : X ! Y which inducesA; and A,.

In our concrete situation we consider the diagram:

R ! A
# #
R ! A=R-RA:

The morphisms " and ' agreeover A becausethey agreeover the residueeld
k. This provesthe caseof an integral domain R.

In particular we have shown the Corollary @ in the casewhere R is a strictly
Henselian integral domain. To show the corollary in the reducedcase we con-
sider the minimal prime ideals p1;:::ps of R. Let A : X, ! Yk be ahomo-
morphism. Then p°A lifts to a homomorphims over each of the rings R=p;,

above. This provesthe Corollary @ and hencethe Proposition E in the case
where R is reducedand strictly Henselian.

If R is not reducedone applies standard defarmation theory to R ! Ryeq, [Z22],
4.47, Q:E:D:

Pr oof of Corollary E Consider the diagram:

R ! Rsh
# #
R | Rsh
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The upper index \sh" dendes the strict henselizdion. Using the fact that
the categories of nite $tale coverings of R, k, respectively R are equivalent
it is easy to seethat the last diagram is a b er product. We have already
proved that p°A lifts to a homomorphism over RS". Applying Lemma B.5 to
the following diagram we seethat p°A lifts to R. This is enaugh to prove the
corollary (compare the Claim above).

R=m" | RS"=m"Rs"
# #
R=m |  RS"=mRsh

In this diagram n is a positive integer and mis the maximal idea of R. Q:E:D:

3.6 Corollar y. Let R bea strictly Henselian reduced local rin g over f:p. Let
RPe™ be the perfect hull of R. Let X be a p-divisible group over S = SpecR
with constant Newton polygon. We set SPf = Spec(RP®"). Then there is a
p-divisible group X, over F, and an isogeny X £ speck, SP¥T 1 X £ SPe
such that the degree of this isogeny is bounded by an integer which depends only
on the height of X ..

Pr oof: T his follows using Proposition E QE:D:

4 Examples

In this section we use the p-divisible groups either Z = Gy, with n | 1,
or Z = Gp:1, with m | 1 as building blocks for our examples. Thesehave
the property to be iso-simple, they are de ned over F,, they contain a unique
subgoup scheme N ¥ Z isomorphic with ®,, and Z=N 2 Z. Indeed, for
Z = G1, we have an exact sequenceof sheaves:

0! ®! ziT z1 o
For Z = Gn.1 we have the exact sequence
0! ®! zifz! o

Moreover every such Z has the following property: if Zx ! Z%is an isogeny
over same “eld K, and k an algebraic closed eld containing K, then Zy 2 Z2.

4.1 Example. In this example we produce a p-divisible group X with con-
stant Newton polygon over a regular base scheme which does not admit a slope
~ltration.

Choose Z; and Z, as above, with slope(Z1) = ,1 > ,2 = slope(Z,); e.g
Z; = Gy and Z, = Gy.p. We chooseR = K [t], where K is a eld. We write
S= SpecR) and Z; = Z; £ Sfori = 1;2. Wede ne

(id;t) :® ! ® £ ® 2 Ny£ Ny thisdenes A:®ES! Zi£ Zy
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Claim: X := (Z, £ Zg):A(®p£ S) is a p-divisible group over S which does not
admit a slope ~ltration.

Indeed, for the geneiic point we do have slope Ttr ation, where X = X - K (1),
and 0% X1 % X is given by: X; is the image of

s (Z1- K()! (Z1£2Z2)- K()! X):

Howevwer the inclusion »¢ extends uniquely a homomorphism » : Z; | X,
which is not injective at t 7! 0. This provesthe claim.

4.2 Example. In this example we construct a p-divisible group X with con-
stant Newton polygon over a base scheme S which is not normal, such that
there is no isogeny A: X | Y to a completely slope divisible p-divisible group.
(i.e. we show the condition that S is normal in Theorem E is necessary).

We start again with the exact sequencesver Fp:

0! ®& ! Gpy if Gpy ! O

@
0 ! ®p ! Gl;g |FIr G1;2 0

We X an algebraically closedeld k. We write T = PL, and:
Z1= G2;1£FPT; Zy = G]_;2£|:pT; Z=71£ Zs; A:®p£|:pT:
By base change we obtain sequence®f sheaveson the projective line T = PL:

0! Az Fz, 1 o0
01! A Z, iTZ, I

Lemma. Consider Z! T = P} asalove. Let ~ :Z ! Y bean isogeny to a
completely slope divisible p-divisible group Y over T. ThenY = Y, £ Y, is a
product of two p-divisible groupsand ™ = ~ 1 £ ", is the product of two isogenies
_i Zi VY.

Pr oof. The statemernt is clear if we replace the baseT by a perfect "eld, see
Proposition [.3. In our casewe shov T st that the kernel of the morphisms
Z;! Y,i=1;2induced by ~ are represertiable by a nite, locally freegroup
schemes G;. Indeed, let G the kernel in the senseof f.p.p.f sheares. Let
us denae by G the kemel of the isogeny ~. Choose a number n suc that
p" annihilates G. Then p" annihilates G. Therefare G coincides with the
kemel of the morphism of "nite group schemesZi(n) ! Y(n). HenceG is
represertable by a nite group scheme G;. We prove that G; is localy free. It
suz cesto verify that the rank of G; in any geametric point ~ of T is the same.
But we have seenthat over ~ the p-divisible group Y splits into a product
Y- = (Y-)1 £ (Y-),. This implies that

G = (Gy) £ (G2):
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We conclude that the ranks of (Gj)- are independert of ~ since G is locally
free.

We de ne p-divisible groups Y; = Z;j=G;. We obtain a homomorphism of p-
divisible groups Y1 £ Y, ! Y which is an isomorphism over each geametric
point “. Therefore this is an isomorphism. QE:D:

Next we construct a p-divisible group X on T = PL. Let L be a line bundle on
PL. We consider the assaiated vector group

V(L)(TY = i(TOLY);

where TO! T = P! is a scheme and LY is the pull-back. The kemel of
the Frobenius morphism Fr : V(L) ! V(L) is a nite, locally free group
scheme ®, (L) which is locally isomorphic to ®,. WesetA(; 1) = ®&(Op: (i 1)).
There are up to multiplication by an element of k® unique homomorphklsms )
respectively f : Op&(i ! Op: whose unique zeresare 0 2 Pi respectively
1 2 P}. This induceshomomorphisms of nite group schemest : A(j 1) ! A
respectively i : A(j 1) ! A which are isomorphisms outside O respectively
outside 1 . We consider the embeddings

Ay G

AEA Yo Z1£272,=27:
Wedene X = Z=A(j 1):
A:Zi! Z=A( 1) = X:
Note that
Ao :Go1£ Gi12=Zoi! Gai1f (G1.2=®) = Xo;

and
Al :Gg;l £ Gl;g = Zj_ i ! (Gg;lz®p) £ G1;2 = X]_ .

We consider the quotient space S = PE=f0; 1g , by identifying O and 1 into a
normal crossingat P 2 S, i.e.

Os;p =ff 2 OT;O\ OT;]_ Jf(O) = f(l )g,
S is a nodal curve, and
PE=Ti! S 07'P; 1 7!P;

is the normalization morphism.

A nite, locally freescheme G over S is the same thing as a nite, locally free
scheme G over P} endaved with an isomorphism

Go2 G :
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It follows that the category of p-divisible groups Y over S is equivalent to the
category of pairs (Y;°v), where Y is a p-divisible group on P; and °y is an
isomorphism

°y i Yo 2 Yy
of the bersof Y over02 Pt and 1 2 PL. Wecall °y the gluing datum of Y.
We construct a p-divisible X over S by de ning a gluing datum on the p-
divisible group X . In fact, the exact sequencesn ([D give:

Xo= G211 £ (G127®) 2 (G21®) £ Gu2 = Xy ;

this gluing datum provides a p-divisible group X over S.
Claim : This p-divisible group X ! S satis es the property mentioned in the
example
Let us assume that there exists an isogeny A: X ! Y to a completely slope
divisible p-divisible group Y over S. WesetY = Y £5 T and consider the
induced isogeny

AEsT=":X1Y:
and the induced isogeny:

="A:(Z

=

X il Y):
By the lemma we seethat
= E 22 YiE Y= Y:
Note that
"1 = A ="0:X1 =Xp=Xo ! Y1 = Yp = Yo,
these p-divisible groups both have a splitting into isoclinic summands:
X1 =Xp=Xo=X%E X% v, =Yp =Yy= Y% Y®

and
AP:|O£|OO:XO£ XOO || YOEYOO

is in diagonal form. On the one hand we conclude from
3

(o:(Z)oi! (Yi)o)= (Za)o! X°1 YO
that deg( 1) = deg( 1) = deq' 9; on the other hand
()1 1(Zo)r 0! (Y1) =((Z): ! (Go1=®) = X°1 Y9;

hence

deg 1) = deg( 1)1 = pedeq’ 9:
We seethat the assunption that the isogeny A : X | Y to a completely
slope divisible Y ! S would exist leads to a contradiction. This nishes the
desciiption and the proof of Example @ Q:E:D:
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4.3 Example. For every positive integer d there exists a scheme S° of di-
mension d, a point P22 S%such that SCis regular outside P°, and a p-divisible
group X %! S%which does not admit an isogeny to a completely slope divisible
group over S°

This follows directly form the previous example. Indeed choose T as in the
previous example, and let T°! T smooth and surjective with T of dimensimn
d. Pull back X=T to X %=T% choose geametric points 0°and 1 °2 T° above
Oand 1 2 T; construct S° by \identifying 0° and 1 ®: outside P° 2 S°
this scheme is T%f 0% 1 %, and the local ring of P°2 SOis the set of pairs of
elements in the local rings of 0°and 1 © having the same residuevalue. We can
descendX?! TO%to X°! SO and this has the desired property.
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