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Abstract. A property of subshifts is described that allows to asso-
ciate to the subshift a distinguishied presentation by a compact Shannon
graph. For subshifts with this property and for the resulting invariantly
associated compact Shannon graphs and their-graph systems the term
“Cantor horizon' is proposed. The Dyck shifts are Cantor horizon. The
C"-algebras that are obtained from the Cantor horizon, -graph systems
of the Dyck shifts are separable, unital, nuclear, purely in nite and sim-
ple with UCT. The K-groups and Bowen-Franks groups of the Cantor
horizon , -graph systems of the Dyck shifts are computed and it is found
that the Ko-groups are not “nitely generated.
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0. Introduction

Let § be a nite alphabet. On the shift space §Z one has the left-shift that
sends a point ¢4);, , into the point ( %.1 ),,,: In symbolic dynamics one studies
the dynamical systems, called subshifts, that are obtained by restricting the
shift to a shift invariant closed subset of §4: For an introduction to symbolic
dynamics see [Ki] or [LM]. A nite word in the symbols of § is said to be
admissible for the subshiftX ¥ §7 if it appears somewhere in a point ofX:
A subshift is uniquely determined by its set of admissible words. Throughout
this paper, we denote byZ, and N the set of all nonnegative integers and the
set of all positive integers respectively.

A directed graph G whose edges are labeled by symbols in the "nite alphabet
§ is called a Shannon graph if for every vertexu of G and for every®2 §; G
has at most one edge with initial vertexu and label ®: We say that a Shannon
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80 Wolfgang Krieger and Kengo Matsumoto

graph G presents a subshiftX if every vertex of G has a predecessor and a
successor and if the set of admissible words &f coincides with the set of label
sequences of nite paths onG: To a Shannon graphG there is associated a
topological Markov chain M (G): The state space ofM (G) is the set of pairs
(u; ®); whereu is a vertex of G and ® is the label of an edge ofG with initial
vertex u: Here a transition from state (u;®) to state (v; ) is allowed if and
only if v is the nal vertex of the edge with initial vertex u and label ®: For
a vertex u of Shannon graphG we denote the forward context ofu by j * (u):
i * (u) is the set of sequences in ¥ that are label sequences of in nite paths
in G that start at the vertex u: We say that a Shannon graphG is forward
separated if vertices ofG, that have the same forward context, are identical.
The Shannon graphs that we consider in this paper are forward separated. We
always identify the vertices of a forward separated Shannon grapl® with their
forward contexts, and then use on the vertex set ofs the topology that is given
by the Hausdor® metric on the set of nonempty compact subsets of '§
There is a one-to-one correspondence between forward-separated compact
Shannon graphsG such that every vertex has a predecessor and a class of
, -graph systems [KM]. We recall that a , -graph system is a directed labelled
Bratteli diagram with an additional structure. We write the vertex set of a
, -graph system as [

V = AT/

n2z,

Every edge with initial vertex in V; ; has its nal vertex in V, n+1;n 2 N:
It is required that every vertex has a predecessor and every vertex except the
vertex in Vo has a successor. In this paper we consider-graph-systems that
are forward separated Shannon graphs. Their additional structure is given by

a mapping [

such that
TKVin):anﬂ; n2N

that is compatible with the labeling, that is, if u is the initial vertex of an edge
with label ® and nal vertex v; then (u) is the intial vertex of an edge with
label ® and "nal vertex (v):

Given a subshift X % §7 there is a one-to-one correspondence between the
compact forward separated Shannon graphs that presenk , and the forward
separated Shannon, -graph systems that presentX. To describe this one-
to-one correspondence denote for a vertex of a Shannon graph byv, the
set of initial segments of lengthn of the sequences invV;n 2 N: The , -graph
system that corresponds to the forward separated Shannon graph has as its
setV, n the set ofvy;n 2 Z,; v a vertex of G, and if in G there is an edge
with initial vertex u and "nal vertex v and label ® then in the corresponding
. -graph system there is an edge with initial vertexu,; nal vertex vp; 1;n 2 N,
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A Lambda-Graph System for the Dyck Shift L 81

and label ®; the mapping { of the corresponding, -graph system deleting last
symbols.
, -graph systems can be described by their symbolic matrix systems [Ma]

(Mininiolining Dn2z
HereM ; n.; n; 1 is the symbolic matrix
M nioni 1(UV)]uzv, wvay, o) s
that is given by setting M ; n.; n; 1(uU;v) equal to ®; + ¢ ¢€ ® if in V there is

by setting M ; n;; n; 1(u; V) equal to zero otherwise. |, n.; n; 1 is the zero-one
matrix

[li n;i nj 1(U;V)]u2vi nV2Ving 1

that is given by setting |, n.; n; 1(u; V) equal to one if {v) = u and by setting
Ii i ni 1(U;v) equal to zero otherwise. We remark that the time direction
considered here is opposite to the time direction in [Ma]. For symbolic matix
systems there is a notion of strong shift equivalence [Ma] that extends the
notion of strong shift equivalence for transition matrices of topologicd Markov
shifts [Wi] and of the symbolic matrices of so ¢ systems [BK,N].

To a symbolic matrix system there are invariantly associated K-groupsand
Bowen-Franks groups [Ma]. To describe them, let

Mnn+1 = [Mpn+1 (U;V)]uzvi nV2Ving 1
be the nonnegative matrix that is given by setting M., +1 (u; v) equal to zero if
M ni n; 1(u;v) is zero, and by setting it equal to the number of the symbols
whose sum isM ; n;; n; 1(U; V) otherwise. We let lnn+1;n 2 Zy bel; ngn 1t
Let m(n) be the cardinal number of the vertex setV, ,. Also denote by
ftn41:n 2 Z, the homomorphism from Z™M=(M} 1. i I8 1.)Z™" D to
ZMD) (Mg i T4 )Z™M that is induced by 1}, Then

KO(M;I ) = |Em me(n+l) :(Mrtun +1 i Irt1;n +1 )Zm(n); Il;;n +1 g;
n

Ki(M;1) =lim fKer(M i op i Thnea) in ZMM5000 4 0
n

Let Z, be the group of the projective limit simme(");In;n +1 0 The sequence
n

Mnn+1 i lnn+1:n 2 Z, acts on it as an endomorphism, denoted byM j |I:
The Bowen-Franks groupsBF ' (M;1);i =0;1 are de ned by

BFOM;1)=Z, =M j 1)Z;; BFYM;l)=Ker(M i 1) in Z:
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82 Wolfgang Krieger and Kengo Matsumoto
Given a subshift X ¥2§ we use forx = (x;);,, 2 X notation like
X[k ] = (Xi)j. i ko

and we set
X1 = fxgerix2Xg,  jk2z; j<k

using similar notations when indices range is in nite intervals. We denote the
forward context of a point x in X1 .q by i " (x');

it )= fxT 2 Xy j (X xT) 2 Xg:

The setG(X) = fj*(x')jxi 2 X1 .00 is the vertex set of a forward sepa-
rated Shannon graph that presentsX . The , -graph system of its closure was
introduced in [KM] as the canonical , -graph system of the subshiftX . It is
canonically associated to the subshift in the sense that a topological conju-
gacy of subshifts induces a strong shift equivalence of their canonical-graph
systems.

For a subshift X % §7 that is synchronizing [Kr] (or semisynchronizing [Kr] )
one has an intrinsically de ned shift invariant dense subsetPs(X ) of periodic
points of X, and one has associated toX the presenting forward separated
Shannon graph whose vertex set is the set of forward contexts*(x); where
x is left asymptotic to a point in Pg(X): These Shannon graphs are canon-
ically associated to the synchronizing (or semisynchronizing) subshift, in the
sense that a topological conjugacy of subshifts induces a block conjugacy of
the topological Markov chains of the Shannon graphs and also a strong shift
equivalence [Ma] of the, -graph systems of their closures. Prototype examples
of semisynchronizing subshifts are the Dyck shifts that can be de ned via the
Dyck inverse monoids. The Dyck inverse monoid is the inverse monoid (\l
zero) with generators®,; »;1- n - N; and relations

®, n=1; 1- n- N;
® m=0; 1-nm- N; n6m
and the Dyck shift Dy is de ned as the subshiftDy %2 f®,; nj1- n- Ng?;
whose admissible words ;),. ;. , satisfy the condition
Y
°;, 60:

0-i- 1

In section 1 we introduce another class of subshiftX %2 § % with an intrinsically
de ned shift invariant dense set Pch (X)) of periodic points. Again the Dyck
shifts serve here as prototypes. In the Dyck shiftDy the points in Pcp (Dy)
are such that during a period there appears an event that has the potential
to in°uence even the most distant future. In other words, a point (X;);,, in
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Dn with period pis in Pcp (D ) if the normal form of the word (x;),. i<p is a
word in the symbols®,;1- n - N: One can view here the record of an in nite
sequence of events as a point in a Cantor discontinuum. With this in mind,
we call the subshifts in this class Cantor horizon subshifts. The presenting
Shannon graph with vertex set the set of forward contexts j* (yi ); whereyi
is negatively asymptotic to a point in Pcn (X); is canonically associated to the
Cantor horizon subshift X % §7; and so is the, -graph system of its closure,
that we call the Cantor horizon |, -graph system of X. The Cantor horizon
. -graph system of a Cantor horizon subshift is a sub, -graph system of its
canonical , -graph system.

The K-groups and Bowen-Franks groups of the symbolic matrix system
(M Pn ;1 Pny for the canonical | -graph systems of the Dyck shiftsDy ;N , 2
were computed in [Ma2]. These are

X
Ko(MP;1Pv) 2 Zo Ky(M P ;1Pv) 2 0;
n2N v
BFO(MPv;1Pvy2 0, BFYMPv;IPv)2  Z:
n2N

In section 3 we determine the symbolic matrix system ¢ €h(P2). | Ch(D2)) of
the Cantor horizon | -graph system L¢"(P2) of the Dyck shift D,; and we
compute its K-groups. Denoting the group of all Z-valued continuous functions
on the Cantor discontinuum C by C(C; Z) one has

Ko(M €M(P2);1Ch(P2)y 2 7257 © C(C; 2);

and one has
K]_(M Ch(Dg); I Ch(Dz)) 2 0

One can construct simpleC”-algebras from irreducible, -graph systems [Ma3].
A , -graph system is said to be irreducible if for a sequence, , 2 V, ,;n 2 Z,
of vertices with f{(v; n) = v, n+1 and for a vertex u; there exists anN 2 Z,
such that there is a path fromv; y to u. Itis said to be aperiodic if for a vertex
u, there exists anN 2 Z, such that for all v 2 V; y there exist paths from
v to u: The Cantor horizon |, -graph system LM (P2) of the Dyck shift D> is
irreducible and moreover aperiodic. Hence the resultingc"-algebraO, cn (0 ,) is
simple and purely in nite whose K g-group and K ;-group are the above groups
Ko(M €N (P2); 1 Ch(P2)) and K (M €N (P2);| Ch(D2)) regpectively (cf. [Ma3]). In
section 4, we compute the Bowen-Franks groups of the symbolic matrix system
(M Ch(DZ); | Ch(DZ)):

In section 5, we consider the K-groups and Bowen-Franks groups of the Dyck
shifts Dy ;N ., 2: Here one has

B

Ko(M CM(Br)ChBn)y 2 7-N7 © C(C; 2);
Kl(M Ch(DN);lch(DN)) 2 (0
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1. Subshifts with Cantor horizon lambda-graph systems
Denoting for a given subshift X ¥ §7; the right context of an admissible block
Xiig pX 2 Xiij 2 Z3i - J; by i " (X 1),
i (i) = YT 2 Xy § (g pYT) 2 Xgi1)9
and its left context by j ' (X[ ),
i X ) = FYT 2 Xy T X)) 2 X )9
we set
\ .
P (X ) = fy" 2 X1y i (Y ixpiny') 2 Xg:
yi2i (X 1)

Lemma 1.1. Let ¥ % 8%;X % 8§Z be subshifts and letA : ¥ | X be a
topological conjugacy. Let for somel 2 Z. A be given by a2L +1) -block map

a and Ai ! be given by a(2L + 1) -block map®: Let ¢ 2 N, and let x 2 X be
such that

(1-1) !+(X(iLile,iL]): !+(X'(iLiﬁ;iL]); R, N
Then for x = A(R) and N = 1€ + 2L;
(1.2) PPN = T (Xqneap); n, N:

Proof. Let n, N; and let

(1.3 y' 21 (X o))
Let

¥ =R X[ L;O];y+)5
One has
(1.4) y 2! +(X(i ®i L L]);

which implies that
y' 21T (X N0
con rming (1.2). We note that by (1.1) one has that (1.4) follows from
Y'+ 2! +(X(i R L;j L]);
which in turn follows from (1.3). =

Let X ¥ §7 be a subshift andP (X ) be its set of periodic points. Denote by
Pa(X) the set of x 2 P(X) such that there is an N 2 N such that

! +(X(i N;O]) = +(X(i n;O]); n, N:
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Lemma 1.2. Let ® % 8%;X % §Z be subshifts and letA : ¥ | X be a
topological conjugacy. Then

A(Pa(®)) = Pa(X):

Proof. Apply Lemma 1.1. =

By Lemma 1.1 the following property of a subshift X % §7 is invariant under
topological conjugacy : Forx 2 X and N 2 N such that

! +(X(i N;O]) = +(X(i n;O]); n, N
there exists anM 2 N such that
PP (X me0) = (X meo)); m, M:

For a subshift X % §7 with this property we consider the subgraph Gep (X)
of G(X) with vertices j * (u ) whereu’ 2 X(;; .o is negatively asymptotic to
a point in Pcp (X) = P(X)nP,(X): If here Gep (X) presents X then we say
that X is a Cantor horizon subshift, and we call the, -graph system of the
closure of Ggp (X) the Cantor horizon | -graph system of X. By Lemma 1.2
the Cantor horizon property is an invariant of topological conjugacy and the
Cantor horizon | -graph system is invariantly associated to the Cantor horizon
subshift.

2. The Dyck shift

We consider the Dyck shift D, with alphabet § = § i [ §* where § =
f®);®0;8" = f o, 10: A periodic point x of D, with period p is not in
Pa(D2) precisely if for somei 2 Z the normal form of the word (Xi+¢)o. q<p IS
a word in the symbols of § , in other words, if the multiplier of x in the sense
of [HI] is negative. We also note that periodic points with negative multipliers
give rise to the same irreducible component of5ch (D) precisely if they have
the same multiplier.

We describe the Cantor horizon, -graph systemL"(P2) of D,: The vertices at
level | are given by the words of lengthl in the symbols of § . The mapping 1
deletes the rst symbol of a word. A word (®(ny)1. n. | accepts ; precisely if
i(l)=i;i =0,1, e®ecting a transition to the word (& ,))1. n« ; and it accepts
®; e®ecting a transition to the word (& (n))2. n. 1: The forward context of the
word a = (®ny)1. n. | contains precisely all wordsc = (°p),. ,., in symbols
of 8§ such that (a;c) is admissible for D,. In describing the Cantor horizon
symbolic matrix system (M ;1) of the Dyck shift and the resulting nonnegative
matrix system (M; | ) we use the reverse lexcographic order on the words in the

symbols in §' ; that is, we assign to a word ®n))1. n. 1 2 §' 1 the number

i(n)2"i 1:
1-n-|
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One has then

Mo;1=[ 0o+ ®+®; 1+ ®&+®]=[®+®+ o, G+ ®+ ]
lo;1=[1; 1

For | 2 Z, and a 2 f®;®; o; 10, let 1,(a) be the 2 £ 2' diago-
nal matrix with diagonal entries a; and Si(a) be the 2i 1 £ 2*1 matrix
[Si(@)(i) )1 i 200 1:1. . 200 WhereS(a)(isj ) isaforj =4i; 4ij 1,4ij 2,4ii 3;
and is otherwise zero.

Proposition 2.1.  For | =1;2;:::, the matrix M , ., |; 1 is a2 £ 2'*? rect-
angular matrix that is given as the block matrix:
_ Si(®) AR RN
(21) M]|;i|jl_ SI(®1) +[I|( O)J ||( 1)]
and

Ys

2.2) e (i) = 1 (=20 L2);

0 elsewhere.

Proof. The rst summand in (2.1) describes the transitions that arise when a
vertex accepts a symbol in § : The second summand arises from the transitions
that arise when a vertex accepts a symbol in & ; the arrangement of the
components of the matrix as well as (2.2) being a component of the ordering
of the vertices at levell and|j 1. =

We note that the |, -graph systems of the closures of the irreducible components
of Geh (X)) are identical.

Proposition 2.2.  The , -graph systemL®"(P2) for (M ;1) is irreducible and
aperiodic.

Proof. Let V, ;1 2 Z, be the vertex set of the -graph systemL"(P2), For

any vertex u of V; |; there are labeled edges from each of the vertices M, y
to the vertex u. This implies that (M ;1) is aperiodic. ®©

3. Computation of the K-groups

Let My 4+1 for |1 2 Z, be the nonnegative matrix obtained fromM ; |.; |; 1 by
setting all the symbols of the components oM ; |.; |; 1 equal to 1. The matrix
lj+1 for 1 2 Z, isdenedtobel,,;:Forl>1and1: i - 21 2 et
al)=[a (I)n]ﬁ'z1 be the vector that is given by

7

1 (n=4ij 34ij 2,4ij 1,40);

a(l), =
D 0 elsewhere
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Dene for 1 <1 2 N E, as the 2 £ 2'-matrix whose ij th column vector and

whose (21 1 + i)j th column vector are both equal to a;(1);1 - i - 2 2; the

other column vectors being equal to zero vectors.

Forl>land1- i- 2illeth(l)= [h(l)n]ﬁ'z1 be the vector that is given by
L%

‘1 (n=2ij 1;20);
0 elsewhere

b, =

Deneforl<| 2 NF asthe 2 £ 2'-matrix whose i th column vector is equal

to b(l);1- i- 21;the other column vectors being equal to zero vectors.
One has
(3.1) i+ E1 = Enea g ag s s Fr= Frea o > 1

Let I, denote the unit matrix of size 2: Dene a 2 £ 2 * matrix Hy, 1 by
setting

HI;Ii 1= . il ) |> 1:
Lemma 3.1. For | > 1 one has
(Eri FOHp =01 1y

Proof. One has
EiHi 1=00  FRiHp o= 1 g0

o]
213 213 203 203
Setyi(2) = 21% y2(2) = ﬁég y3(2) = 21% ya(2) = 28% and dene
1 0 1 1

inductively for 1> 2 vectorsy;(l); 1- i - 2'; where
(3.2) yi()= 1 gyl 1) 1. 0. 211
and
(3.3) yi(l) = HI;Iil)’iizlzZ(li 1); dilecj . 2ilypli2

where one de nes the vectors
! . . .
yi)=[yi(), Py 2it+21i2<i. 2

by setting

(3.4) 8

21 (n=4ij 1421 1+2i);

Yozt zei(Dy = o i1 (n=2"1+4i; 1,21 1 +4i); 1- - 23
0 elsewhere,
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and by setting

1
29 (n=2"11+21i 2424y, 3
(8.5) Vori 14211 2421 3+i(|)n = 1.9 2"°;
0 elsewhere;

Dene for | > 2; T as the 2 £ 2'-matrix whose column vectorsy;(1);1- i - 2
Here y1(I) has all components equal to 1, that is,yi(l) is the eigenvector of
E, i F, for the eigenvalue 1. Also the vectors

vi(1); 2ityolizcj . 2

are linearly independent vectors in the kernel ofE, j F, and one sees from
(3.1), (3.2), (3.3), (3.4) and (3.5) that T, is invertible and that T} YE i FDT
is a matrix that is in a normal form. This normal form is a Jordan form in
the sense that by conjugation with a suitable permutation matrix, followed by
a conjugation with a suitable diagonal matrix whose entries are 1 orj 1, the
matrix assumes a Jordan form with Jordan blocks arranged along the diagual.
There will be one Jordan block of length 1 for the eigenvalue 1, and there will
be 2i * Jordan blocks for the eigenvalue 0, and if one lists these by decreasing
length then the kj th Jordan block for the eigenvalue O has lengthl j (k)
wheret (k) be given by 2 ®i 1<k . 20K, 1. k. 2 2

By an elementary column operation we will mean the addition or subtraction
of one column vector from another or the exchange of two column vectors.

Lemma 3.2. Let | 2 N and let K be a2 £ 2'-matrix with column vectors
zi;l- i 2;

z=h(; 1-0-20h
and column vectors
| .
Zoli 14 :[Zzli 14 in ]r2_|=1; 1 - i- 2" 1

such that

Zoli 14§25 1= Z2i 14 2] =0; 1. j<i;

Zyi14i2i; 1= 0; Zyiasizi = 15

Zpi 149 1=0; Zyi1aig 20 1,0;1g; i<j . 2t

Then K can be converted into the unit matrix by a sequence of elemery
column operations.

Proof. Let the vector ¢ =[Gn ]ﬁlzl :1- j - 2% be given by
1
1 (n=2j);
G = 0 elsewhere
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and denote by K[j[;1 - j - 21 the matrix that is obtained by replacing
in the matrix K the last j column vectors by the vectorscy: 1, i;j , i, 1
K[1] is equal toK and K[j[;1<]j - 2'i 1; can be obtained fromK [ 1] by
subtracting from and adding to the (2' j) -th column appropriate selections

of the the (2'j i)-th columns, 1- i - j. K[2i 1] has as its rst 2'i 1 column
vectors the vectorsh(1);1 - i - 201 and as its last 21 * column vectors
the vectors ¢ (1);1 - i - 2'i 1; and can be converted into the unit matrix by

elementary column operations. ©

Lemma 3.3. Let | 2 N and let K be a2 £ 2'-matrix with column vectors
zi;l- i 2;

=h(); 10 2T
and column vectors

Zoli 14 :[Zzli 1+in ]r21‘=1; 1<i - 2Ii 1
such that
(Z2 1421 132201 145,2) 21(0;0);(1; 1)g; 1-j<i
Zyi1vj2i; 1= 0; Zyi v = 15

(Zo 1aii; 1zon 1wiz) 2F G L0 1:(00):(252):(0;2); (05 g i<j< 21 %
Then K can be converted into the unit matrix by a sequence of elemery
column operations.

Proof. For all i;2'i1 <i - 2 one subtracts from thei-th column of K and
adds to the i-th column of K appropriate selections of the st 2i * columns
of K to obtain a matrix to which Lemma 3.2 applies. ©

Proposition 3.4.  The matrix T, is unimodular.

Proof. The matrix T, can be converted into the unit matrix by elementary
column operations. The proof is by induction onl. Assume that the matrix
T, 1;1 > 2 can be converted into the unit matrix by a sequence of elementary
column operations. Then by (3.2) the matrix T, can be converted by a sequence
of elementary column operations into a matrix whose st 2i 1 column vectors
are the vectorsh (1);1- i - 21 ! and whose last 2 1 column vectors are those
of the matrix T;; and by (3.2),(3.3) and (3.4) Lemma 3.3 is applicable to this
matrix. ©

Dene a2 £ 2' matrix L, by setting
Li=h+E F; > 1:

Denote by Q. the 2¢ £ 2' matrix with entries 0's. Also de ne permutation
matrices P (i;j );1- i;j - 21> 1; by

P(i;2 i+1)=1; 1-i- 2,
and set .
B+ = L O
PiLiPr Oy
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Lemma 3.5. Bisg =[Mj,1 i Iy J Ouay]; 1> L
Proof. This follows from Proposition 2.1. =©
Dene 2'*1 £ 2'*1 matrices J(I + 1) and U.; by setting

TLT oy T Oy
J(+1) = ' o Upsg = ;
(1) Oy O +1 P
Lemma 3.6. U4 is unimodular and
U Bl U = J(1+1); 1> 1
Proof. One has -
1 TP oo

UI+1 - i PI |;

and further

. Tt ooy g L, Oy a T 0 _ . T LT oy
iPh PLiP Oy PT I O Oy

o]

Dene a 2*! £ 2 matrix G414 by setting

.|’
|

Gy = O ; | > 1:
One has
(3.6) I 41 Ti = Tisa Graa g
(3.7) 141 PITi = Prag g Graa o
Dene a 2*! £ 2 matrix Jj.1 by setting
. Gui1 Oy’
Jis1y = o SR > 1
T o 1y
Lemma 3.7. 1, U = Usr Jjsgy; 1> L
Proof. From (3.6) and (3.7), it follows that
o Oy’ Tii O _ TGy O’
Ouis My PiaTia hia o PTG 1y
T Ou’ Gz Oyj1’,
PT b Ogyn Mgy
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Lemma 3.8.
Jisr 0 d() = I +1) Jjsay; > 1

Proof. By (3.1)
Ilti 1;IL|i 1= L||Itj 1;l

and by (3.6)
Tl T = G T 1

Therefore by (3.6)

G lTIii 11|-li LT T|i l||ti 1;||-I1 LT
T T

T| LGy, 1

and therefore

GI;Ii 1 0I;Ii l, T|ii llLIi 1Tli 1 0I;Ii l’

O 2 ||ti 1 ) Ot 1 Oii1
- GI;Ii 1T|ii lll—li 1Tli 1 0I;Ii 1>
. oI;I il 0I;I il
_ T, WTGH; 1 Oyt
0I;I il 0_I;I il

Tli 1L|-|—| O|;|51’ Gii1 OI;Iils.
Ogiz Ouyr Owyn Ifqy -

o]

By the preceding lemma, the matrix Ji+; 1 induces a homomorphism
g i Z%=3022 1 227 =31+ 1) 22"

and by Proposition 3.4 and Lemma 3.6 the matrix Uj; as BZ2 = (M 1y
Il 1,)Z%""; induces a homomorphism

& z2=3(z% ' z?=B,Z?:
Lemma 3.9. The diagram :

| I l“ + |+ |
z? :(Mlti 1 )I§ IIti 1;I)ZZ 1 i "oz :(Mlt;l w0 IIt:l +1 )Zz
L1J|? l}JI+1 ’)

22I :J(I)ZZI iﬂjHl hl ZZI+1 :J(l + 1) Z2|+1
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is commutative.
Proof. Apply Lemma 3.7. =
De ne a diagonal matrix D (I) by setting
241
_ z_} {
D(l) =diag(2;1;1;:::;1); [ 2 N:

Z2'; through the map ' | © id where ' | : Z2=D(I)z2 | Z=2Z is dened by
|
"1([(xi)%; 1) = [ x1] (mod 2), we have

Proposition 3.10.  The following diagram is commutative:

o . .
z? :J?(l)zz‘ it z2" =)+ 1)z2™
" 1©id§ ' |©id§
! idol ..
z=2z@72' " § M 7270272

Corollary 3.11.

gifnfzz'“ =M i 1140)2% 5,0 02 Z=22©C(G 2):

Proof. As the group of the inductive limit: ljm flfg e z? 1 72" gis isomor-
[

phic to C(C; Z), we get the assertion. ©

Theorem 3.12.

Ko(M;1)2 Z=2Z© C(CZ);  Ki(M;1)2 0

By Proposition 2.2, the Cantor horizon , -graph systemL¢"(P2) of D, is ape-
riodic so that the C"-algebra O, cn (0, associated with the | -graph system
LCh(P2) js simple and purely innite ((Ma3;Proposition 4.9]). It satis'es the
UCT by [Ma3;Proposition 5.6] (cf.[Bro],[RS]). By [Ma3;Theorem 5.5], the K-
groups K (O cn (0,)) are isomorphic to the K-groups K;(M;1) so that we get

Corollary 3.13. The C"-algebraO, cn (0, associated with the, -graph sys-
tem LC"(P2) js separable, unital, nuclear, simple, purely in nite with UCT such
that

Ko(Opon o)) 2 Z=2Z©C(C,Z);  K1(OLenion) 2 O:
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4. Computation of the Bowen-Franks groups
We compute next the Bowen-Franks groupsBF °(M; 1) and BF °(M; 1 ):
Lemma 4.1. Ext3(C(C;Z);Z) 2 0

Proof. From [Ro] (cf.[Sch;Theorem 1.3]) one has that for an inductive sequence
f Gig of abelian groups there exists a natural short exact sequence

0! gimlHomz(Gi;Z)! Extz(IimG;; Z) ! I/J;‘_mExt%(Gi;Z)! o:
F

| 2|+l

The lemma follows therefore fromC(C;Z) = Ilim fll,, :Z% ! Z? gand
I

Extl(z2;z) = lim Homz(z?;Z)=0. =©

As in [Ma;Theorem 9.6], one has the following lemma that provides a universal
coezxcient type theorem.

Lemma 4.2. For i =0;1 there exists an exact sequence
0! Ext3(Ki(M;1);Z)! BF'(M;1)! Homz(Ki+1 (M;1);Z)! O
Theorem 4.3.
BFO(M;1) 2 z=27:
Proof. By Theorem 3.12 and by Lemma 4.2 one has
BF O(M; 1) 2 Ext3(Z=2Z;Z) © Ext3(C(C;2);2):

As Ext%(Z:ZZ; Z) 2 7=27; the theorem follows from Lemma 4.1. ©

Theorem 4.4.
BF 1(M;1) 2 Homz(C(C;Z2);2):

Proof. Homz(Z=2Z;Z) is trivial. Therefore by Theorem 3.12
Homz(Ko(M;1)) 2 Homz(C(C; Z); Z):
Since the groupK 1(M; 1) is trivial, by Lemma 4.2, one gets
BF Y(M;1) 2 Homz(C(C; 2); 2):
o]

As the Bowen-Franks groups BF°(M;l) and BF *(M;I) are isomorphic
to the Ext-groups Ext(Opch 0, )(= Ext( OLcn0,)) and Ext®(Opcn0,))(=
Ext(O ch 0, - Co(R)) for the C"-algebraO, cn (0, (cf. [Ma3]), we obtain

Corollary 4.5.
Eth(OLCh () B 2227, EXtO(OLCh ®2) 2 Homz(C(C; 2); 2):
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5. General Dyck shifts

One can extend the preceding results for the Dyck shiftD, to the general
Dyck shifts Dy with 2N symbols®,; ;1 - n - N; for N > 2; generalizing
the previous discussions for the case dil = 2. We will brie°y explain this.

We consider the Cantor horizon , -graph system LC"(Pn) of Dy as in the
previous case and write its symbolic matrix system M FTED,INi I icf;‘i(D““l)) as
(M 1415111 +1): We de ne the nonnegative matricesM .1 ;11411 2 Z+ ina

similar way. The size of the matricesM ) +1 ; 11+1 iISN'£ N'*1: Let I,(N) be the

unit matrix with size N':For1> 1and1- i- N'i2leta™ (1)=[a" (1) IV,
be the vector that is given tl)/y
2

ANy = 1 (N2(Gj 1)+1- n- NZ2;
! n 0 elsewhere

Deme for 1 <1 2 NE™) as theN' £ N'-matrix whose ij th, (N'i 1+ i); th,
@N"' T+ P)jth, :::, (N DN' 2+ )i th column vectors are all equal to
a,-(N)(I); 1- i - N'i2; the other column vectors being equal to zero vectors.
Let K1) =6 (1) N, be the vector that is given by
1/21 (N(j 1)+1 - n- Ni);

0 elsewhere

o™ (1), =

Deneforl<l 2N Fl(N) as the N' £ N'-matrix whose ij th column vector

is equal to Q(N)(I); 1- i- N'i®: the other column vectors being equal to zero
vectors.
Dene aN'£ N'! matrix by

LM =1+ g™y g 2N
Also de ne permutation matrices Pl(N);k;kzl;Z;:::;Ni 1; by
PMHENT i+ (ki 1)=1; 1. N

where 1- N'j i+1j (kj 1) - N'is taken mod N'. Denote by Q. the
NX £ N' matrix with entries 0's.
We dene anN'* £ N'*1 matrix By by

Bl(i\ll) =M i Hyer J0s1al;

that is written as the block matrix
2 N 3
L( ) Oy

| )
g PI(N);lLI(N)PI(N);l OI;I z
pNIN 1L|('N)pl(N);Ni 1 0;;|

By an argument that is similar to the one of the previous sections, one can
conclude then
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Theorem 5.1.

Ko(M;1) 2 Z=NZ © C(C; 2); Ki(M;1)20;
BFO(M;1) 2 Z=NZ; BF 1(M;1) 2 Homz(C(C;2);2):

Corollary 5.2. The C"-algebraO, c» (0 ) associated with the Cantor horizon
. -graph systemLC"(Pn) of Dy is separable, unital, nuclear, simple, purely
in nite such that

KO(OLCh(DN)) 2 Z:NZ©C(C, Z), Kl(OLCh(DN)) 20
Ext' (O ch0y)) 2 Z=NZ; Ext®(O, ch(0y)) 2 Homz(C(C; 2);2):
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