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Abstract. Let p be an odd prime with odd relative class number
hi . In this article we compute the Farrell cohomology of Sp(pi 1;Z2),
the r st p-rank one case. This allows us to determine the p-period of
the Farrell conomology of Sp(pj 1;Z), whichis 2y, wherepj 1= 2"y,
y odd. The p-primary part of the Farrell cohomology of Sp(pj 1;2) is
givenby the Farrell conomology of the normalizers of the subgoups of
orderpin Sp(pi 1;Z). We usethe fact that for odd primesp with hi
odd a relation exists betweenrepresenations of Z=pZ in Sp(pi 1;2)
and same represetiations of Z=pZ in U((p; 1)=2).
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1 Int roduction

We de ne a homomorphism
A: u(n) il Sp@2;R)
M A Bﬂ

X =A+iB 7 B A

= A(X)

where A and B are red matrices. Then A is injective and maps U(n) on
a maximal compact subgoup of Sp(2n;R). This homomorphism allows to
consider each represenation

®zZ=pZi! U((pi 1)=2)

as a represertation )
Ax¥ Z=pZ ! Sppi LR):

In an article of Busch [E] it is determined which properties #has to ful'l for
A+%to be conjugate in Sp(pj 1;R) to a represernation

Yo Z=pZ j! Sppi 1 2):
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240 C. Busch

T heorem @ Let X 2 U({(pi 1)=2) be of odd prime order p. We de ne
A:U(pi D=2)! Spi 1;R) as atove. Then A(X) 2 Sppi LR) is

X are such that © a

slreea, (pi D)=215 1o+ (pj 1)=2

is a complete set of primitiv e p-th roots of unity.

The proof of Theaem @ involves the theory of cyclotomic “elds. For the

p-primary component of the Farrell cohomology of Sp(pi 1;Z), the following

holds: %

R*SP(Pi 1,2)2)n 2 RN(P)iZ)(p
P2P

where P is a set of represertatives for the conjugacy classesof subgoups of
order p of Sp(pj 1;Z) and N (P) dendes the normalizer of P 2 P. This
property also holds if we consider GL(pj 1;Z) instead of the symplectic group.
T his fact was usedby Ashin [ to compute the Farrell conomology of GL(n; Z)
with coexcients in F, for pj 16 n< 2pj 2. Moreover, we have

: N(P)=C(P)

R (N(P);Z)p) 2 R*(C(P);2)p)

where C(P) isthe certr alizer of P. Wewill determine the structure of C(P) and
of N(P)=C(P). After that we will compute the number of conjugacy classes
of those subgroups for which N (P)=C(P) has a given structure. Here again
arithm etical questions are involved. In the articles of Brown [E] and Sjerve and
Yang [E] is shawvn that the number of conjugacy classesof elements of order
pin Sp( 1;Z) is 2(Pi D=2hi where hi dendes the relativ e class number of
the cyclotomic eld Q(»), » a primitive p-th root of unity. If hi is odd, each
conjugacy classof matricesof order pin Sp(pi 1;R) that lifts to Sp(pi 1;2)
splits into hi  conjugacy classesin Sp(pi 1;Z). The main resultsin this article
are

Theorem B.7. Let p be an odd prime for which hi is odd. Then

H@k q
R(Sp(pi 1,2);Z)(p) 2 Zpzixixi N

kipi1 1
k odd

whee Ky denotes the number of conjugacy classes of subgroups of order p of
Sp(pi 1;Z) for which j]N=Cj = k. Moreover Ky > Ky, whee Ky is the numker
of conjugacy classes of subgroupsof U((pj 1)=2) with jN=Cj = k. As usual N
denotes the normalizer and C the centralizer of the corresponding subgroup.

Theorem [B.§. Let p be an odd prime for which hi is odd and let y be such
that pj 1= 2"y and y is odd. Then the period of h“(Sp(pi 1,2);Z)p) is 2y.
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The Farrell Cohomology of SP(pj 1;2) 241

Corresponding results have beenshown for other groups, for example GL(n;Z)
in the p-rank one case [, the mapping classgroup [E] and the outerautomor-
phism group of the freegroup in the p-rank one case [IZ[].

This article preserts results of my doctoral thesis, which | wrote at the ETH
Ziich under the supervision of G. Mislin. | thank G. Mislin for the suggestion
of this interesting subject.

2 The symplec tic gr oup

2.1 Definit ion

Let R be a commutative ring with 1. The general linear group GL(n;R) is
de ned to be the multiplica tive group of invertible n£ n-matricesover R.

Definit ion. The symplectic group Sp(2n;R) over the ring R is the subgoup
of matricesY 2 GL(2n;R) that saisfy

HOln‘ﬂ

T — —
Y'JY =J:= 10
where |, is the n£ n-identity matrix.
It is the group of isometries of the skew-symmetric bilinear form
h:i: RM"ER? ;I R
(x;y) 71 hyio=xTJy:
It follows from a result of B@rgisser[ﬁ] that elements of odd prime order p exist
in Sp(2n;Z) if and only if 2n > pj 1.

Pr oposit ion 2.1. The eigenvalues of a matrix Y 2 Sp(pj 1;Z) of odd prime
order p are the primitiv e p-th roots of unity, hence the zeros of the polynomial
m(x) = xPi 1+ ¢¢¢+ x + 1:

Proof. If | isan eigervalue of Y, we have, = 1 or , = », a primitiv e p-th root
of unity, and the characteristic polynomial of Y divides xP j 1 and has integer
coezxcients. Sincem(x) is irreducible over Q, the claim follows. O

. i .¢
2.2 A rela tion between U 2.t and Spp; 1;2)

Let X 2 U(n), i.e.,, X 2 GL(n;C) and X°X = |, where X = X' and I is
the n£ n-identity matrix. We can write X = A + iB with A;B 2 M(n;R), the
ring of red nf n-matrices. We now de ne the following map

A: uU(n) il Sp(2;R)
Ko B'ﬂ

X=A+iB 7 B A

= AX):

The map A is an injective homomorphism. Moreover, it is well-known that A
maps U(n) on a maximal compact subgoup of Sp(2n; R).
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242 C. Busch

Theorem 2.2. Let X 2 U((pij 1)=2) be of odd prime order p. We de ne
A:U(pi D=2)! Spi 1;R) as atove. Then A(X) 2 Sp(pi LR) is

X are such that © a

sLicees (pi =205 1oesoos (pi 1)=2

is a complete set of primitiv e p-th roots of unity.
Proof. See[E] or [E]. O

In the proof of Theaem E we usedthe following facts. For a primitiv e p-th
root of unity », we consider the cyclotomic eld Q(»). It is well-known that
Q(»+ » 1) is the maximal red sub eld of Q(»), and that Z[»] and Z[» + » 1]
are the rings of integers of Q(») and Q(»+ »' 1) respectively. Let (a;a) denae
apair whereap Z[»] and a2 Z[»] are chosensuc that a6 0is anideal in Z[»]
and aa = (a), a principal ideal. Here a denaesthe complex conjugate of a. We
de ne an equivalencerelation on the set of thosepairs by (a;a) » (b;b) if and
only if ;1 2 Z[»|nf0Og exist such that ,a= tband, K a= 1%h. We denae
by [a; a] the equivalenceclassof the pair (a;a) and by P the set of equivalence
classed[a; a].

Let S, denae the setof conjugacy classesof elemerts of order pin Sp(pi 1;Z).
Sjerve and Yang have shown in [H] that a bijection exists betweenP and S;.
If Y 2 Sp(pi 1;Z) is amatrix of order p, then the equivalenceclass[a;a] 2 P
corresponding to the conjugacy classof Y in Sp(pi 1;Z) can be determined

ponding to the eigervalue » = €27P that is Y®= »®. Then®;:::;®,; 1 isa

basis of an ideal ap Z[»]. Sjerve and Yang [E] proved that this idea a has the

property [a;a] 2 P. Let h and h* bethe classnumbers of Q(») and Q(»+ » 1)

respectively. Thenhi := h=h* dendes the relativ e class number. Sjerve and

Yang [E] showed that the number of conjugacy classesof matricesof order p in

Sp(pi 1;Z)is hi 2(Pi D=2 The number of conjugacy classesin U((pj 1)=2) of

unitary matricesthat saisfy the condition in Theaem p.3 is 2(Pi D=2,

Let U, dende the setof conjugacy classesof matricesin U((pi 1)=2) that sdisfy

the condition on the eigenvalues that is given in Theaem E A consequence
of Thearem .3 is that it is possibleto de e a map

250! U
and that this map is surjective. Therefore the map
A:Pil! U

is surjective either.
For a given choice of the idea a (for example a= Z[»]), we denae by P, the set
of thoseclasseg[a;a] 2 P, where a corresponds to our choice. If the restriction

Ajp, :Pai! Uy
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The Farrell Cohomology of SP(pi 1;2) 243

is surjective each conjugacy classin U, of matricesthat sdisfy Theaem E
yields hi conjugacy classesin Sp(pi 1;Z). In general Ajp, is not surjective.
It is aresult of Busah, [, [, that Ajp, is surjectiveif hi is odd. If hi is even
and h* is odd, we have no surjectivity of Ajp,. This happensfor example for
the primes29 and 113.

2.3 Subgroups of order pin Sp(pi 1;2)

It follows from Theaem @ that a mapping exists that sendsthe conjugacy
classesof matricesY 2 Sp(pi 1;Z) of odd prime order p onto the conju-
gacy classesof matrices X in U((pi 1)=2) that saisfy the condition on the
eigenvalues descibed in Theaem @ This mapping is surjective.

It is clear that detX = €2¥=P for sane 16 |1 6 p. If X 2 U((pi 1)=2)

© n ) (0]
detX:::::detxPil = 2@ ..-dlpi )2¥ep

and the X ¥ arein di®erert conjugacy classes.If detX = 1, it is possiblethat
same k exists such that X and XX are in the same conjugacy class. In this
section we will analyse when and how many tim esthis happens. The number
of conjugacy classesof matricesX 2 U((pj 1)=2) that sdtisfy the condition
required in TheaemP.3 is 2(°Pi D=2, Herewith we will be able to compute the
number of conjugacy classesof subgroups of matricesof order pin U((pj 1)=2).
We remember that the number of conjugacy classesof matrices of order p in
Sp(p 1;Z)is 2(Pi D=2hi _|f hi = 1, a bijection exists betweenthe conjugacy
classesof matricesof order pin Sp(pj 1;Z) and the conjugacy classesof matrices
of orderpin U((pi 1)=2) that saisfy the condition required in Theaem E

Let X 2 U((pi 1)=2) with XP = 1, X 6 1. Then X genemtes a subgoup
S of orderpin U((pi 1)=2). If detX = 1, it is possiblethat X is conjugate
to X%2 S with X 6 X% Two matricesin U((pj 1)=2) are conjugate to each
other if and only if they have the same eigenvalues. The set of eigenvalues of
X is n o

ei 012YFp. .. .. ei O(pi 1)=22YFp

0 6 pi g andg 6 g . From now on we considerthe g aselemerts of (Z=pZ)°©.
The matrix X is conjugate to X = for some - if the eigenvalues of X and X
are the same. This is equivalent to

classes.
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244 C. Busch

We intr oduce same notation that will be usedin the whole section. Let

for same - 2 (Z=pZ)". Let x be a genemtor of the multiplica tive cyclic group
(Z=pz)" and let K be a subgoup of (Z=pZ)" with jKj = k. ThenK is cyclic
and k dividespj 1. Let m:= (pj 1)=k, then x™ genemtes K .

First we prove the following proposition.

Pr oposit ion 2.3. Let G ¥ (Z=pZ)" be a subset with jGj = (pj 1)=2. The
following are equivalent.

i) Forallg;02G,qg 6 g and- 2 (Z=pzZ)° exists with -G = G, - 6 L

exist with
[h
G= nj K
j=1
where
+ K % (Z=pZ)” is the subgroup generated by -,
+ the order of K is odd,
+for -2 K andallj;I=1;:::;h,nj 8 i n-°
tandforallj=2:::;h, nj 6XK.

Then we will analyse the uniquenessof this decanposition of G. This will
enéble us to determine the number of G % (Z=pZ)° with jGj = (pj 1)=2 and
G= -G forsane 16 - 2 (Z=pZ)". Herewith we will determine the number of
conjugacy classesof subgoups of order pin U((pi 1)=2) whosegroup elemerts
sdisfy the condition of Theaem pR.4.

Definit ion. Let - 2 (Z=pZ)" and let K bethe subgoup of (Z=pZ)" generated
by -. Let G % (Z=pZ)" be a subsetwith jGj = (pj 1)=2. We sa& that K
decanposesG if G, - and K ful'l the conditio ns of Proposition E

SoK decanposesG if the order of the group K is odd and G is a disjoint union

holds n;K 6 j niK.
Lemma 2.4. Let G % (Z=pZ)” with jGj = (pj 1)=2. Then 16 - 2 (Z=pZ)~
exists with -G = G if andonly if 1 6 h 6 (pi 1)=2 and n; 2 (Z=pZ)~,
j = 1;:::; h, exist with

[h

G= n; K

j=1
wheae n; 62K for j = 2;:::;h, and K is the subgroup of (Z=pZ)® that is
generated by - .
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Proof. (_: Let -'2 K. Then
[ [ [
Jde=.'"" mK=" n-'K=  nK-=G:
i i i -
=1 =1 j=1

) : Without lossof genemlity we assune that 12 G. If 162G, , 2 (Z=pZ)"
exists with 1 2 G because (Z=pZ)” is a multiplicative group. Of course
.G = ,G. Moreover, it is easy to seethat if G is a union of cosetsof K,
this is also true for G. The equaion -G = G impliesthat KG = G. If 12 G,
then K p G sinceKG = G. If K = G, we have nished the proof. If K 6§ G,

we consider G = GnK. For all -' 2 K we have - 'K = K and
1GY= .(GnK)=GnK = G%:

Now , 1 2 (Z=pZ)® existswith 12 | 1G} =: G;. ThenG= K [ , | 'G; and we
can repea the construction on G; instead of G. This procedure nishes after
h:= (pi 1§=2k steps. Let ny == 1and for j = 2;::5;hlet nj == nj;q, 14,
ThenG = jh:lan. O

same - 2 (Z=pZ)® with - 6 1, -X = 1. The following lemma will give an
answer to the question when G satis es the conditions g 6 gj, g 6 j g; for all
j 6 1with j;I=1;:::; R0

Lemma 2.5. Let G = thzl ;K % (Z=pZ)® be de ned likein LemmaR.4 Then
for all gj;0 2 G holdsg; & j g if and only if § 162K and for all - 2 K and
all j;1=1;:::;h holdsn; 6 j n-.

Proof. ) : Supposej 12 K. Thenj 1= -' for samel and n; = j n;-'. But
then we havefound g; ;= n1 2 Gand g, := ny-' 2 G with g; = | g.

(_: Supposeq;;g 2 G existwith g = j g. Let g = nj-1, g = n;-'. Then
nj-l =in-' and wehave found -1i' 2 K with nj=jnj-li! O

Which subgoups K p (Z=pZ)”° saisfy the condition j 1 62 ?

Lemma 2.6. Let K p (Z=pZ)” be a subgroup of order k. Then j 16X if and
only if k is odd.

Proof. The group (Z=pZ)© is cyclic of order pj 1 and K is a cyclic group. Let
x be a genemtor of K, then xX = 1. If k is even, k=22 Z and x*72 2 K. But
then (xk72)2 = xk = 1 and therefare xk¥2 = | 12 K sincej 1is the element of
order 2 in (Z=pZ)®. On the other hand if j 12 K, then K contains an element
of order 2. But then k is even, sincethe order of any element of K divides the
order of K. O

Proof of Proposition E A subgoup K decanposesa set G as required in
Lemma .3 if and only if the order of K is odd. Moreover, the order of K
divides pj 1. Now Proposition P.3 follows from LemmaR.4 and LemmaR.§ O
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246 C. Busch

We did not yet analyse the uniquenessof the decanposition of a set G. 1t is
evidert that the n; can be permuted and multiplied with any - '2 K, but we
will seethat K and h are not uniquely determined. The next lemma states
that if K decanposesG then sodoesany nontrivial subgoup of K.

S
Lemma 2.7. Let G = J-hzln- K % (Z=pZ)", jGj = (pi 1)=2, be such that K
decomposes G (Proposition ﬁ). Let jKj = k be not a prime and let K°6 K
be a nontrivial subgroup of K. Then K ° decomposes G.

Proof. SinceK is a subgoup of K, K can be written as a union of cosets of
K%in K. Moreover, G is a union of cosetsof K in (Z=pZ)°. Therefare

0

Our next aim is to determine the number of setsG. Therefore we consider for
a given G the group K with jKj maximal and K decanposesG.

Lemma 2.8. Let K % (Z=pZ)° be a nontrivial subgroup of odd order k. Then
2(pi D=2k di®erent sets G exist such that K decomposes G and jGj = (pj 1)=2.

Proof. Theorder of K % (Z=pZ)® is odd. Thenit follows from Lemma p.§ that
i 162K. Consider the cosetsn;K of K in (Z=pZ)®. Sincej 162K, we have
njK 6 j njK. Sonj,j = 1;:::;(pi 1)=2k, exist such that

(pi1)=2k
(Z=p2)" = (K [ in;K):
j=1

The group K decanposesG if and only if G is a union of cosets of K and

Therefore 2(Pi =2k getsG exist such that K decanposesG. O

Definit ion. Let K % (Z=pZ)" be a group of odd order k. We de ne Ny to
be the number of G ¥ (Z=pZ)® sud that K decanposesG but any K © with
K % KO%% (Z=pZ)", K 6 K9 doesnot decanposeG.

To determine N we have to subtract the number Nyo from 2(Pi D=2k for egch
odd k°6 k with kjk% kYpi 1. Theinteger k%is the order of the group K ° with
K %K 9 Therefore we get a recursive formula

X
Ny = 2(pi 1)=2k i N o:
k% odd; k% k
kjk®% k%pi 1
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Now it remains to determine Ny. Lety 2 Z besuch that pj 1= 2"y andy is
odd. Then
Ny = 2P D=2y = 22 %,

genertor of (Z=pZ)®. ThenK is genemted by x™, m = 2"p}*! St :op/'l &, |f
KO= pit: ;o] then K is a(groper subgoup
of K Oof order k0if s; < t; for sane 16 j 6 |. Herewith j 1+ ~i_,(rj i s +1)
groups K exist such that K is a proper subgroup of K °. Sothe number of sets
G that are decanposed by K and for which no K°) K exists such that K°©
decanposesG is X
Ny = 2(pi 1)=2k i Ny
y2 Ty

where © - a

Tk = y2 N yodd; kjy; y6 kandyjpi 1 :

Now we have to determine the number of setsG that satisfy the conditio ns of
Proposition E Let this be the number Ng. One easily seesthat

X X
Ng = NjKj = N:
K Y%(Z=p2)"° kjpi 1
jKjg1 k& 1
jKj odd k odd

Now let G % (Z=pZ)® with jGj = (pj 1)=2, such that for all gi;g 2 G,
0 6 ig. Let Ny bethe number of setsG for which no - 2 (Z=pz)®, - 6 1,
exists such that -G = G. Then

X
N; = 2(pi 1)=2i Ng = 2(pi 1)=2i Ny:
16 kjpi 1
k odd

We have seenthat each set G corresponds to the set of eigenvalues of a matrix
in U((pi 1)=2) that satis es Theaem p.3.

_ . igi1¢ .
Definit ion. We de ne a matrix Xg 2 UI p'2—1 with the eigervalues

n
eI g12YFp. T eI I(pi 1):221/4:p

elements of (Z=pZ)" and their represenativesin Z.

Let the maximal order of K that decanposesG bek. ThenG yields k elements
of the group generated by X . As a result we have:
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Pr oposit ion 2.9. The number of conjugacy classes of sulbgroups of order p in
U((pi 1)=2) whos group elements satisfy the necessary and suxc ient condition
is 1 X

K(p) = 51 KNy:

Pi by oaa
kipi 1

3 The Farrell cohomology

3.1 An int roduction to Farrell cohomology

An intr oduction to the Farrell cohomology can be found in the book of Brown
[E]. The Farrell cohomology is a complete cohomology for groups with "nite
virtual cohomological dimensian (vcd). It is a genemlisation of the Tate coho-
mology for “nite groups. If G is nite, the Farrell cohomology and the Tate
cohomology of G caincide. It is well-known that the groups Sp(2n;Z) have
“nite vcd.

Definit ion. An elementary abelian p-group of rank r > 0 is a group that is
isomorphic to (Z=pzZ)".

It is well-known that hi(G;Z) is a torsion group for every i 2 Z. We write
hi(G;Z)(p) for the p-primary part of this torsion group, i.e., the subgoup of
elements of order some power of p. We will usethe following theorem.

Theorem 3.1. Let G be a group such that vedG < 1 and let p be a prime.
Suppose that every elementary akelian p-subgroup of G hasrank 6 1. Then

Y
R*(G;Z)p 2 RN(P);Z)
P2P

whee P is a set of representatives for the conjugacy classes of subgroups of G
of order p and N (P) denotes the normalizer of P.

Proof. SeeBrown's book [f]. O

We also have Y
R*(G;2)2  R(G;2)p

P
where p rangesover the primessuc that G has p-torsion.
A group G of nite virtual cohomological dimensim is sad to have periodic
cohomology if for samed 6 Othereis an element u 2 R9(G; Z) that is invertible
in the ring R®(G; Z). Cup product with u then givesa periodicity isomorphism
Ri(G;M) 2 Ri*9(G;M) for any G-module M and any i 2 Z. Similarly we
sgy that G has p-periodic cohomology if the p-primary component h“(G; Z)(p)
which is itself a ring, contains an invertible element of non-zero degeed. Then
we have _ .

RI(G:M) @ 2 R 4G M )y
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and the smallest positive d that satis es this condition is called the p-period of
G.

Pr oposit ion 3.2. The following are equivalent:
i) G has p-periodic cohomolayy.
i) Every elementary abelian p-subgroup of G hasrank 6 1.

Proof. SeeBrown's book [f]. O

3.2 Norm alizers of subgr oups of order pin Sp(pi 1;2)

In order to useThearemB.1], we have to analysethe structure of the normalizers
of subgoups of order pin Sp(pi 1;Z). We already analysed the conjugacy
classesof subgoups of order pin Sp(pi 1;Z). Let N bethe normalizer and let
C be the centralizer of such a subgoup. Then we have a shat exact sequence

Liiiit Ciiiii! N iiiil N=C iiii! &

Moreover, it follows from the discussim in the paper of Brown [Q] that for p an
odd prime
C2 Z=pZE£ Z=2Z 2 7=2pZ;

and therefore N is a nite group. We will usethe following proposition.

Pr oposit ion 3.3. Let
1iiii! Uiiii! Giiii! Qiiii! 1

e a short exact sequence with Q a nite group of order prime to p. Then
3 .

R*(G;Z)py 2 R°(U;2) () ¢

Proof. SeeBrown [B], the Hochsdild-Serre spectral sequence. O

Applying this to our case,we get
3

R*(N;Z)py 2 R°(C;2Z) () e

T herefore we have to determine N=C and its action on C 2 Z=2pZ. From now
on, if we consider subgoups or elements of order pin U((pj 1)=2), we mean
those that satisfy the condition of Theaem .2 In what follows we assunme
that p is an odd prime for which hi = 1, becausein this case we have a
bijection betweenthe conjugacy classesof subgoups of order pin U((pi 1)=2)
and thosein Sp(pj 1;Z). Therefare, in order to determine the structure of the
conjugacy classesof subgoups of order pin Sp(pi 1;Z), we can consider the
corresponding conjugacy classesin U((pi 1)=2). We have already seenthat
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in a subgoup of U((pij 1)=2) of order p di®erert elements can be in the same
conjugacy class. Let Ny bethe number of conjugacy classesof elemerts of order
pin U((pi 1)=2) where k powers of one elemernt are in the same conjugacy
class. Let Ky be the number of conjugacy classesof subgoups of U((pi 1)=2)
with jN=Cj = k, where N dendes the normalizer and C the certr alizer of this
subgoup. Thenthe number K(p) of conjugacy classesof subgoups of order p
inU({(pi 1)=2)is X
K(p) = Kk:
kipi 1;
k odd
If IN=Cj = k, then

N=C 2 Z=kZ u Z=(pj 1)Z 2 Aut(Z=2pZ)

wherekjpj 1 and k is odd. This meansthat N=C is isomorphic to a subgoup
of Aut(Z=pZ). Sowe get the shat exact sequence
Liiiit Z=2pZ qiiit Noiiii! Z=kZ jijit L

Moreover, we have an injection Z=pZ ! Z=2pZ } N. Applying the proposi-
tion to this caseyields
3

’ Z=kZ
R*(N;Z)y 2 R°(Z=2pZ;2)

The action of Z=kZ on Z=2pZ is given by the action of Z=kZ as a subgoup of
the group of automorphisms of Z=pZ Y2 Z=2pZ.

Lemma 3.4. The Farrell cohomolayy of Z=1Z is
Re(z=1Z;2) = za1Z[x; x' 1]
whee degx = 2, x 2 R2(Z=1Z;Z), and ki 2 Z=1Z.

Proof. SeeBrown's book [E]. For "nite groups the Farrell conomology and the
Tate cohomology coincide. O

Pr oposit ion 3.5. Let p be an odd prime and let k 2 Z divide pj 1. Then
3 .

R®(Z=2pZ;Z) p) 2 Z=pZ[x*;xi ¥]

whee x 2 R2(2=2pZ;Z).
Proof. For an odd prime p
i ,.C .
R®(z=2pZ;2)(p) =  Z=2pZ[x; x' ] 0 = Z7PZIx):

We have to consider the action of Z=kZ on Z=pZ[x; xi 1]. We have px = 0 and
X 2 h2(2=2pZ;Z). The action is given by x 7! gx with g suc that (qg;p) = 1,
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d¢”~ 1 (mod p) and k is the smallest number such that this is fulTled. The
action of Z=kZ on

R2™(Z2=2pZ;Z) ) 2 (X™i) 2 Z=pZ
is given by
x™ 7 gmx™:

The Z=kZ-invariants of R*(Z=2pZ;Z) ) are the x™ 2 R?™(2=2pZ;Z), with
XM 71 x™, or equivalently d" ©~ 1 (mod p). Herewith we get
, )

R°(N;Z)p 2 B°(Z=20Z;2) ) 2 ' 707 % xi 1]
Z=pZ[x*; xi K]:

Croz

1

Pr oposit ion 3.6. Let p be an odd prime for which hi = 1. Then

vy My _ 1
hB(Sp(pi 1,2),Z)p) 2 Z=pZ[xk;x' k] :

kipi 1 1

k odd

where K is the number of conjugacy classes of subgroupsof U((pj 1)=2) with
JN=Cj = k. As usual N denotes the normalizer and C the centralizer of this
subgroup.

Proof. Let pbeaprimewith hi = 1. Then a bijection exists betweenthe con-
jugacy classesof matricesof order pin U((pj 1)=2) that saisfy the conditions
of Theaem E and the conjugacy classesof matricesof order pin Sp(pj 1;2).
Now this proposition follows from Theaem B.]] O

Now it remains to determine Ky, the number of conjugacy classesof subgoups
of U((pj 1)=2) of order p with N=C 2 Z=kZ. Therefore we need Ny, the
number of conjugacy classesof elements X 2 U((pij 1)=2) of order p for which

conjugacy classthan X and k is maximal. One such classyields k elemerts in
a group for which jN=Cj = k and therefare

1
Kk = ka :
pi 1
We recdl the formula for Ny:
pi 1 X
N = 22 N o:

k® odd; k% k
kjk% k%pi 1

Now we have everything we needto compute the p-primary part of the Farrell
cohomology of Sp(pi 1;Z) for some examples of primeswith hi = 1.
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3.3 Examples wit h 36 p6 19

p=3: 1t is Sp(2,Z) = SL(2;Z). One conjugacy class exists with N = C.
Therefore

R°(Sp(2;2); Z) 3 2 Z=3Z[x; x1 1],
and Sp(2, Z) has 3-period 2.
p= 5: One conjugacy classexistswith N = C. Therefore
R*(Sp(4:2);2)s) 2 Z=5Z[x; x' ],
and Sp(4; Z) has 5-period 2.

p = 7: Oneconjugacy classexistswith N=C 2 7Z=37, and one classexists with
N = C. Therefore

R=(Sp(6;2); Z) 7y 2 Z=7Z[x3;x1 3] £ Z=7Z[x; x' 1],
and Sp(6;Z) has 7-period 6.

p = 11: One conjugacy classexistswith N=C 2 Z=57 and 3 classesexist with
N = C. Therefare

Q

1

R (Sp(10; 2);Z)ay 2 Z=11Z[x%x1 ° £ © Z=11Z[x; X1 1,

and Sp(10; Z) has 11-period 10.

p = 13: One conjugacy classexistswith N=C 2 Z=3Z and 5 classesexist with
N = C. Therefore

Q

1

R®(Sp(12;2); Z) a3y 2 Z=13Z[x3;xi 3] £ ~ Z=13Z[x; x/ 1],

and Sp(12; Z) has 13-period 6.

p= 17: 16 conjugacy classesexist with N = C. Therefare
R®(Sp(16; Z); Z) 17y 2 ° Z=17Z[x; xi 1],
1

and Sp(16; Z) has 17-period 2.
p= 19: One conjugacy class exists with N=C 2 Z=9Z, one class exists with
N=C 2 7=37, and 28 classesexist with N = C.
R°(Sp(18;2); Z) o) 2 Z=19Z[x%; xi 9] £ Z=19Z[x3; xi 3]
£ @Z=19Z[x; xi 1,
1
and Sp(18; Z) has 19-period 18.
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3.4 The p-primary part of the Farrell cohomology of Sp(pi 1;2)

Let p bean odd prime and let » be a primitiv e p-th root of unity. Let hi bethe
relativ e class number of the cyclotomic "eld Q(»). In this section we compute
h“(Sp(pi 1,Z);Z)p) and its period for any odd prime p for which hi is odd.

Theorem 3.7. Let p be an odd prime for which hi is odd. Then

vy M . 1
R*(Sp(pi 1,2);2Z) ) 2 Z=pZ[x*;xi ] ;

kipi 1 1

k odd

where K, denotes the number of conjugacy classes of subgroups of order p of
Sp(pi 1;Z) for which j]N=Cj = k. Moreover K¢ > Ky, whee Ky is the number
of conjugacy classes of subgroupsof U((pj 1)=2) with jN=Cj = k. As usual N
denotes the normalizer and C the centralizer of the corresponding subgroup.

Proof. We have seenin Section .4 that if hi is odd, a bijection exists between
the conjugacy classesof matrices of order p in U((pi 1)=2) that saisfy the
conditions of Thearem E and the conjugacy classesof matricesof order p in
Sp(pi 1;Z) that correspond to the equivalence classes[Z[»];u] 2 P. Each
conjugacy classof subgoups of order pin U((pi 1)=2) whosegroup elemerts
sdisfy the condition requiredin Theaem@ yields at least one conjugacy class
in Sp(pi 1;Z). Thisimpliesthat the p-primary part of the Farrell cohomology
of Sp(pi 1;Z) is a product

Y H‘?k T[
Z=pZ[x*; xi K]

kipi 1, 1

k odd

where Ky dendaes the number of conjugacy classesof subgoups of order p of
Sp(pi 1;2) that satisfy jN=Cj = k. Let K¢ be the number of such subgoups
in U((pj 1)=2). Becausehi is odd, each such subgoup givesat least one such
subgoup of Sp(pi 1;Z). Therefare, if hi is odd, Kx > K. If hi is ewen, it
may be possible that no subgoup of Sp(pj 1;Z) of order p exists for which
iN=Cj = k. O

Theorem 3.8. Let p be an odd prime for which hi is odd and let y be such
that pj 1= 2"y and y is odd. Then the period of h“(Sp(pi 1,2);Z)p) is 2y.
Proof. By Theaem @ we know that the p-primary part of the Farrell coho-
mology of Sp(pj 1;Z) is

H . 1
R*(Sp(pi 1,2);Z)(p 2 Z=pZ[x*:x1 ] -
kipi 1 1
k odd
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Moreover, &, > 1 and the period of Z=pZ[x*; xi K] is 2k. Herewith the period
of the p-primary part of the Farrell cohomology is 2y. O

If pis a prime for which hi is even, the p-period of h“(Sp(pi 1,Z);Z) is 2z
where z is odd and divides pj 1. The period is not necessely 2y becausethere
may be no subgroup of order pin which y elements are conjugate in Sp(pj 1;Z)
even if we know that they are conjugate in Sp(pi 1;R).
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