Documenta Mat h. 219

L2-Inv ari ant s of Loc all y Symmetri c Spaces
Martin Olb ric h

Received: August 9, 2001

Communicated by Ursula HamenstAdt

Abstract. Let X = G=K be a Riemannian symmetric space of the

noncompact type,j Y2 G adiscrete, torsion-free,cocompact subgroup,

and let Y = j nX be the corresponding localy symmetric space. In

this paper we explain how the Harish-Chandra Plancherel Theaem
for L2(G) and results on (g; K )-cohomology can be usedin order to

compute the L2-Betti numbers, the Novikov-Shubin invariants, and

the L2-torsion of Y in a uniform way thus completing results previ-

ously obtained by Borel, Lott, Mathai, Hessand Schick, Lohoue and

Mehdi. It turns out that the behaviour of these invariants is essen-
tially determined by the fundamental rank m = rkcGj rkcK of G. In

particular, we show the nonvanishing of the L?-torsion of Y whenewer
m= 1
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Keywords and Phrases: localy symmetric spaces, L2-cohomology,
Novikov-Shubin invariants, L2-torsion, relative Lie algebra cohomol-
ogy

1 Int roduction

During the last two decalesL 2-invariants have proved to be a powerful tool in
the topology of compact manifolds (see[15] for an overview). Although they
can be de ned in purely combinatorial terms we are interested here in their
equivalent analytic versions: They are spectral invariants of the p-form Lapla-
cians of the universd cover of the manifold. For particular nice manifolds these
might be computable. Indeed, the aim of the presen paper is to extract from
the represenation theoretic work of Harish-Chandra [9] and Borel-Wallach [2]
information on the spectral decanposition of the form Laplacians on Rieman-
nian symmetric spacesof the non-compact type which is suzciertly explicit
in order to compute the spectral invariants of interest. We try to do this in a
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rather detailed way which, we hope, keepsthe paper readable for nonspecidists
in harmonic analysis. *
Let X ! Y be the universd cover of a compact Riemannian manifold. Set
i = ¥(Y). The form Laplacian ¢, = d°d + dd” de nes a non-negative,
elliptic, self-adjoint operator acting on L?(X;=aPT®X), the square integrable
p-formson X. By ¢35 and ¢ 5 = (d°d)® we dende the restriction of ¢, to
the orthogonal complemert of its kernel and the coclosedforms in this orthog-
onal complemert, respectively. We consider the corresponding hea kernels
e o (x;x9 = (Pael ) (x; X9, x;x°2 X, for @ = ;;00r c. Here P, dendes
the orthogonal projection to the corresponding subspace. The local traces
tr e 5 (x; X) are j-in variant functionson X . For a thorough discussim of the
following de nitio ns we referto [14], [17], [16], and [15].
We set Z

Trie s = tref p(x;x)dx;

F

where F %2 X is a fundamental domain of the action of j on X and dx is the
Riemannian volume element of X . Thenthe L2-Betti numbers are given by

b2 (Y) = lim Tr; & e 2100;1):

They are equd to the von Neumann dimensian of ker¢ , viewed as Hilbert
N (j)-m odule, where N (j) is the group von Neumann algebra of j. If the
spectrum of ¢ , has no gap around O the Novikov-Shubin invariants of Y are
de ned by

& (Y) := supf " jTr, e ®5 = O(ti 7)ast! 1g 2[0;1]:

It measuresthe asymptotic behaviour of the spectral density function of ¢ , at
0. In caseof a gap around O we set ®&,(Y) := 1 *. Replacing ¢g by ¢ 5 we
obtain the analogously de ned Novikov-Shubin invariants ®,(Y) of d°d. Using
the action of the exterior di®erertial d on the Hodge decanposition of L 2-forms
we obtain

& (Y) = minf@&(Y); @, 1(Y)g: 1)
Finally, if ®(Y) > O for all p (or, more genenrlly, if X is of determinant class
(see[15])), then the L2-torsion of Y is de ned by

X X
A (Y) = % (i DP*'p logdet; (¢ p) = % (i DPlogdet; (¢ §) ;

where for o= Qc

a Ma1% i
i t. (¢°) = — — Tr e *ptsi Ldt
i logdet; (¢ ) dsjs=o0_ i(S) o ne ’
Z,
e e

INote added in proof: In the meanwhile the interested reader can nd a discussion with-
out proofs of the results of the present paper in the recent monograph [16] which gives a
comprehensive treatment of the theory of L 2-invariants.
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L2-Inv ariant s of Locall y Symmetric Spaces 221

for any " > 0, where the r st integral is considered as a meromorphic function
in s. By Poincar§ duality ¥? (Y) = 0 for even dimensinal manifolds Y .

From now on let X = G=K be a Riemannian symmetric space of the noncom-
pact type. Here G is a red, connected, linear, senisimple Lie group without
compact factors, and K %2 G is a maximal compact subgoup. It is the uni-
versd cover of compact localy symmetric spacesof the form Y = j nX, where
i 2 Y(Y) can beidentied with a discrete, torsion-free, cocompact subgoup
of G. It will be conveniert to consider also the compact dual X9 of X. X¢
is de ned as follows: Let g, k be the Lie algebras of G, K. Then we have the
Cartan decanposition g = k© p, and g% := k© ip is another subdgebra of the
complexi cation of g. Let GY be the corresponding analytic subgoup of the
complexi cation G¢ of G. Then GY is a compact group, and X ¢ = G9=K . We
normalize the Riemannian metric on X ¢ such that multiplica tion by i becanes
an isometry Tek X 2 p! ip2 Tex X 9. In this paper we are going to prove
the following theorem:

Theorem 1.1 Let n=dimY and m = m(X) := rkcGj rkcK be the funda-
mental rank of G. Let A(Y) be the Euler characteristic of Y. Then

(a) bf)z)(Y)S 0, m=0andp= 3.

In particular, b‘%z) (Y) = ( D)FACY) = vol(Y) «

vol(X 0')A(x )

(b) @&(Y)6 1", m>0andp2[tL™; 50 1]
In this range ®,(Y) = m.

(c) 2 (Y)8 0, m=1

Note that nj m is always even and positive. Part (a) of the theorem was
known for a long time, at least since Borel's paper [1]. For specid casessee
also [4], [5]. For the convenienceof the reader we include a proof here. In fact,
we prove a stronger statement which shauld have beenknown to the experts
although we were not able to 'nd it in the liter atur e:

Pr oposit ion 1.2 The discrete spectrum of ¢ , on L2(X;aPT"X) is empty
unlessm(X) = 0and p= 3. In this case 0 is the only eigenvalue of ¢ .

The strategy of the proof of (b) can already be found in Lott's paper [14],
Section VII. To be more precise,Equation (1) implies the slightly wegker result

Yo
_ 1% peZtpm;EMiorm=0
®p(Y) - m p 2 [n'zm : n+2m] a.nd m 6 0 . (2)

Lott proved the r st line of (2) and that &, (Y) is nite and independert of p
for the remaining values of p. He indicated how one shauld be able to compute
the precisevalue of &, (Y). But he nished the computation in the red rank
one case, only. In addition, already Borel [1] showed that the range of the
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di®erertial d, of the L2-de-Rham-complex is not closedfor p 2 [, ; M5M 1],
Theaem 1.1 (b) can be considered as a quantita tive re nement of this result.
After the presen paper was written | was informed by S. Mehdi that there is
a joint paper of him with N. Lohoue [13] which has recerly appeared in print
and which contains a proof of (2). The interested reader will also nd there
more information conceming the material preserted here in Sections 2 and 3.
But he shauld be aware that in that paper the range of "niteness of ®&,(Y) is
constantly misprinted and that the proof of the secad line of (2) as written
down there is not quite complete (it is not mertioned that it is important to
know that p,(0) > O, seeEquation (14) below).

The main motivation to do the presert work was to obtain part (c) of the
theorem. In our localy homogeneaus situation we have for any x 2 X

Tr e 5 = vol(Y) ¢tr ef 15 (x; )

and thus
Y2 (Y) = vol(Y) ¢T@ (X)

for a certain red number T® (X). Note that in contrast to ¥%? (Y) the num-
ber T@ (X) depends on the normalization of the invariant metric on X (of
course only via the volume form). A well-known symmetry argument ([18],
Proposition 2.1) yields that T® (X) = 0 whenewer m 6 1. Lott [14] (seealso
[17]) shaved that T@ (H") 6 0for n = 3;5;7, where H" is the red hyperbolic
space (his values for T@ (H") for n = 5;7 were not correct). This led to the
conjecture that T@ (H") 6 0 for all odd n which was open until the work of
Hess-Shick [11] who found a trick in order to control the sign of logdet; (¢ 7)
in terms of p and n. Sothey were able to show that there is a positiv e rational
number ¢, sud that
H 1ﬂ ni1
TOMHN = i

7, Oh ! (3)

Here the metric on H" is normalized to have sectional curvature j 1. Along
the same lines Hess[10] obtained

T@(SL(3;R)=S0O(3)) 6 0: (4)
Let us introduce
_ 20
Qn - (n|2—1)|

and rewrite (3) as

TN = (1 G ©

Recdl that S" is the compact dual of H". The rational number Q, which
doesnot depend on the normalization of the metric has a nice interpretation

in terms of Weyl's dimensia polynomial for "nite-dim ensimal represenations,
seeProposition 5.3. But its signi cance remains to be clari ed further, and it
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L2-Inv ariant s of Locall y Symmetric Spaces 223

seens to be dix cult to write down a practical formula valid for all odd n. One
has Qs = %, Qs = 3L, Q; = 2. For further information see[11].

We will reduceTheaem 1.1 (c) to (4) and the positivity of Q,. Let X be an
arbitr ary symmetric space sdisfying m(X) = 1. By the classi cation of simple
Lie groups X = X1 £ Xo, where m(Xy) = 0 and X; = SL(3;R)=SO(3) or
X1 = Xpgq = SO(p;9)°=SO(p) £ SO(q) for p;q odd. (Here as thr oughout the
paper a superscript 0 denaes the connected component of the identity.) Note
that a corresponding decamposition of Y doesnot necessaly exist. We shav

Pr oposit ion 1.3

qui 1A /Qp+ gi 1

(@) TOXpq) = (i 1 pi 20i D ygi(x ) vol(X8q)”
P

(i DFAXE)

2
vol(X 9) TE(X1).

(b) If m(X)= 1, then T@(X) =
Here ng = dim Xg.

Note that Xp 1qi 1= SO(p+ gi 2)=SO(pi 1) £ SO(gi 1) and for p;g> 1
up+qi Zﬂ
D=2 0

2

In fact, it is a classicd result that A(X9) > 0 whenewer m(X) = 0 (compare
Theaem 1.1 (a)). It is equd to the quotient of the orders of certain Weyl
groups (seeSection 5). Now Theaem 1.1 (c) follows from Proposition 1.3, (4)
and the positivity of Qp.

We are also able to identify the missing constant in (4).

Pr oposit ion 1.4 If X = SL(3;R)=SO(3), then
2V
3vol(Xd) °
If the invariant metric on X is induced from twice the trace form of the standard
representation of sl(3;R), then vol(X 9) = 4¥#, and we have

1
67

A(Xpl 1gi 1

TOX) =

T(Z)(X) - 5

In particular, we seethat (j
Proposition 5.3 providesa uniform formula for the L ?-torsion of all thesespaces.
Acknowledgements: | am grateful to Wolfgang Léck and Thomas Sdick for
inspiring discussias which have provided me with a su+ cient amount of moti-
vation and of knowledge on L 2-invariants in order to perform the computations
which led to the results of the presen paper. | am also indebted to Wolfgang
Liick for giving me the opportunity to report on them at the Oberwolfach con-
ference\ L2-methods and K -theory", Septenber 1999. In addition, | beneted
from discussias with J. Lott, P. Pansu, E. Hessand U. Bunke.
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2 The Haris h-Chandra Planc herel Theorem

We want to understand the action of the Laplacian and of the corresponding
hea kemelson L?(X;aPT®X). Sincethe Laplacian coincides (up to the sign)
with the action of the Casimir operator - of G (Kuga's Lemma [2], Thm. 2.5.)
it is certainly enough to understand the \ decanposition” of L2(X;aPT®X) into
irreducible unitary represettations of G. There is an isomorphism of homoge-
neaus vector bundlesaPT®X 2 G £ aPp®, and, hence,of G-represetiations

L2(X;ePT*X) 2 [L*(G) - =Pp°I¢ :

Thus our task consists of two steps: First to understand L?(G) as a repre-
sertation of G £ G which is accamplished by the Harish-Chandra Plancherel
Theaem recdled in the presen section and, secod, to understand spaces of
the form [Vy,- aPp“]¥, where (¥4 V) is an irreducible unitary represetation of
G occurring in the Plancherel decanposition. For generl G, the secad step
will resista naive approach. Howevwer, if ¥{- ) = 0, then the space[Vy,- aPp”]K
has cohomological meaning, and the theory of relative (g; K )-cohomology as
recdled in the next section will provide a suxcient amount of information.
An irreducible unitary represenation (¥ V,,) of G is caled a represenation
of the discrete seiies if there is a G-invariant embedding Vi, | L?(G). Let
Gg denae the set of equivalenceclassesof discrete sefies represerations of G.
Then we have

Theorem 2.1 (Haris h-Chandra [7]) G4 is non-empty if and only if
m(X) = 0.

Note that m(X) = 0 means that G has a compact Cartan subgoup. The
Plancherel Theaem provides a decanposition of L2(G) which is indexed by
discrete selies represertations of certain subgroups M % G which we are going
to de ne now.

Let ap ¥ p be a maximal abelian subspae. It inducesa root space decanpo-
sition M

9= 9 © Jo :
®2¢( g;ao)

¢
Choose a decamposition ¢ (g;ag) = ¢* [ | ¢* into positive and negative
roots, and let | % ¢ * bethe subsetof simple roots. For any subsetF ¥2| we
de ne
exp(ar) ;
exp(ng) :

aF=fH2a0j®(H)=OforMaII®2Ig; Ar

NF = Oo ; N
@26 * @, 60g

Furthermore, there is a unique (possibly disconnected) subgoup Mg Y2 G
with Lie algebra mg such that Mg Ag is the certralizer of ar in G and mg
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is orthogonal to ar with respect to any invariant bilinear form on g. Mg
is a reductive subgoup with compact certer. The corresponding parabolic
subgoup Pr := Mg Ar Ng is cdled a standard parabolic. Pr is caled cuspidd
if Mg has a compact Cartan subgoup. If for two subsetsF; 1 % | the spaces
ar and a are conjugated by an element of K (thus by an element of the Weyl
group W(g;a)) we cal P and P, assaiate. (In many casesthis already
implies F = 1.) The assigyment P 7! AT, where T is a compact Cartan
subgoup of Mg, givesa one-to-one correspondencebetweenassaiation classes
of cuspidd parabolic subgoups and conjugacy classesof Cartan subgoups of
G.
For two subsetsF %21 Y2, we have Pg “2P;, Mg ¥2M,, A %A, Ng %N,.
If F is understood we will often suppressthe subscipt F.
For illustr ation let us consider the two extreme cases. The minimal parabolic
arisesfor F = ;. SinceM. is compact P. is always cuspidd. For F = | we
have P = M = G, and G is cuspidd i® m(X) = 0. For any cuspidd parabolic
subgoup we have dim A , m(X), and there is exactly one assaiation class of
cuspidd parabolic subgoups, called fundamenrtal, with dim A = m(X).
Theaem 2.1 also holds in the context of suc reductive groups like M. Thus
a parabolic P = M AN is cuspidd i® M has a non-empty discrete sefies M.
Let a2 be the complexi ed dual of the Lie algebra a of A. For a discrete sefies
represenation (»W,) of M and °© 2 a2 we form the induced represetation
(Y2 ;H”") by
Y e , Ya
W = fig1 w,j |(gman) = a O um)iti(g) foral
T 7 g2 Gyman 2 MAN; fix 2 L2(K;W,)

(Y50 (F)(x) = f (g *x) :

1 X

Here Y3 = = ®a. If ° 2 ia" then Y%, is unitary. An invariant bilinear
®2¢+

form on g induces corresponding forms on m and a¢& and determines Casimir

operators- and - y of G and M, respectively. Then we have
Yoo (- )= IP;00 i Ma;%ai+ »(-w): (6)

Note that »(- v ) is a non-negativ e red scdar.

Let O(G) % L?(G) be the Harish-Chandra Schwartz space (for a de nitio n see
e.g [19], 7.1.2). It is stable under the left and right regular represenations |
andr of G. Let C(G)k ek = ff 2 ((G) | dimspanfly, r,f jki;ko 2 Kg< 1g
be the subspae of Schwartz functions which are K - nite from the left and the
right. Note that C(G)k ¢k is densein L?(G). Supposethat © 2 ia®. Then for
f 2 CG) 7

Yao (f) = 5 f(9)¥: (9) dg

is a well-de'ned trace class operator on H”>° which has Tnite rank if f 2
O(G)k ek - Note that the map f 7! Y. (f) intertwines the G-actions in the
following way: Y50 (Ixryf) = Ya0 (X)¥s0 ()Y (¥ ) for x;y 2 G.
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The Harish-Chandra Plancherel Theaem can now be formulated as follows:

Theorem 2.2 (Haris h-Chandra [9]) For each cuspidal paralolic sulbgroup
as constructed alove and any discrete series representation » of the cor-
responding group M there exists an explicity computabe analytic function
p» :ia” ! [0;1 ) of polynomial growth (the Plancherel density) such that for
anyf 2 C(G)kegx and g2 G

x x %

f(g) = Tr(¥a0 (F) Y850 (g 1)) po(i®)d°
P »2My as

Here the “rst sum runs over a set of representatives P = Pr of association
classes of cuspidal paratolic subgroups of G.

For more details on the Plancherel Theaem and the structure theory behind
it the interestedreader may consult the textb ooks [12], [19], [20].

Note that the Plancherel measures p,(i° )d® depend on the normalization of
the Haar measure dg. In the remainder of the paper we usethe following one.
Let dx be the Riemannian volume form of X = G=K ang dk be the Haar

measure of K with total massone. Then f(g) dg = fx) dx, where
Z G X
oK) = f (gk) dk. We normalize the invariant bilinear form on g suc that
K

its restriction to p2 Tex X coincideswith the Riemannian metric of X . Let d°
be the Lebesgie measure corresponding to the induced form on a°. By these
choicesp, is uniguely determined.

We are now able to give a kind of spectral expansion of Tr; € !¢ b

Corollar y 2.3
Z

X X , ,
Trl el te P = VOI(Y) e| t(k°k“+ k¥ ki »(- m))
P »ZMd a®
b d|m[H »ie DppD]K p»(iO )do (7)
X X o2 1 2
= vol(Y) gl KK+ kv ki »(- )
P »Zl\ﬁd a

dim[W,, - aPp]m py(i°)d° :  (8)

Here Km = K\ M denotes the maximal compact subgroup of M. There are
only “nitely many pairs (P;») with [H>° - aPp®] 2 W, - aPp®]km & f0g.

Proof. We dene k; 2 [C(G) - End(aPp™)]KEK by ki(g) := € ®r(eK;gK) +
g For f 2 L2(X;mPT°X) 2 [L%(G) - =Pp°]¢ we have € '*rf(g) =

ki(9)f (gog) dg. In addition, trei e (x;x) = trky(e) for any x 2 X.
G

We consider Yo (k;) as an operator acting on H”!° - oPp®. Using Kuga's
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Lemma, Equation (6), and the K £ K-invariance of k; one derives that
Ygio (ki) = €tV KAK T >C u) p where P is the orthogonal projection onto
the subspae of K -invariants in H>° - aPp®. The Plancherel formula now
yields
X X Z . 2 1 2. o
tr kt(e) — e t(kvk“+ k¥ ki »(- v )) dlm[H »i° r,pp::\]K p»(io )do :
P »2 Md a

This proves(7). SinceH>* 2 | 2(K £, W,) as arepresefation of K Equa-
tion (8) follows by Frobenius reciprocity. The last assetion is a consequence
of the Blattner formula (seee.g [19], 6.5.4) for the K, -typesof discrete series
represerations of M . 2

3 (g;K)-cohomology

If (*4Vy,) is arepresenation of G on a complete localy convex Hausda®topo-
logical vector space, then we can form its subspae V., consisting of all K -
“nite smooth vectors of Vy,. Vi,x becanesa simultaneaus module under g and
K, where both actions satisfy the obvious compatibilit y conditions. Sudc a
module is caled a (g; K )-module (see[2], 0.2).

We are interestedin the functor of (g; K )-cohomology V 7! H®(g; K;V) which
goesfrom the category of (g; K)-modulesto the category of vector spaces. It
is the right derived functor of the left exact functor taking (g; K )-invariants.
H"(g;K;V) can be computed using the standard relativ e Lie algebra cohomol-
ogy complex ([V - a%p]¥;d), where

X _
dl (Xo;::5:Xp) = (i D'AUXi)! (Xo;:::;)?i;:::;Xp);
i=0
L 2[V- ePp’f: X;2p:

Note that for V = C! (G)k this complex is isomorphic to the de Rham complex
of the symmetric space X .

Let Z(g) be the cernter of the universd erveloping algebra of g. If (Y4V) is
an irreducible (g; K )-module, then any z 2 Z(g) acts by a scdar A,(z) on V.
The homomorphism Ay, : Z(g) ! C is caled the innitesim al character of V.
T he following basic result can be considered as an algebraic version of Hodge
theory.

Pr oposit ion 3.1 ([2], 11.3.1. and 1.5.3.) Let (% Vy,) be an irr educible uni-
tary representation of G, and let (¢;F) be an irreducible " nite-dimensional
representation of G. Then
# Ve F oot e ) = o)
P(ar K Vo - - .- F - BEp =)=
H (g’ K1V/4K F) ng 1/(_ ) 6 6(' )
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If HP(g;K; Vi - F) 6 f0Og, then Ay, = A,, whee ¢ is the dual representation
of ¢.

The cohomology groups HP(g; K; i,k - F) for the represenations %= Yo
occurring in the Plancherel Theaem have beencomputed in [2]. We shdl need
the following information.

Pr oposit ion 3.2 ([2],11.5.3., I11.5.1., and 111.3.3.)

(a) Let (¢;F) be an irreducible " nite-dimensional representation of G and
Y42 Gy with Ay, = A,. Then
%)
dmHP(GK Vi - F)= = P=%
g% Vi ~ 0 otherwise

(b) Let (Y. ;H”") be a representation occurrin g in the Plancherel Theorem.
Then ‘
He(g:K;HE'™) = fog

unless P is fundamental, © = 0 and » belongs to a certain non-empty
Thite subset ¥ % My. If P is fundamental and » 2 ¥, then

Yoi o e

. o M p2 [n m;n m

dimHP(gK;H ) = Pi 2™ 2 2
@ <) 0 otherwise

Choose a Cartan subdgebra h %2 g and a system of positive roots. Via the
Harish-Chandra isomorphism any in nitesim al character Ay, : Z(g) ! C is
given by an element =4, 2 hg, which is uniquely determined up to the action
of the Weyl group W(g;h) ([19], 3.2.4.). The set of innitesim al characters
of discrete seiies represertations coincides (in case m = 0) with the set of
in nitesim al characters of nite-dim ensimal represenations, which are of the
form*, + %, 1, and ¥4 being the highest weight of ¢ and the half-sum of
positive roots, respectively. In the following we will represer in nitesim al
characters of discrete seties represeniations by elements of this form. We in-
troduce a partial order on hi by saying that * > ©,if 1 j ° is a sum of (not
necessaly distinct) positive roots. Then a careful examination of the proof of
Proposition 11.5.3. in [2], which only restson same basic knowledge of the pos-
sible K -types occurring in discrete selies represenations, shaws that slightly
more than Proposition 3.2 (a) is true.

Pr oposit ion 3.3 Let (¢;F) be an irr educible ~nite-dimensional representa-
tion of G and %2 Gq4 with 8,8 o,. Then

s .
. . 1 p=2;A,= A,

1/ - - p K = 2 p ¢
dim[Vy, - F - aPp’] 0 otherwise
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4 L2-Bet ti numbers and Novik ov-Shubin invariant s

In this section we shdl prove parts (a) and (b) of Theaem 1.1 as well as
Proposition 1.2.

Let L?(X;aPT"X )y be the discrete subspace of L2(X;aPT"X), i.e., the di-
rect sum of the L2-eigenspacesof the Laplacian. The Plancherel Theaem in
particular says that as a represertation of G

M
L2(X;8PT"X )g 2 Vie- [V~ aPp°]¢
2 Gy

Let (¢o; C) bethe trivial represettation of G. Let %42 Gg. Thenoy, 8 a,, =Y.
Proposition 3.3 now yields
Y%

dimV,- oPp]k = L P 2iAw=A

1 o .
0 otherwise ’ ©)

Sincein casem = 0 discrete selies represerations with in nitesim al character
A, aways exist (seee.g [12], Thm. 9.20 or [19], Thm. 6.8.2) and ¢o(- ) = O
this implies Proposition 1.2. In particular, bgz) (YY) is non-zero exactly when
m = 0and p = 3. Using that the L2-Euler characteristic coincides with the

2
usud Euler characteristic and applying Hirzebruch proportionality we obtain

vol(Y)
vol(X d)

b () = (i DEAY) = AX ) ; (10)
We will give an alternativ e, purely analytic proof of that formula in the sequel
of Corollary 5.2. This nishes the proof of part (a) of Thearem 1.1.

We now turn to part (b). In order to compute ®,(Y) we needan expressio
for Tr, e 5.

Pr oposit ion 4.1 For any triple (P;»;°) appearing in (7) let BP(»;°) =
d([H”>° - aPi 1p°]K) be the space of coboundaries in the relative Lie algebra
cohomolayy complex and b°(»;°) ke its dimension. Then
Z
Triet % = vol(Y) ai HKOKZ+ K k2 »(- 1)
P6Gsop, &

B+ 1(»;0) py(i©)de : (11

Here the st sum runs over a set of representatives P = Pg of association
classes of proper cuspidal paratolic subgroupsof G. If m > 0O, P is fundamental,
»2 ¥ (see Propostion 3.2 (b)), and ° 6 0, then
( ¢
il i . .
b0+1(»;0): pj L pZ[%,mel 1]

. (12)
0 otherwise
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Proof. We proceedexactly asin the proof of Corollary 2.3. The kemel el tey
determines a function k¢ 2 [C(G) - End(aPp®)]K £X . Then one computes that
Ygio (KS) = e t(kvk®+ k% k®i > ) pc where P¢ is the projection to the orthog-
onal complement in [H>1° - aPp®]¥ of the space of cocyclesin the relative Lie
algebra cohomology complex. The dimensian of that complemert is equd to
BP*i(»°). If m= 0, P = G, and » 2 Gy, then BP*1(») = 0 for all p by (9).
This proves(11).

Let nown m > 0, P be fundamental, » 2 ¥, and © 2 a°. In this case
HP(g;K; H,’z;o) 6 fOg for same p. HenceProposition 3.1 impliesthat ¥%.q(- ) =
0 and

hP(») := dim[H>° - aPp°]K = dim[H”?- aPp°]K = dimHP(g;K;H"°

i ¢
By Proposition 3.2 (b) we have hP(») = 'pi " m . On the other hand,
dimHP(g;K;H2'") = 0for ° 6 0implies that hP(») = B(»°) + B* 1(»;°).
(12) now follows inductiv ely. 2

If HP(g;K;H2'") = fog for all © 2 a2, then by Proposition 3.1 dim[H>° -
aPp®lK = 0 (which is independert of ©) or oizn;(kf’ k? + k¥ak?i »(- w)) > O.
Now Proposition 4.1 implies that the spectrum of ¢ § has a gap around zero,
which means @,(Y) = 1 *, unlessm > Oand p 2 [25T; M55 1], In the latter
casewe obtain for somec> 0

H mi 1 T X z 2
Trie e =vol(Y) h e " p,(i°)d° + O(e' )
Pi 2 »2y &

ast! 1, wherea corespondsto a fundamental parabolic subgoup and thus
has dimensian m.

Let P = MAN be fundamental and » 2 Mgy. Then dimn =: 2u is ewven.
Choose a compact Cartan subgoup T 2 M with Lie algebrat and a system
¢ * (m;t) of positive roots. Considering the pair (m;t) instead of (g; h) we can
de ne =, 2 t¢ in the same way as at the end of Sectim 3. Thenh:= t©a
is a Cartan subdgebra of g. Let ©* be a system of positive roots for (g;h)
containing ¢ * (m;t). Then there exists a positive constant cx depending only
on the normalization of the volume form dx such that

h®, o, + °j

h®;, Y4i (13)

Y
P»(°) = cx (i 1"
®20*

(see[9], Thm. 24.1, [20], Thm. 13.5.1 or [12], Thm. 13.11). In particular, p,
is an even polynomial of degeedim n. The factor (j 1) makesit nonnegative
onia".

The element o, + © givesthe in nitesim al character of Y40: @y, , = @, + °
([12], Prop. 8.22). Let now » 2 ¥. Then Propositions 3.2 (b) and 3.1 imply
that ¥%.o has the same in nitesim al character as the trivial represernation. It
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follows that @, is conjugated in hg by an elemert of the Weyl group W (g; h) to
Y. By (13) we obtain p,(0) = §cx 6 0. On the other hand p,(0) , 0, hence

p»(0) > 0: (14)

X
We decanposep,(®) = p»2«(°) into homogeneais polynomials. Set g, =
z k=0
P»:2k(°) d°. Theng,.o > 0 and
1

ko k=
Z X Z,
el tko k? p, (i )do Gk el trzrmi 1+ 2k gy
a 0 z,
ti O+ k)q»;k g yzymi 1+2kdy :
0

a

Thus for p 2 [T “"ZH”‘ i 1] the leading term of Tr,; € s ast! 1 isa
non-zero multiple of ti 2. This completesthe proof of Theaem 1.1 (b).

5 L2-torsion

For even dimensiaal manifolds the L 2-torsion vanishes. T hus we may assumne
that m is odd, in particular m, 1. Then¢ g = ¢ . We 1 st want to compute

kx (t) := (i HPpTr, e ¢r :
0

1
2vol(Y)

Then
d p’ 1 Z " ﬂ Z 1
TAOX)= — — kx(DtSildt o+ ky (1)t 1dt :
0= Geoo (g o O k()
Let P = M AN be a parabolic subgoup appeaing in (8). SetKy = K\ M
and pn, = p\ m. Then an elementary calculation in the represenation ring
R(Kwm) of Ky yields

(i )PpuPp®=0; if dma, 2;
p=0
while for dima= 1 we have

w1
(i DP* teP(py ©n°)

(i HPprPp®
p=0 p=0
oj(nn

(i D' =pni =*py) - a'n
=0
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(see[18], Prop. 2.1 and Lemma 2.3). It follows from (8) that kx (t) = 0 for
m > 1, hence¥? (Y) = 0.

From now on let m = 1. Let P = M AN be a fundamental parabolic subgoup
of G. Then (8) gives

105("“ X
® = 2 GO dimW, - @SpG§ 8o - ol

=0 »ZMdZ

g t(ke k2+ k¥ k?i »(- u)) py(i°)de : (15)

a®

Now X = X1 £ Xg, X1 = G1=K 1, Xg = Gg=Ko, m(Xo) =0 asexplained in
the introduction. Although (15) can be evaluated directly for general X with
m(X) = 1 we preferto reducethe computation to the irreduciblecaseX = X;.
In order to compute T@ (X) it is su+cient to compare %2 (Y) with vol(Y) for
one particular Y = j nX. If we choose of the form j 1 £ o, wherejo % Gg
and j 1 2 Gy, then

W (Y) = A(Yo) A2 (Y1) ;

where Y1 = j1nX1, Yo = jonXo. Applying Hirzebruch proportionality we
obtain the assetion of Proposition 1.3 (b)

w2 (YY)  _ AYo)
TP (x) vol(Yo)vol(Y1) voI(YO)T(Z) (X3)
- (l 1)nTDA(Xg)T(2) (Xl) : (16)

vol(X §)

It remains to ded with the caseX = X;. We can assunethat G = SO(p;0)°,
p- godd, or G= SL(3;R). ThenM 2 SO(pj 1,qi 1), n2 RP*4 2 or
M 2 OGL(2;R) := fA 2 GL(2;R)jjdetAj = 1g, n 2 R?, respectively, and
M acts on n via the standard represettation. Note that M is not connected
unlessG = SO(1;)°. The M °-represettations a'n® - C areirreducible unless
G=SO(p;g and | = u = %dim n. In the latter casee¥n® - C decanposes
into two irreducible components @* n©ai n. Sincecompact Cartan subgoups
of M are connected the discrete selies represetiations of M are induced from
discrete seiiesrepresernations of M %: W,, = IndM o (W), » 2 (M %)4 (see[19],
6.9 and 8.7.1). As represetations of Ky we have W, 2 Ind ¥ (Wy). By
Frobenius reciprocity we obtain !

dim[W, - (2°'pf, i 8°p},) - o[

= dimW,, - @®py i 8%p5) - 8

Note that the in"nitesim al characters A, and A,, cadncide. By A(m;KJ ;:)
we denae the Euler characteristic of relative Lie algebra cohomology. Set
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V= %dim Pm. Applying Propositions 3.1 and 3.2 (a) to M © instead of G we
obtain
dim[W,, - (2®pf, i 8°%ph) - a”n®]<w
éz(m;K& Wiy - a"n%)
(l 1)V A» = Au"n
0 otherwise

Herea®n® o= |;+; , denaes an irreducible component of &'n®- C.

In all casesunder consideration the setf®, j®2 ¢ *;®, 6 0g consists of a
single element ® 2 a°. It follows that Y4 = u®,. Moreover, - \y acts on a'n
asl(2uj |)k®k?id (compare [18], Lemma 2.5).

In order to evaluate (15) further we have to determine the constant cx in
formula (13). This can be done in complete generality. So for a moment we
drop the assunptionsm = 1, X = X;.

Lemma 5.1 Let P = MAN % G be fundamental. We retain the notation
introduced before (13). Set Wa = fk 2 KjAd(k)a¥zag=K v, S§ = exp(ia)K %
X9, and let ©; be a positiv e root system for (k t) with corresponding half sum
Y. Then

Q .
1 . h®; Yai
ox = ———Que % (17)
WAj(2 7 eze; MBI
d
_ 1 vol(Sy) 1 ) (18)

JWaj (2™ vol(X9) °

Proof. Formula (17) is a combination of [8], Thm. 37.1, with [9], Cor. 23.1,

Thm. 24.1 and Thm. 27.3. In order to apply these results correctly one

has to take into accaunt that Harish-Chandra's and our normalizations of the

measuresdg and d° all of thdem starting from a xed invariant bilinear form
nij im ag

on g di®er by the factors 2= = ([8], Section 7 and Lemma 37.2) and (29™,
respectively. On the other hand we have

= (o1 dim K =T VOI(T)
A= (@ 6K
®20

k

(19)

(seee.g [8], Lemma 37.4). Here the volumesare the Riemannian onescorre-
sponding to the invariant bilinear form h;:i. Formula (19) holds for any pair
(K; T) of aconnectedcompact Lie group and a maximal torus. Applying it also
to the pair (G%;HY), where HY is the maximal torus of GY with Lie algebra
t©ia, we obtain

Q

e %VOKK)VOKH(’) . %vol(sd) _
QZZ; o - 7 vol(Gd)vol(T) 2% voI(X/?’) ' (20)
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The secad equdity follows from the fact that the map HY=T | X9,
hT 7! hK , is an isometric embedding with image S¢. This proves(18). 2

In particular, specidizing (13) and (18) to the case m = 0 we obtain as a
consequenceof Weyl's dimensian formula

Corollar y 5.2 Let ¥%be a discrete series representation of G having the same
in" nitesimal character as the ~nite-dimensional representation ¢, then
dim ¢,

PA= Salxd)

Let us now give the promised analytic proof of (10). For a xed nite-
dimensimal represenation ¢ of G (which still is assunmed to be connected)
there are exactly jW(g;t)j=jW (k t)j equivalenceclassesof discrete seriesrepre-
sertations with innitesim al character A, (see[19], Thm. 8.7.1, or [12], Thm.
12.21). But this quotient of orders of Weyl groups is equd to A(X %) (seee.g
[3]). By (7), (9) and Corollary 5.2 we obtain

X

b‘nj = vol(Y) Dy, = voI(Y)A(Xd)Vol (1x Ok

Y2 GaAv=A,,

We return to the evaluation of ky (t) for m = 1, X = X;. The polynomial p,
only dependson the innitesim al character of ». By o, 2 it?, a=1;+;j , we
dende the in nitesim al character of the irreducible M -represenation a”n. We
set

8 Q hoa +9
E ®2 0+ 7h’®n;1/;i ! G= SL(3, R)
orl6u
pI(O):: Q h®;a, +°i +Q |"®;U;+°i
3 @0 TR @20 T hei
. =2 g0t Lﬁgﬁ/g i ' otherwise

For xed in nitesim al character there are jW (m; t)j=jW ,, ] equivalenceclasses
of discrete series represenations, where Wy,, = fk 2 Ky j Ad(k)t Y2 tg=T.

Note that there is an embedding W (kn;t) | Wk, which becanesan isomor-
phism if Ky is connected. Furthermore, jWaj = 1 exceptfor G = SO(1;q)°,

where jWaj = 2. In any case jWx,, jjWaj = 2JW(kn;t)j. Let Xg be the
compact dual of Xy = M=Ky = MO%KJZ . Then jw(m;t)j5W,, jWaj =

ZAX§). In addition, u+ v = "1 and

vol(S§) _ 1 |
2Ys  k@&k
Summarizing the above discussiam we obtain
n AKX XU .
o () = (1 9% o) T gy

Ak@pkvol (X 9)
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where Z
ki (t) = gi Lk K2+ (Ui D*K®k®) 5 (o ygjo -
a8
For an even polynomial P and ¢, O set
z 1
kec(®)= & O IP(iy)dy:

il
Then (compare [6], Lemma 2 and Lemma 3, [17], Lemma 6.4, [11], p.332)
a M1 Z R :
B0 (5 Kpc(D Hdt + kpe(D)tF Mt
uzn> o T Z,
Kp.c(t)tST 1dt + Kp.c(t)t! 1dt
0 . js=0 "
i 2%  P(y)dy:
0

Sincep, = p2y; | We obtain

Pr oposit ion 5.3 Let X = G=K with m(X) = 1, P = MAN % G a funda-
mental paralolic subgroup, u = %dim n, and Xy = M=Ky . Then

ni 1 l/
TOX)= (D™ A(X&)Vo[&xd) :
whee y 1 Z
Qx = (i1 . Plyo@)dy:
I1=0

In fact, we have proved the proposition for irreducible X , but (16) shaws that
it holds in the general case,too.

Let us r st discussthe case G = SO(p;q)°, X = Xpq: P+ qodd. Then
n=pgand Xy = Xp; 1;9; 1. Furthermore, the polynomials p, depend only on
the complexi cation of G, i.e., on p+ 0. Thus Qx,, = Que+a 1. This proves
Proposition 1.3 (a). We emphasize again that Qy e+ IS @ positive rational
number [11]. In fact, Hess-Shick shawved that

ZuiI
(i D pi(y ¢@y) dy> O; I=0;:::5;uf 1:
0
Let X = SL(3;R)=SO(3). Thenn=5and u= 1. We nd that
Qx = i y2dy = 3 XG4 =S% AXg)=2:

Using for instance (20) also vol(X %) can be easily computed. This proves
Proposition 1.4 and "nishes the proof of Theaem 1.1.
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