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Ab st ra ct . Let p be an odd prime with odd relativ e class number
h¡ . In this article we compute the Farrell cohomology of Sp(p¡ 1; Z),
the ¯r st p-rank one case. This allows us to determine the p-period of
the Farrell cohomology of Sp(p¡ 1; Z), which is 2y, where p¡ 1 = 2r y,
y odd. The p-primary part of the Farrell cohomology of Sp(p¡ 1; Z) is
given by the Farrell cohomology of the normalizers of the subgroups of
order p in Sp(p¡ 1; Z). We usethe fact that for odd primesp with h¡

odd a relation exists betweenrepresentations of Z=pZ in Sp(p ¡ 1; Z)
and some representations of Z=pZ in U((p ¡ 1)=2).
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1 Int r oduc t ion

We de¯ne a homomorphism

Á : U(n) ¡ ! Sp(2n; R)

X = A + iB 7¡!
µ

A B
¡ B A

¶
=: Á(X )

where A and B are real matr ices. Then Á is injective and maps U(n) on
a maximal compact subgroup of Sp(2n; R). This homomorphism allows to
consider each representation

e½: Z=pZ ¡ ! U((p ¡ 1)=2)

as a representation
Á ± e½: Z=pZ ¡ ! Sp(p ¡ 1; R):

In an article of Busch [6] it is determined which properties e½has to ful¯l for
Á ± e½to be conjugate in Sp(p ¡ 1; R) to a representation

½: Z=pZ ¡ ! Sp(p ¡ 1; Z):
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240 C. Busch

T heorem 2.2. Let X 2 U((p ¡ 1)=2) be of odd prime order p. We dē ne
Á : U((p ¡ 1)=2) ! Sp(p ¡ 1; R) as above. Then Á(X ) 2 Sp(p ¡ 1; R) is
conjugate to Y 2 Sp(p ¡ 1; Z) if and only if the eigenvalues ¸ 1; : : : ; ¸ (p¡ 1)=2 of
X are such that ©

¸ 1; : : : ; ¸ (p¡ 1)=2; ¸ 1; : : : ; ¸ (p¡ 1)=2
ª

is a complete set of primitiv e p-th roots of unity.

The proof of Theorem 2.2 involves the theory of cyclotomic ¯elds. For the
p-primary component of the Farrell cohomology of Sp(p ¡ 1; Z), the following
holds:

bH¤(Sp(p ¡ 1; Z); Z)(p)
»=

Y

P 2 P

bH¤(N (P); Z)(p)

where P is a set of representativ es for the conjugacy classesof subgroups of
order p of Sp(p ¡ 1; Z) and N (P) denotes the normalizer of P 2 P . This
property also holds if we consider GL(p¡ 1; Z) instead of the symplectic group.
This fact was usedby Ash in [1] to compute the Farrell cohomology of GL(n; Z)
with coe±cients in Fp for p ¡ 1 6 n < 2p ¡ 2. Moreover, we have

bH¤(N (P); Z)(p)
»=

³
bH¤(C(P); Z)(p)

´ N (P )=C (P )

whereC(P) is the centr alizer of P. Wewill determine the structureof C(P) and
of N (P)=C(P). After that we will compute the number of conjugacy classes
of those subgroups for which N (P)=C(P) has a given structure. Here again
arithm etical questions are involved. In the articles of Brown [2] and Sjerve and
Yang [9] is shown that the number of conjugacy classesof elements of order
p in Sp(p ¡ 1; Z) is 2(p¡ 1)=2h¡ where h¡ denotes the relativ e class number of
the cyclotomic ¯eld Q(»), » a primitiv e p-th root of unit y. If h¡ is odd, each
conjugacy classof matr icesof order p in Sp(p ¡ 1; R) that lifts to Sp(p ¡ 1; Z)
splits into h¡ conjugacy classesin Sp(p¡ 1; Z). The main results in this article
are

T heorem 3.7. Let p be an odd prime for which h¡ is odd. Then

bH¤(Sp(p ¡ 1; Z); Z)(p)
»=

Y

k jp¡ 1
k odd

µ eK kY

1

Z=pZ[xk ; x ¡ k ]
¶

;

where eKk denotes the number of conjugacy classes of subgroups of order p of
Sp(p¡ 1; Z) for which jN=Cj = k. Moreover eKk > Kk , where Kk is the number
of conjugacy classes of subgroups of U((p ¡ 1)=2) with jN=Cj = k. As usual N
denotes the normalizer and C the centralizer of the corresponding subgroup.

T heorem 3.8. Let p be an odd prime for which h¡ is odd and let y be such
that p ¡ 1 = 2r y and y is odd. Then the period of bH¤(Sp(p ¡ 1; Z); Z)(p) is 2y.
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T he Farrell Cohomology of SP(p ¡ 1; Z) 241

Corresponding resultshave beenshown for other groups, for example GL(n; Z)
in the p-rank one case [1], the mapping classgroup [8] and the outerautomor-
phism group of the freegroup in the p-rank one case[7].
This article presents results of my doctoral thesis, which I wrote at the ETH
ZÄurich under the supervision of G. Mislin. I thank G. Mislin for the suggestion
of this interesting subject.

2 T he symplec t ic gr oup

2.1 Definit ion

Let R be a commutativ e ring with 1. The general linear group GL(n; R) is
de¯ned to be the multiplica tiv e group of invertible n£ n-matr icesover R.

Definit ion. The symplectic group Sp(2n; R) over the ring R is the subgroup
of matr icesY 2 GL(2n; R) that satisfy

Y T J Y = J :=
µ

0 I n

¡ I n 0

¶

where I n is the n£ n-identit y matr ix.

It is the group of isometries of the skew-symmetric bilinear form

h ; i : R2n £ R2n ¡ ! R
(x; y) 7¡! hx; yi := xT J y:

It follows from a result of BÄurgisser[4] that elements of odd prime order p exist
in Sp(2n; Z) if and only if 2n > p ¡ 1.

Pr opos it ion 2.1. The eigenvalues of a matrix Y 2 Sp(p ¡ 1; Z) of odd prime
order p are the primitiv e p-th roots of unity, hence the zeros of the polynomial

m(x) = xp¡ 1 + ¢¢¢+ x + 1:

Proof. If ¸ is an eigenvalue of Y , we have ¸ = 1 or ¸ = », a primitiv e p-th root
of unit y, and the characteristic polynomial of Y divides xp ¡ 1 and has integer
coe±cients. Sincem(x) is ir reducible over Q, the claim follows.

2.2 A rela t ion bet ween U
¡ p¡ 1

2

¢
and Sp(p ¡ 1; Z)

Let X 2 U(n), i.e., X 2 GL(n; C) and X ¤X = I n where X ¤ = X
T

and I n is
the n£ n-identit y matr ix. We can write X = A + iB with A; B 2 M(n; R), the
ring of real n£ n-matr ices. We now de¯ne the following map

Á : U(n) ¡ ! Sp(2n; R)

X = A + iB 7¡!
µ

A B
¡ B A

¶
=: Á(X ):

The map Á is an injective homomorphism. Moreover, it is well-known that Á
maps U(n) on a maximal compact subgroup of Sp(2n; R).
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242 C. Busch

T heorem 2.2. Let X 2 U((p ¡ 1)=2) be of odd prime order p. We dē ne
Á : U((p ¡ 1)=2) ! Sp(p ¡ 1; R) as above. Then Á(X ) 2 Sp(p ¡ 1; R) is
conjugate to Y 2 Sp(p ¡ 1; Z) if and only if the eigenvalues ¸ 1; : : : ; ¸ (p¡ 1)=2 of
X are such that ©

¸ 1; : : : ; ¸ (p¡ 1)=2; ¸ 1; : : : ; ¸ (p¡ 1)=2
ª

is a complete set of primitiv e p-th roots of unity.

Proof. See[5] or [6].

In the proof of Theorem 2.2 we used the following facts. For a primitiv e p-th
root of unit y », we consider the cyclotomic ¯eld Q(»). It is well-known that
Q(» + »¡ 1) is the maximal real sub¯eld of Q(»), and that Z[»] and Z[» + »¡ 1]
are the rings of integers of Q(») and Q(»+ »¡ 1) respectively. Let (a; a) denote
a pair where a µ Z[»] and a 2 Z[»] are chosensuch that a 6= 0 is an ideal in Z[»]
and aa = (a), a principal ideal. Here a denotes the complex conjugate of a. We
de¯ne an equivalencerelation on the set of thosepairs by (a; a) » (b; b) if and
only if ¸; ¹ 2 Z[»] n f 0g exist such that ¸ a = ¹ b and ¸ ¸ a = ¹ ¹b . We denote
by [a; a] the equivalenceclassof the pair (a; a) and by P the set of equivalence
classes[a; a].
Let Sp denote the set of conjugacy classesof elements of order p in Sp(p¡ 1; Z).
Sjerve and Yang have shown in [9] that a bijection exists between P and Sp.
If Y 2 Sp(p ¡ 1; Z) is a matr ix of order p, then the equivalenceclass [a; a] 2 P
corresponding to the conjugacy class of Y in Sp(p ¡ 1; Z) can be determined
in the following way. Let ® = (®1; : : : ; ®p¡ 1)T be an eigenvector of Y corres-
ponding to the eigenvalue » = ei 2¼=p, that is Y® = »®. Then ®1; : : : ; ®p¡ 1 is a
basis of an ideal a µ Z[»]. Sjerve and Yang [9] proved that this ideal a has the
property [a; a] 2 P. Let h and h+ be the classnumbers of Q(») and Q(»+ »¡ 1)
respectively. Then h¡ := h=h+ denotes the relativ e class number. Sjerve and
Yang [9] showed that the number of conjugacy classesof matr icesof order p in
Sp(p¡ 1; Z) is h¡ 2(p¡ 1)=2. The number of conjugacy classesin U((p¡ 1)=2) of
unitary matr ices that satisfy the conditio n in Theorem 2.2 is 2(p¡ 1)=2.
Let Up denote the setof conjugacy classesof matr icesin U((p¡ 1)=2) that satisfy
the conditio n on the eigenvalues that is given in Theorem 2.2. A consequence
of Theorem 2.2 is that it is possible to de¯ne a map

ª : Sp ¡ ! Up

and that this map is surjective. Therefore the map

Ã : P ¡ ! Up

is surjective either.
For a given choice of the ideal a (for example a = Z[»]), we denote by Pa the set
of thoseclasses[a; a] 2 P, where a corresponds to our choice. If the restriction

ÃjP a : Pa ¡ ! Up
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T he Farrell Cohomology of SP(p ¡ 1; Z) 243

is surjective each conjugacy class in Up of matr ices that satisfy Theorem 2.2
yields h¡ conjugacy classesin Sp(p ¡ 1; Z). In general ÃjP a is not surjective.
It is a result of Busch, [5], [6], that ÃjP a is surjective if h¡ is odd. If h¡ is even
and h+ is odd, we have no surjectivit y of ÃjP a . This happens for example for
the primes29 and 113.

2.3 Subgr oups of order p in Sp(p ¡ 1; Z)

It follows from Theorem 2.2 that a mapping exists that sendsthe conjugacy
classesof matr ices Y 2 Sp(p ¡ 1; Z) of odd prime order p onto the conju-
gacy classesof matr ices X in U((p ¡ 1)=2) that satisfy the conditio n on the
eigenvalues described in Theorem 2.2. This mapping is surjective.
It is clear that det X = el 2¼i =p for some 1 6 l 6 p. If X 2 U((p ¡ 1)=2)
satis¯es the conditio n on the eigenvalues, then so doesX k , k = 1; : : : ; p ¡ 1. If
det X = el 2¼i =p for some 1 6 l 6 p ¡ 1, then

©
det X ; : : : ; det X p¡ 1ª

=
n

ei 2¼=p; : : : ; ei (p¡ 1)2¼=p
o

and the X k are in di®erent conjugacy classes.If det X = 1, it is possible that
some k exists such that X and X k are in the same conjugacy class. In this
section we will analyse when and how many tim es this happens. The number
of conjugacy classesof matr ices X 2 U((p ¡ 1)=2) that satisfy the conditio n
required in Theorem 2.2 is 2(p¡ 1)=2. Herewith we will be able to compute the
number of conjugacy classesof subgroups of matr icesof order p in U((p¡ 1)=2).
We remember that the number of conjugacy classesof matr ices of order p in
Sp(p ¡ 1; Z) is 2(p¡ 1)=2h¡ . If h¡ = 1, a bijection exists betweenthe conjugacy
classesof matr icesof order p in Sp(p¡ 1; Z) and the conjugacy classesof matr ices
of order p in U((p ¡ 1)=2) that satisfy the conditio n required in Theorem 2.2.
Let X 2 U((p ¡ 1)=2) with X p = 1, X 6= 1. Then X generates a subgroup
S of order p in U((p ¡ 1)=2). If det X = 1, it is possible that X is conjugate
to X 0 2 S with X 6= X 0. Two matr ices in U((p ¡ 1)=2) are conjugate to each
other if and only if they have the same eigenvalues. The set of eigenvalues of
X is n

ei g1 2¼=p; : : : ; ei g( p ¡ 1 ) = 2 2¼=p
o

where 1 6 gl 6 p¡ 1 for l = 1; : : : ; p¡ 1
2 and for all l 6= j , l ; j = 1; : : : ; (p ¡ 1)=2,

gl 6= p¡ gj and gl 6= gj . From now on we consider the gj as elements of (Z=pZ)¤.
The matr ix X is conjugate to X · for some · if the eigenvalues of X and X ·

are the same. This is equivalent to

f g1; : : : ; g(p¡ 1)=2g = f ·g 1; : : : ; ·g (p¡ 1)=2g ½ (Z=pZ)¤

where gj and ·g j , j = 1; : : : ; (p ¡ 1)=2, denote the corresponding congruence
classes.
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244 C. Busch

We intr oduce some notation that will be usedin the whole section. Let

G := f g1; : : : ; g(p¡ 1)=2g ½ (Z=pZ)¤;

·G := f ·g 1; : : : ; ·g (p¡ 1)=2g ½ (Z=pZ)¤

for some · 2 (Z=pZ)¤. Let x be a generator of the multiplica tiv e cyclic group
(Z=pZ)¤ and let K be a subgroup of (Z=pZ)¤ with jK j = k. Then K is cyclic
and k divides p ¡ 1. Let m := (p ¡ 1)=k, then xm generates K .
First we prove the following proposition.

Pr opos it ion 2.3. Let G ½ (Z=pZ)¤ be a subset with jGj = (p ¡ 1)=2. The
following are equivalent.

i) For all gj ; gl 2 G, gj 6= ¡ gl and · 2 (Z=pZ)¤ exists with ·G = G, · 6= 1.

ii) An integer h 2 N, 1 6 h 6 (p ¡ 1)=2, and n j 2 (Z=pZ)¤, j = 1; : : : ; h,
exist with

G =
h[

j = 1

nj K

where

± K ½ (Z=pZ)¤ is the subgroup generated by · ,

± the order of K is odd,

± for · 0 2 K and all j ; l = 1; : : : ; h, n j 6= ¡ nl · 0,

± and for all j = 2; : : : ; h, n j 62K .

Then we will analyse the uniquenessof this decomposition of G. This will
enable us to determine the number of G ½ (Z=pZ)¤ with jGj = (p ¡ 1)=2 and
G = ·G for some 1 6= · 2 (Z=pZ)¤. Herewith we will determine the number of
conjugacy classesof subgroups of order p in U((p¡ 1)=2) whosegroup elements
satisfy the conditio n of Theorem 2.2.

Definit ion. Let · 2 (Z=pZ)¤ and let K be the subgroup of (Z=pZ)¤ generated
by · . Let G ½ (Z=pZ)¤ be a subset with jGj = (p ¡ 1)=2. We say that K
decomposesG if G, · and K ful¯l the conditio ns of Proposition 2.3.

SoK decomposesG if the order of the group K is odd and G is a disjoint union
of cosetsn1K ; : : : ; nh K of K in (Z=pZ)¤ for which for all n j ; nl , j ; l = 1; : : : ; h,
holds n j K 6= ¡ nl K .

Lemma 2.4. Let G ½ (Z=pZ)¤ with jGj = (p ¡ 1)=2. Then 1 6= · 2 (Z=pZ)¤

exists with ·G = G if and only if 1 6 h 6 (p ¡ 1)=2 and n j 2 (Z=pZ)¤,
j = 1; : : : ; h, exist with

G =
h[

j = 1

nj K

where n j 62K for j = 2; : : : ; h, and K is the subgroup of (Z=pZ)¤ that is
generated by · .
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T he Farrell Cohomology of SP(p ¡ 1; Z) 245

Proof. ( : Let · l 2 K . Then

· l G = · l
h[

j = 1

nj K =
h[

j = 1

nj · l K =
h[

j = 1

nj K = G:

) : Without loss of generalit y we assume that 1 2 G. If 1 62G, ¸ 2 (Z=pZ)¤

exists with 1 2 ¸G because (Z=pZ)¤ is a multiplica tiv e group. Of course
·¸G = ¸G . Moreover, it is easy to seethat if ¸G is a union of cosets of K ,
this is also tr ue for G. The equation ·G = G implies that K G = G. If 1 2 G,
then K µ G sinceK G = G. If K = G, we have ¯nished the proof. If K 6= G,
we consider G0

1 = G n K . For all · l 2 K we have · l K = K and

· l G0
1 = · l (G n K ) = G n K = G0

1:

Now ¸ 1 2 (Z=pZ)¤ exists with 1 2 ¸ 1G0
1 =: G1. Then G = K [ ¸ ¡ 1

1 G1 and we
can repeat the construction on G1 instead of G. This procedure ¯nishes after
h := (p ¡ 1)=2k steps. Let n1 := 1 and for j = 2; : : : ; h let n j := nj ¡ 1¸ ¡ 1

j ¡ 1.

Then G =
S h

j = 1 nj K .

Let G = f g1; : : : ; g(p¡ 1)=2g ½ (Z=pZ)¤ with jGj = (p ¡ 1)=2 and ·G = G for
some · 2 (Z=pZ)¤ with · 6= 1, · k = 1. The following lemma will give an
answer to the question when G satis¯es the conditio ns gl 6= gj , gl 6= ¡ gj for all
j 6= l with j ; l = 1; : : : ; p¡ 1

2 .

Lemma 2.5. Let G =
S h

j = 1 nj K ½ (Z=pZ)¤ be dē ned like in Lemma 2.4. Then
for all gj ; gl 2 G holds gj 6= ¡ gl if and only if ¡ 1 62K and for all · 2 K and
all j ; l = 1; : : : ; h holds n j 6= ¡ nl · .

Proof. ) : Suppose ¡ 1 2 K . Then ¡ 1 = · l for some l and n1 = ¡ n1· l . But
then we have found g1 := n1 2 G and g2 := n1· l 2 G with g1 = ¡ g2.
( : Suppose gj ; gl 2 G exist with gj = ¡ gl . Let gj = nj · j , gl = nl · l . Then
nj · j = ¡ nl · l , and we have found · j ¡ l 2 K with n l = ¡ nj · j ¡ l .

Which subgroups K µ (Z=pZ)¤ satisfy the conditio n ¡ 1 62K ?

Lemma 2.6. Let K µ (Z=pZ)¤ be a subgroup of order k. Then ¡ 1 62K if and
only if k is odd.

Proof. The group (Z=pZ)¤ is cyclic of order p ¡ 1 and K is a cyclic group. Let
x be a generator of K , then xk = 1. If k is even, k=2 2 Z and xk=2 2 K . But
then (xk=2)2 = xk = 1 and therefore xk=2 = ¡ 1 2 K since¡ 1 is the element of
order 2 in (Z=pZ)¤. On the other hand if ¡ 1 2 K , then K contains an element
of order 2. But then k is even, sincethe order of any element of K divides the
order of K .

Proof of Proposition 2.3. A subgroup K decomposes a set G as required in
Lemma 2.5 if and only if the order of K is odd. Moreover, the order of K
divides p¡ 1. Now Proposition 2.3 follows from Lemma 2.4 and Lemma 2.5.
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246 C. Busch

We did not yet analyse the uniquenessof the decomposition of a set G. It is
evident that the n j can be permuted and multiplied with any · l 2 K , but we
will seethat K and h are not uniquely determined. The next lemma states
that if K decomposesG then so doesany nontr ivial subgroup of K .

Lemma 2.7. Let G =
S h

j = 1 nj K ½ (Z=pZ)¤, jGj = (p ¡ 1)=2, be such that K
decomposes G (Proposition 2.3). Let jK j = k be not a prime and let K 0 6= K
be a nontriv ial subgroup of K . Then K 0 decomposes G.

Proof. SinceK 0 is a subgroup of K , K can be written as a union of cosets of
K 0 in K . Moreover, G is a union of cosetsof K in (Z=pZ)¤. Therefore

G =
h[

j = 1

nj K =
h0
[

i = 1

n0
i K

0:

Since K decomposesG, we have n l K 6= ¡ nj K for all l ; j = 1; : : : ; h. This
implies that n0

l K
0 6= ¡ n0

i K
0 for all i; l = 1; : : : ; h0. So K 0 decomposesG.

Our next aim is to determine the number of setsG. Therefore we consider for
a given G the group K with jK j maximal and K decomposesG.

Lemma 2.8. Let K ½ (Z=pZ)¤ be a nontriv ial subgroup of odd order k. Then
2(p¡ 1)=2k di®erent sets G exist such that K decomposes G and jGj = (p¡ 1)=2.

Proof. The order of K ½ (Z=pZ)¤ is odd. Then it follows from Lemma 2.6 that
¡ 1 62K . Consider the cosets n j K of K in (Z=pZ)¤. Since ¡ 1 62K , we have
nj K 6= ¡ nj K . So nj , j = 1; : : : ; (p ¡ 1)=2k, exist such that

(Z=pZ)¤ =
(p¡ 1)=2k[

j = 1

(nj K [ ¡ nj K ):

The group K decomposesG if and only if G is a union of cosets of K and
mj K µ G implies that ¡ m j K 6µ G for m j = § nj , j = 1; : : : ; (p ¡ 1)=2k.
Therefore 2(p¡ 1)=2k setsG exist such that K decomposesG.

Definit ion. Let K ½ (Z=pZ)¤ be a group of odd order k. We de¯ne N k to
be the number of G ½ (Z=pZ)¤ such that K decomposesG but any K 0 with
K ½ K 0 ½ (Z=pZ)¤, K 6= K 0, doesnot decomposeG.

To determine Nk we have to subtract the number N k 0 from 2(p¡ 1)=2k for each
odd k0 6= k with kjk0, k0jp ¡ 1. The integer k0 is the order of the group K 0 with
K ½ K 0. Therefore we get a recursive formula

Nk = 2(p¡ 1)=2k ¡
X

k 0 odd; k 0> k
k jk 0; k 0j p¡ 1

Nk 0:
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Now it remains to determine N y . Let y 2 Z be such that p ¡ 1 = 2r y and y is
odd. Then

Ny = 2(p¡ 1)=2y = 22r ¡ 1
:

Let p ¡ 1 = 2r pr 1
1 : : : pr l

l be a factorisation of p ¡ 1 into primeswhere p1; : : : ; pl

are odd and pi 6= pj for all i 6= j with i; j = 1; : : : ; l . Sincep ¡ 1 is even, r > 1.
Let K be of order k = ps1

1 : : : psl
l where 0 6 sj 6 r j for j = 1; : : : ; l . Let x be a

generator of (Z=pZ)¤. Then K is generated by xm , m = 2r pr 1 ¡ s1
1 : : : pr l ¡ sl

l . If
k0 = pt 1

1 : : : pt l
l where sj 6 t j 6 r j for j = 1; : : : ; l , then K is a proper subgroup

of K 0 of order k0 if sj < t j for some 1 6 j 6 l . Herewith ¡ 1+
Q l

j = 1(r j ¡ sj + 1)
groups K 0 exist such that K is a proper subgroup of K 0. So the number of sets
G that are decomposed by K and for which no K 0 ) K exists such that K 0

decomposesG is

Nk = 2(p¡ 1)=2k ¡
X

y2 Tk

Ny

where
Tk :=

©
y 2 N

¯
¯ y odd; kjy; y 6= k and yjp ¡ 1

ª
:

Now we have to determine the number of setsG that satisfy the conditio ns of
Proposition 2.3. Let this be the number NG . One easily seesthat

NG =
X

K ½(Z=pZ)¤

jK j6= 1
jK j odd

N jK j =
X

k jp¡ 1
k6= 1

k odd

Nk :

Now let G ½ (Z=pZ)¤ with jGj = (p ¡ 1)=2, such that for all gi ; gj 2 G,
gi 6= ¡ gj . Let N1 be the number of sets G for which no · 2 (Z=pZ)¤, · 6= 1,
exists such that ·G = G. Then

N1 = 2(p¡ 1)=2 ¡ NG = 2(p¡ 1)=2 ¡
X

16= k j p¡ 1
k odd

Nk :

We have seenthat each set G corresponds to the set of eigenvalues of a matr ix
in U((p ¡ 1)=2) that satis¯es Theorem 2.2.

Definit ion. We de¯ne a matr ix X G 2 U
¡ p¡ 1

2

¢
with the eigenvalues

n
ei g1 2¼=p; : : : ; ei g( p ¡ 1 ) = 2 2¼=p

o

where G = f g1; : : : ; g(p¡ 1)=2g ½ (Z=pZ)¤. We used the same notation for the
elements of (Z=pZ)¤ and their representativ es in Z.

Let the maximal order of K that decomposesG be k. Then G yields k elements
of the group generated by X G . As a result we have:
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Pr opos it ion 2.9. The number of conjugacy classes of subgroupsof order p in
U((p¡ 1)=2) whose group elements satisfy the necessary and su±c ient condition
is

K(p) =
1

p ¡ 1

X

k odd
k jp¡ 1

kNk :

3 T he Farrell cohomology

3.1 An int r oduc t ion t o Farrell cohomology

An intr oduction to the Farrell cohomology can be found in the book of Brown
[3]. The Farrell cohomology is a complete cohomology for groups with ¯nite
vir tual cohomological dimension (vcd). It is a generalisation of the Tate coho-
mology for ¯nite groups. If G is ¯nite, the Farrell cohomology and the Tate
cohomology of G coincide. It is well-known that the groups Sp(2n; Z) have
¯nite vcd.

Definit ion. An elementary abelian p-group of rank r > 0 is a group that is
isomorphic to (Z=pZ)r .

It is well-known that bHi (G; Z) is a torsion group for every i 2 Z. We write
bHi (G; Z)(p) for the p-primary part of this torsion group, i.e., the subgroup of
elements of order some power of p. We will usethe following theorem.

T heorem 3.1. Let G be a group such that vcdG < 1 and let p be a prime.
Suppose that every elementary abelian p-subgroup of G has rank 6 1. Then

bH¤(G; Z)(p)
»=

Y

P 2 P

bH¤(N (P); Z)(p)

where P is a set of representatives for the conjugacy classes of subgroups of G
of order p and N (P) denotes the normalizer of P.

Proof. SeeBrown's book [3].

We also have
bH¤(G; Z) »=

Y

p

bH¤(G; Z)(p)

where p rangesover the primessuch that G has p-torsion.
A group G of ¯nite vir tual cohomological dimension is said to have periodic
cohomology if for some d 6= 0 there is an element u 2 bHd(G; Z) that is invertible
in the ring bH¤(G; Z). Cup product with u then givesa periodicit y isomorphism
bHi (G; M ) »= bHi + d(G; M ) for any G-module M and any i 2 Z. Similarly we
say that G has p-periodic cohomology if the p-primary component bH¤(G; Z)(p) ,
which is itself a ring, contains an invertible element of non-zero degreed. Then
we have

bHi (G; M )(p)
»= bHi + d(G; M )(p) ;

D ocument a M at hemat ica 7 (2002) 239{ 254



T he Farrell Cohomology of SP(p ¡ 1; Z) 249

and the smallest positive d that satis¯es this conditio n is called the p-period of
G.

Pr opos it ion 3.2. The following are equivalent:

i) G has p-periodic cohomology.

ii) Every elementary abelian p-subgroup of G has rank 6 1.

Proof. SeeBrown's book [3].

3.2 Norm alizers of subgr oups of order p in Sp(p ¡ 1; Z)

In order to useTheorem3.1, wehave to analysethe structureof the normalizers
of subgroups of order p in Sp(p ¡ 1; Z). We already analysed the conjugacy
classesof subgroups of order p in Sp(p¡ 1; Z). Let N be the normalizer and let
C be the centr alizer of such a subgroup. Then we have a short exact sequence

1 ¡¡ ¡ ¡ ! C ¡¡ ¡ ¡ ! N ¡¡ ¡ ¡ ! N=C ¡¡ ¡ ¡ ! 1:

Moreover, it follows from the discussion in the paper of Brown [2] that for p an
odd prime

C »= Z=pZ £ Z=2Z »= Z=2pZ;

and therefore N is a ¯nite group. We will usethe following proposition.

Pr opos it ion 3.3. Let

1 ¡ ¡ ¡ ¡ ! U ¡¡ ¡ ¡ ! G ¡¡ ¡ ¡ ! Q ¡¡ ¡ ¡ ! 1

be a short exact sequence with Q a ¯ nite group of order prime to p. Then

bH¤(G; Z)(p)
»=

³
bH¤(U; Z)(p)

´ Q
:

Proof. SeeBrown [3], the Hochschild-Serre spectral sequence.

Applying this to our case,we get

bH¤(N ; Z)(p)
»=

³
bH¤(C; Z)(p)

´ N =C
:

Therefore we have to determine N=C and its action on C »= Z=2pZ. From now
on, if we consider subgroups or elements of order p in U((p ¡ 1)=2), we mean
those that satisfy the conditio n of Theorem 2.2. In what follows we assume
that p is an odd prime for which h¡ = 1, because in this case we have a
bijection betweenthe conjugacy classesof subgroups of order p in U((p¡ 1)=2)
and thosein Sp(p¡ 1; Z). Therefore, in order to determine the structure of the
conjugacy classesof subgroups of order p in Sp(p ¡ 1; Z), we can consider the
corresponding conjugacy classesin U((p ¡ 1)=2). We have already seenthat
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in a subgroup of U((p ¡ 1)=2) of order p di®erent elements can be in the same
conjugacy class. Let N k be the number of conjugacy classesof elements of order
p in U((p ¡ 1)=2) where k powers of one element are in the same conjugacy
class. Let Kk be the number of conjugacy classesof subgroups of U((p ¡ 1)=2)
with jN=Cj = k, where N denotes the normalizer and C the centr alizer of this
subgroup. Then the number K(p) of conjugacy classesof subgroups of order p
in U((p ¡ 1)=2) is

K(p) =
X

k jp¡ 1;
k odd

Kk :

If jN=Cj = k, then

N=C »= Z=kZ µ Z=(p ¡ 1)Z »= Aut(Z=2pZ)

where kjp ¡ 1 and k is odd. This means that N=C is isomorphic to a subgroup
of Aut(Z=pZ). So we get the short exact sequence

1 ¡¡ ¡ ¡ ! Z=2pZ ¡¡ ¡ ¡ ! N ¡¡ ¡ ¡ ! Z=kZ ¡¡ ¡ ¡ ! 1:

Moreover, we have an injection Z=pZ ,! Z=2pZ ,! N . Applying the proposi-
tion to this caseyields

bH¤(N ; Z)(p)
»=

³
bH¤(Z=2pZ; Z)(p)

´ Z=kZ
:

The action of Z=kZ on Z=2pZ is given by the action of Z=kZ as a subgroup of
the group of automorphisms of Z=pZ ½ Z=2pZ.

Lemma 3.4. The Farrell cohomology of Z=lZ is

bH¤(Z=lZ; Z) = Z=lZ [x; x ¡ 1]

where degx = 2, x 2 bH2(Z=lZ; Z), and hxi »= Z=lZ.

Proof. SeeBrown's book [3]. For ¯nite groups the Farrell cohomology and the
Tate cohomology coincide.

Pr opos it ion 3.5. Let p be an odd prime and let k 2 Z divide p ¡ 1. Then

³
bH¤(Z=2pZ; Z)(p)

´ Z=kZ
»= Z=pZ[xk ; x ¡ k ]

where x 2 bH2(Z=2pZ; Z).

Proof. For an odd prime p

bH¤(Z=2pZ; Z)(p) =
¡
Z=2pZ[x; x ¡ 1]

¢
(p) = Z=pZ[x; x ¡ 1]:

We have to consider the action of Z=kZ on Z=pZ[x; x ¡ 1]. We have px = 0 and
x 2 bH2(Z=2pZ; Z). The action is given by x 7! qx with q such that (q; p) = 1,
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qk ´ 1 (mod p) and k is the smallest number such that this is ful¯lled. The
action of Z=kZ on

bH2m (Z=2pZ; Z)(p)
»= (hxm i ) »= Z=pZ

is given by
xm 7! qm xm :

The Z=kZ-invariants of bH¤(Z=2pZ; Z)(p) are the xm 2 bH2m (Z=2pZ; Z)(p) with
xm 7! xm , or equivalently qm ´ 1 (mod p). Herewith we get

bH¤(N ; Z)(p)
»=

³
bH¤(Z=2pZ; Z)(p)

´ Z=kZ
»=

¡
Z=pZ[x; x ¡ 1]

¢Z=kZ

»= Z=pZ[xk ; x ¡ k ]:

Pr opos it ion 3.6. Let p be an odd prime for which h¡ = 1. Then

bH¤(Sp(p ¡ 1; Z); Z)(p)
»=

Y

k jp¡ 1
k odd

µ K kY

1

Z=pZ[xk ; x ¡ k ]
¶

;

where Kk is the number of conjugacy classes of subgroups of U((p ¡ 1)=2) with
jN=Cj = k. As usual N denotes the normalizer and C the centralizer of this
subgroup.

Proof. Let p be a prime with h¡ = 1. Then a bijection exists betweenthe con-
jugacy classesof matr icesof order p in U((p¡ 1)=2) that satisfy the conditio ns
of Theorem 2.2 and the conjugacy classesof matr icesof order p in Sp(p¡ 1; Z).
Now this proposition follows from Theorem 3.1.

Now it remains to determine K k , the number of conjugacy classesof subgroups
of U((p ¡ 1)=2) of order p with N=C »= Z=kZ. Therefore we need N k , the
number of conjugacy classesof elements X 2 U((p¡ 1)=2) of order p for which
1 = j 1 < ¢¢¢< j k < p exist such that the X j l , l = 1; : : : ; k, are in the same
conjugacy class than X and k is maximal. One such classyields k elements in
a group for which jN=Cj = k and therefore

Kk = kNk
1

p ¡ 1
:

We recall the formula for N k :

Nk = 2
p ¡ 1
2k ¡

X

k 0 odd; k 0> k
k jk 0; k 0j p¡ 1

Nk 0:

Now we have everything we needto compute the p-primary part of the Farrell
cohomology of Sp(p ¡ 1; Z) for some examples of primeswith h¡ = 1.
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3.3 Exam ples wit h 3 6 p 6 19

p = 3: It is Sp(2; Z) = SL(2; Z). One conjugacy class exists with N = C.
Therefore

bH¤(Sp(2; Z); Z)(3)
»= Z=3Z[x; x ¡ 1],

and Sp(2; Z) has 3-period 2.

p = 5: One conjugacy classexists with N = C. Therefore

bH¤(Sp(4; Z); Z)(5)
»= Z=5Z[x; x ¡ 1],

and Sp(4; Z) has 5-period 2.

p = 7 : One conjugacy classexists with N=C »= Z=3Z, and one classexists with
N = C. Therefore

bH¤(Sp(6; Z); Z)(7)
»= Z=7Z[x3; x ¡ 3] £ Z=7Z[x; x ¡ 1],

and Sp(6; Z) has 7-period 6.

p = 11 : One conjugacy classexists with N=C »= Z=5Z and 3 classesexist with
N = C. Therefore

bH¤(Sp(10; Z); Z)(11)
»= Z=11Z[x5; x ¡ 5] £

3Q

1
Z=11Z[x; x ¡ 1],

and Sp(10; Z) has 11-period 10.

p = 13 : One conjugacy classexists with N=C »= Z=3Z and 5 classesexist with
N = C. Therefore

bH¤(Sp(12; Z); Z)(13)
»= Z=13Z[x3; x ¡ 3] £

5Q

1
Z=13Z[x; x ¡ 1],

and Sp(12; Z) has 13-period 6.

p = 17 : 16 conjugacy classesexist with N = C. Therefore

bH¤(Sp(16; Z); Z)(17)
»=

16Q

1
Z=17Z[x; x ¡ 1],

and Sp(16; Z) has 17-period 2.

p = 19 : One conjugacy class exists with N=C »= Z=9Z, one class exists with
N=C »= Z=3Z, and 28 classesexist with N = C.

bH¤(Sp(18; Z); Z)(19)
»= Z=19Z[x9; x ¡ 9] £ Z=19Z[x3; x ¡ 3]

£
28Q

1
Z=19Z[x; x ¡ 1],

and Sp(18; Z) has 19-period 18.
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3.4 T he p-prim ar y par t of t he Farrell cohomology of Sp(p ¡ 1; Z)

Let p be an odd prime and let » be a primitiv e p-th root of unit y. Let h¡ be the
relativ e classnumber of the cyclotomic ¯eld Q(»). In this section we compute
bH¤(Sp(p ¡ 1; Z); Z)(p) and its period for any odd prime p for which h¡ is odd.

T heorem 3.7. Let p be an odd prime for which h¡ is odd. Then

bH¤(Sp(p ¡ 1; Z); Z)(p)
»=

Y

k jp¡ 1
k odd

µ eK kY

1

Z=pZ[xk ; x ¡ k ]
¶

;

where eKk denotes the number of conjugacy classes of subgroups of order p of
Sp(p¡ 1; Z) for which jN=Cj = k. Moreover eKk > Kk , where Kk is the number
of conjugacy classes of subgroups of U((p ¡ 1)=2) with jN=Cj = k. As usual N
denotes the normalizer and C the centralizer of the corresponding subgroup.

Proof. We have seenin Section 2.2 that if h¡ is odd, a bijection exists between
the conjugacy classesof matr ices of order p in U((p ¡ 1)=2) that satisfy the
conditio ns of Theorem 2.2 and the conjugacy classesof matr icesof order p in
Sp(p ¡ 1; Z) that correspond to the equivalence classes[Z[»]; u] 2 P. Each
conjugacy classof subgroups of order p in U((p ¡ 1)=2) whosegroup elements
satisfy the conditio n required in Theorem 2.2 yields at least one conjugacy class
in Sp(p¡ 1; Z). This implies that the p-primary part of the Farrell cohomology
of Sp(p ¡ 1; Z) is a product

Y

k jp¡ 1;
k odd

µ eK kY

1

Z=pZ[xk ; x ¡ k ]
¶

where eKk denotes the number of conjugacy classesof subgroups of order p of
Sp(p ¡ 1; Z) that satisfy jN=Cj = k. Let K k be the number of such subgroups
in U((p¡ 1)=2). Becauseh¡ is odd, each such subgroup givesat least one such
subgroup of Sp(p ¡ 1; Z). Therefore, if h¡ is odd, eKk > Kk . If h¡ is even, it
may be possible that no subgroup of Sp(p ¡ 1; Z) of order p exists for which
jN=Cj = k.

T heorem 3.8. Let p be an odd prime for which h¡ is odd and let y be such
that p ¡ 1 = 2r y and y is odd. Then the period of bH¤(Sp(p ¡ 1; Z); Z)(p) is 2y.

Proof. By Theorem 3.7 we know that the p-primary part of the Farrell coho-
mology of Sp(p ¡ 1; Z) is

bH¤(Sp(p ¡ 1; Z); Z)(p)
»=

Y

k jp¡ 1
k odd

µ eK kY

1

Z=pZ[xk ; x ¡ k ]
¶

:
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Moreover, eKk > 1 and the period of Z=pZ[xk ; x ¡ k ] is 2k. Herewith the period
of the p-primary part of the Farrell cohomology is 2y.

If p is a prime for which h¡ is even, the p-period of bH¤(Sp(p ¡ 1; Z); Z) is 2z
where z is odd and divides p¡ 1. The period is not necessarily 2y becausethere
may be no subgroup of order p in which y elements are conjugate in Sp(p¡ 1; Z)
even if we know that they are conjugate in Sp(p ¡ 1; R).
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