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Abstract. This paper studies the reciprocity obstruction to the
local{global principle for compacti cations of torsors under tori over a
generalised global "eld of characteristic zero. Under a non-divisibility
condition on the second Tate{Shafarevich group for tori, it is shown
that the reciprocity obstruction is the only obstruction to the local{
global principle. This gives in particular an elegant uni ed proof of
Sansuc's result on the Brauer{Manin obstruction for compacti cations
of torsors under tori over number “elds, and Scheiderer's result on the
reciprocity obstruction for compacti cations of torsors under tori over
p-adic function “elds.
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Let K be a eld of characteristic zero that has (h+2)-dimensional global duality

in §tale cohomology with respect to a collection oin-local "elds K %K, %K

indexed byv 2 - ¢ . Examples of such "elds are totally imaginary number “elds

(then n = 1) and function “elds over n-local “elds. See Sectior{]1 for details.

bet X be a nonsingular complete variety overK. Writing X (Ag) :=
v2- X(Ky), we have areciprocity pairing

X(Ak)E H"™ (X; Q=Z(n)) ! Q=Z:

Writing X (A )™P" for the collections of points that pair to zero with every
I 2 H™ (X; Q=Z(n)), we have that X (K) ] X (A )"P". In particular, when
X(Ag )" =; then X(K) = ;.
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126 Joost van Hamel

Hence the reciprocity pairing gives an obstruction to the local{global principle.
When K is a number “eld, this obstruction is easily seen to be equivalent to
the obstruction coming from the well-known Brauer{Manin pairing

X(Ak)E H?(X;Gpn)! Q=

introduced by Yu. Manin in [¥a].

Main result

In this paper we will show that under a technical assumption on Galois coho-
mology of tori the reciprocity obstruction is the only obstruction to the local{
global principle for any smooth compacti cation of a torsor under a torus over
K (i.e., any nonsingular complete variety containing a principal homogeneous
space under a torus ovelK as a Zariski-dense open subvariety).

Theorem 1. Let K be a "eld of characteristic zero with global duality. Assume
that X 2(K;T) is of nite exponent for every torus T over K .

Then for any smooth compacti cation X of a torsor under a torus overK we
have thatX (A )™ = ; if and only if X(K)= ;.

Proof. This follows immediately from Corollary 8.3 and Corollary f.3. O

This generalises (and simpli es the proof of) the original result of Sansuc that
for a smooth compacti cation of a torsor under a torus over a number “eld the
Brauer{Manin obstruction is the only obstruction against the Hasse principle
(see [Sah] and alsd[[$k]).

The condition on X “(K;T) is not only known to hold for number “elds, but
also for p-adic function "elds (this follows from the duality theorems in [).
In particular, we get a proof of the following unconditional result, due to Schei-
derer (private communication), that has not appeared in the literature before.

Corollary. Let p be a prime and letK be ap-adic function “eld (i.e., a
“nite extension of Qp(t)). Then for any smooth compacti cation X of a torsor
under a torus overK we have thatX (A )™ = ; if and only if X (K)= ;.

I do not know any other examples of “elds of characteristic zero with global
duality and Tite exponent for X 2 of tori, nor do | know any examples of
tori over “elds of characteristic zero with global duality where X 2 has in nite
exponent.

Method of proof

The proof usespseudo-motivic homology
H.(X; Z2) = Ext . (Ri( X=k; Gm);Gm)

as dened in [VH]] for nonsingular complete varieties over a “eldk of charac-
teristic zero (see Sectior[|2 for some more information).
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Reciprocity Obstruction for Compactified Toric Torsors 127

This homology theory (covariant in X) can be considered to be in between
motivic homology and §tale homology with coetcients in2 (see [vH1], [vH2)).
It is more tractable than motivic homology, but it still contains some important
geometric/arithmetic data. In particular, in certain cases Ho(X; Z) can decide
whether X has k-rational points.

Theorem 2. Let X be a smooth compacti cation of a torsor under a torus
over a "eld k of characteristic zero. Then the degree map

Ho(X; 2)! MHo(Speck;z2)= Z
is surjective if and only if X (k) 6 ;.

Proof. If X (k) 6 ;, then functoriality of Hg(j ;Z) implies the surjectivity of
the degree map. The converse follows from Corollary 4 3. O

This is the key result in the paper and in fact an easy consequence of Hilbert's
Theorem 90 and Rosenlicht's result that the invertible functions on a torus are
characters up to translation. Theorem ﬂ. is then essentially a purely formal
consequence of global duality. However, to avoid any unnecessary technical
subtleties we will actually derive Theoremﬂ from the slightly stronger Cord-
lary B.3.

As we will see in Section[b, the approach taken here is strongly related to the
approach of Colliot-Th&lgne and Sansuc in the case of number “elds: Corol-
lary E is equivalent to their result that a smooth compacti cation of a tor sor
under a torus has rational points if and only if the so-calledelementary obstruc-
tion vanishes. However, the proofs in the present paper are simpler, and extend
easily to higher cohomological dimension. This can be explained by the fact
that for the varieties under consideration the homological formalism of pseudo-
motivic homology happens to be more natural than the dual cohomological
formalism of descent.

Structure of the paper

Most of this paper is devoted to setting up the conceptual framework and
establishing its formal properties. In Sectionﬂ we recall the concept of an
n-local "eld, originally due to Parshin, and we will introduce a cohomological
global analogue: @ + 2)-dimensional global duality in §tale cohomology. We
will introduce the reciprocity pairing in this framework and establish some ba
sic properties. In Section[R we will recall the de nition and basic properties
of pseudo-motivic homology. In Section[B we de ne a cap-product between
pseudo-motivic homology and §tale cohomology and we establish a partial du-
ality.

After setting up the proper framework in the “rst three sections, we show in
Sectionﬂl that a principal homogeneous space under a torus actually coincides
with the degree 1 part of its zero-dimensional homology. This is essentially a
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128 Joost van Hamel

rephrasing of Rosenlicht's result on the invertible functions on a torus. The
main results then follow immediately.

Finally, in Section E we will compare the methods used here to other methods
in the literature.
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1 Higher dimensional local and global duality

1.1 Higher dimensional local duality

In this paper, an n-local "eld (for n, 1) will be a eld k that admits a sequence
of “elds

such that:
2 ko is a nite "eld

2 For eachi> 0 the "eld k; is the quotient "eld of an excellent henselian
discrete valuation ring Oy, with residue “eld k;; 1.

A generalisedn-local "eld will be a "eld satisfying the same hypotheses, except
that ko is only required to be quasi- nite, i.e., a perfect "eld with absolute
Galois group isomorphic to 2.

A generalised n-local "eld k with k; of characteristic zero satis es n-
dimensional local duality in §tale cohomology

2 There is a canonical isomorphiané‘t*1 (k;Q=Z(n)) = Q=Z

2 For any Tnite Gal( k=k)-module M and anyi 2 Z the Yoneda pairing
He (kM) £ Extg™ 1 '(M; Q=Z(n)) ! Hg' (k;Q=Z(n)) = Q=Z
is a perfect pairing of "nite groups.

2 For a Tnite unrami ed Gal( k=k)-module M of order prime to the charac-
teristic of kn; 1, the unrami ed cohomology of M is precisely the annihi-
lator of the unrami ed cohomology of H om(M; Q=Z(n)) in the duality
pairing.

Here an unramied Gal(k=k)-module M is a Galois module on which the
inertia group | acts trivially, and the unrami ed cohomology of M is the
image in Hi(k;M) = H'(Gal(k=k);M) of the Galois cohomology group
H'(Gal(k=k)=I; M ) under the restriction map (see for examplei, I, p.36]). In
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Reciprocity Obstruction for Compactified Toric Torsors 129

terms of §tale cohomology it is the image of the restriction mapH ét(ok; M) !
Hg (K M).

For ordinary local "elds (the case n = 1 and Tnite kg), the duality in §tale
cohomology is due to Tate (see for examplg [Wixl.4]). For higher dimensional
local "elds (with Tite ko) this is [DW] Th. 1.1, Prop. 1.2]. Since the proofs
only rely on the cohomological properties ofkg, they easily generalise to the
case of quasi- niteko.

1.2 Higher dimensional global duality
Let K be a "eld of characteristic zero and suppose we have
2 A collection - of discrete valuations v: K | Z.

2 An n, 1 such that for everyv 2 - the quotient "eld K" of the henseli-
sation O!" of the discrete valuation ring O, := fx 2 K : v(k) , Ogis an
n-local “eld.

2 A noetherian ring Ox % K such that K is the quotient "eld of Ox and
such that for all but "nitely many v 2 O we have that Ox %2 O,.

We will use the notation Ak (or simply Abfor the ring of (henselian) adples
corresponding to (K; -), i.e., the subring of ~, K" consisting of thefx,gy>.
with x, 2 O, for all but nitely many v 2 -. Since for every Tnite Gal( K=K )-
module M we have that M extends to a locally constant §tale sheaf over an
atne open subschemdJ ¥2 SpecOk , we may de ne the adplic §tale cohomology
group

0 1
a . Y a h Y o h
Ha(AM):= lim @ HgOlM)E  He(KIiM)K:
»%U v2- v2-
open atne v2V v6y/

By abuse of notation we writev 2 SpecOk if Ok % O, and similarly for every
atne open subschemaJ ¥2 SpedOx .
As an example, observe that the canonical isomorphismil "*1 (K": Q=2 (n)) '
Q=Z (with the unrami ed part being zero) induce an isomorphism
M
H"™ (A;Q=Z(n)) ' Q=Z.
v2-

We write X '(K; M ) for the kernel of the map
He(KiM )1 Hg (AsM):

Similarly we de ne the complex of abelian groupsRj ¢ (A ;M) for any $tale
sheaf (or complex of §tale sheaved)l over some open subschemlg Y2 SpecOx .
We have a map

Rig(KiM)! Rig(A;M)
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130 Joost van Hamel

and we de ne the complexRj( K; A;M) to be the complex of abelian groups
that makes a triangle

Rig(K;A;M)! Rig(K;M)! Rig(A;M):

As the notation indicates, the corresponding cohomology groups

Heg (Ko ASM) = H'(Ri(K; A;M)) should be thought of as relative co-

homology groups. By de nition we have a long exact sequence
CECIHG (K ASM) ! Hg (KM )T Hg(A;M) T Hgt (K ATM) !

Observe that, even if the henselian adgles used here are di®erent from the usual
adples (de ned using completions), their cohomology with "nite coezcients
is the same, since their Galois groups are isomorphic (see for exampIE[Mi,

App. 1.A)]).

Remark 1.1 The relative cohomology groupsHg (K; A;j ) can be thought of
as the cohomology with compact supports of Spek regarded as something
very open in a compacti cation of SpedOx (compare , x11.2]). This way of
seeing it is more in line with the Grothendieck{Verdier approach to cohomology
and duality. However, a notation HZ can lead to confusion when studying the
cohomology of varieties overK , so the "Eilenberg{MacLane'-style of notation
as relative cohomology seems more convenient.

For any Tnite Gal( K=K )-module M, any i, j 2 Z we have that an! 2
Exty, (M; Q=Z(j)) induces maps
He (K ATM) 1 HG™ (K ATQ=Z ()
Hg (]GM) 1 Hg!™ (K Q=2()
Heg(A;M) ! Hg ' (A;Q=Z())
which are compatible with the long exact sequences of the pairl{; A). Allow-
ing ! to vary we get the Yoneda pairings
He (K ATM) - Exti, (M; Q=Z(i)) ! Hg™ (K AsQ=Z();
He (KiM )= Exti, (M; Q=Z(j)) ! Hg '(K; Q=Z(j));
Hg(A;M) - Exty, (M; Q=Z(j)) ! Hg '(A;Q=Z(j)):
We say that K has (n + 2)-dimensional global duality in §tale cohomology if:

2 We have an isomorphism Hé‘t+2 (K; A;Q=Z(n)) ' Q=Z such that the
boundary map Hé‘t*l (AL;Q:Z(n)) ! PH,[‘;’Z (K; A;Q=Z(n)) corresponds

to the summation map ,. Q=Zl}i Q=Z.

2 For every nite Gal( K=K )-module M and anyi 2 Z the Yoneda pairing
He(Ki AsM) £ ExtRi?T'(M; Q=Z(n)) ! Hg'? (K; A;Q=Z(n)) ' Q=Z
is a nondegenerate pairing of abelian groups inducing an isomorphism
He (K A;M) 7 Hom(Extg 2 7' (M; Q=Z(n)); Q=2):
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Reciprocity Obstruction for Compactified Toric Torsors 131

As a purely formal consequence we get duality for any bounded comple&€ of
constructible §tale sheaves de ned over an open subsét %2 SpecOk : we have
forany i 2 Z that

He (K ASC) £ EXtR211(C;Q=Z(n) ! Hg™ (K A;Q=Z(n) ' Q=Z

is a nondegenerate pairing of abelian groups inducing an isomorphism
He (K A;C) T Hom(Ext[};fi '(C:Q=Z(n)); Q=2):

Examples of elds that satisfy (n + 2)-dimensional global duality in §tale co-
homology are

2 Totally imaginary number “elds (with n =1).
2 Function “elds of curves over generalised 1f j 1)-local “elds with k; of
characteristic zero.

Remark 1.2. To get 3-dimensional global duality for number "elds that admit
real embeddings, one needs to take care of the real places separately (as[Mi,
xlI1.2]). Having done that, the methods of this paper still apply.

1.3 The reciprocity pairing

Let X be a nonsingular complete variety over a eld K having (n + 2)-
dimensional global duality in §tale cohomology.
For any i; ] 2 Z the restriction map gives pairings of sets

X(K) £ Hg(X; Q=Z(j)) ! Hg(K;Q=Z(j))
X(A) £ Hg(Xa;Q=Z()) ! Hg(A;Q=Z())
where we use the notation
Hg(Xa;Q=Z(j)) = Hg(ARi( X=K; Q=Z(j))):
When we compare these two pairings, we see that composition with the re-
striction map Hg (X; Q=Z(j)) ! Hg(Xa;Q=Z(j)) and the boundary map
Heg (A Q=Z(j)) ! Hét"l (K; A;Q=Z(j)) transforms the second pairing into a
pairing
X(A) £ Hy(X; Q=Z())) ! Hegt (K A;Q=Z()))
with the property that the image of the map X (K) ! X (A) lands into the
subset

X (A)? Ha (X Q=Z() .= .
fxyg2 X (A): hfxyg;!i =0forany ! 2 Hg(X; Q=Z(j))
Taking i = n+1, j = n, we get the reciprocity pairing
X(A) £ Hg™ (X;Q=Z(n)) ! Hg'?(K; A;Q=Z(n)) = Q=Z
mentioned in the introduction, and we have that

X(K) ,! X(A)rcpr = X(A)’) Hq"{*l (X;Q:Z(n)):
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1.4 Generalised global duality beyond finite coefficients

Later in this paper we will use (n + 2)-dimensional global duality to detect
elements in Hét(K; A ;X (M)) for a Tnitely generated group scheme overK.
Here a nitely generated group schemeover a perfect eld k is a group scheme
G such that G(f‘() is a nitely generated group. By

X(M):= Hom(M; Gn,)

we denote the Cartier dual ofM .
Morally speaking, one would expect a nondegenerate pairing

HE(KGM = Z(ni 1) £ HA(K ASX (M) T HER (K A3 Z(n) = Q=Z

for suitable “motivic' complexes of sheaveZ(nj 1) and Z(n) in the sense of
Beilinson and Lichtenbaum (see [BM$], [I.]; recall that we havez(0) = Z and
Gm = Z(1)[1]). Such a duality for “integral' coezcients is known when K is
a number “eld (cf. [@ x1.4]), but | do not know of such a full duality in any
other case | even for K a p-adic function “eld, the results of [BvH] do give the
required duality between Hg (K;M -t Z(1)) and Hg (K; A; X (M), but this
duality is obtained without introducing a complex Z(2).

To avoid these complications, we consider the torsion version

ngmmeimin»EHamqumn
I Hg? (K A;Q=Z(n))) = Q=2 (1)

which can be de ned as the Yoneda pairing associated to the isomorphisms

L . L .
M- 1M1 RHom(X(M);Gm- 17" 1) = RHom(X(M);1,"[1])
forall m2 N.

Proposition 1.3 Let K be a "eld that has(n +2) -dimensional global duality,
and letM be a Tnitely generated group scheme ove . If X ?(K; X (M)) is of
“nite exponent, then the pairing (ﬂ) is hondegenerate on the right.

Proof. By hypothesis, we have arN 2 N such that X 2(K; X (M )) is N -torsion.
By Hilbert's Theorem 90 and a restriction{corestriction argument we also have
anN°2 N such that Hg (A; X (M)) is N *torsion.

The long exact sequence of relative cohomology now implies
that HE(K; A;X(M)) is NN %torsion, so this group embeds into
H&(K; A;X(M)- = Z=NN9 by the Kummer sequence.

Global duality then implies that Hgt(K; A;X(M)) embeds into the
dual of Hg MK:M - Z=NN9Yn i 1)), hence into the dual of
Hel "(K;M -1 Q=Z(n 1))). O

We will also use the following easy lemma.
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Lemma 1.4 Let K be a eld that has(n + 2) -dimensional global duality. The
pairing

He '™ (K; Q=Z(n)) £ Hg(K; A;Z) ! Hg (K A;Q=Z(n))= Q=2 (2)

is nondegenerate on the right.

i ¢
Proof. This follows easily from the fact that Hg (K; A;Z) = II_QV2' Z =Z,
Whereangt+1 (K; Q=Z(n)) surjects onto the kernel of the map ,. Q=Z =

He' " (A;Q=Z(n)) ! Hg* (K A;Q=Z(n)) = Q=Z.

2 Pseudo-motivic homology

Let k be a "eld of characteristic zero. Let X be a nonsingular variety overk.
We write X gy for the smooth site overX (i.e., underlying category the smooth
schemes of nite type overX and coverings the surjective smooth morphisms).
For any sheafF on Xgy, we denote byRj( X=K ¢m; F ) the total direct image
in the derived category of sheaves on (SpdQsn of F under the structure
morphism X ! Specdk. With this notation we de ne

C*(X; Gm) = Ri( X=Ksm;Gm)
CS(X; Z):= RHomy,, (C°(X; Gm);Gm)
HE(X; Z) = Hi  (kem; CE(X; 2))

When X is complete, we have that'HS(X; Z) = H;(X; Z), pseudo-motivic
homology which was introduced and studied in ] for nonsingular complete
varieties. For a noncomplete X, we have that H¢(X; Z) is pseudo-motivic
homology with compact supportswhich was studied in ].

As in [[[HZ] we will work with a truncated version for technical reasons. We
de ne

C(X; Gm)¢ = ¢ 1Ri( X=Ksm; Gm)

H'(X; Gm); = H'(Ksm; C°(X; Gm).)
Cs(X; Z2), = RHomy,, (C*(X; Gm);;Gm)
HE(X; Z), == HI T(ksm; CS(X; 2),)

Finally, we will also need the associated “truncated' cohomology theory with
torsion coezcients, so we de ne

Co(X: i), = C°(X; Gm), - 13
HI (G )e = Hi(ksm; CH(X 1 1))
H'(X Q=Z()), = ljm H'(XG ),
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Remark 2.1. We only need the smooth topology in the de nition of the com-
plexes C5(X; Z) ;). After that, the comparison between smooth cohomology
and %tale cohomology of the complexes of sheaves that we are using assures that
we might as well compute everything on the $tale site. In particular, there is
no need to distinguish in notation betweenH °(ksm;i ) and H"(kg; i ), and we
will normally just write H®(k;j )

2.1 Some calculations

In the present paper we are interested in varieties with a "nitely generated
geometric Picard group. For these varieties the truncated pseudo-motivic ho-
mology has a very simple structure.

Lemma 2.2 Assume X is a nonsingular complete geometrically irreducible
variety over k such that the Picard schemePicy-, is a "nitely generated group
scheme. Then we have a triangle

H om(Picx-y ;Gm)[1]! Ca(X; 2),! Z:
Proof. By Cartier duality this follows from the fact that we have a triangle
Gm! C%X;Gm),! Picx=x [i 1I: 3)
O
Corollary 2.3. With X as above, we have a long exact sequence
¢¢¢!H(k;H om(Picx=k ;Gm)) ! Ho(X; Z), ! HOk;2)
I H2(k;Hom(Picy ;Gm)) ! CC¢

Lemma 2.4. AssumeV is a nonsingular geometrically irreducible variety over
k such thatPicy-, = 0. Then we have a triangle

Hom(k[VIP=%*;Gm) ! Ca(V;2),! Z

Proof. Let V | X be a smooth compacti cation, let Z %2 X be the closed
complement, and let Z }(X=k) be the locally free abelian sheaf orksm asso-
ciated to the Galois permutation module generated by the set of irreducible
components ofZ that are of codimension 1 inX. Let M be the kernel of the
surjective map of sheaves

ZHX=k) ! Picx :

We have that M is a locally free abelian sheaf orksy, hence it is the sheaf
associated to a torsion-free Galois module. It follows from the triangt (@) and
the triangle [{H2, eq. (3)] that we have a triangle

Gm! C%V;Z),! M:

Checking the global sections ovek then gives that M is the sheaf corresponding
to the Tnitely generated Galois module k[V]°=k®. O
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Lemma 2.5 Let X be a nonsingular projective variety overk and letV % X
be an open subvariety, then the natural map

HE(V;2), ! Ho(X; 2),
is surjective

Proof. This is part of [JH2] Cor. 1.5]. O

2.2 Homology classes of points

For any variety V over k we have that the covariantly functorial properties of
pseudo-motivic homology give a natural map

V(K) ! HS(V;2):

We denote the homology class of &-valued point x 2 V (k) by [x], If x corre-
sponds to a mapi: Speck! V then [x] corresponds to the morphism

Ri( X=k; Gn)! Gn
induced by the natural morphism
of sheaves onX. We will not make a distinction in notation between the
class k] 2 H§(V;Z) and its image under the truncation map H§(V;Z) !
HS(V;2),
The shea ed version of this map gives a morphism of sheaves (of sets) over

Ksm
V! HE&V;2)

with the image of V landing in the inverse image of 1 under the degree map
Hov:2) z:
See [vH]l] and [vHR] for more information.

Lemma 2.6. AssumeV is a nonsingular geometrically connected variety over
k such thatPicy=x = 0. Then the morphism

V1 HEV;Z) = RHomy, (i( V=km; Gm); Gm)

is given by locally sending a sectiox 2 V to the map that sends a local section
f of i( V=km;Gn) to f (x).

Proof. This follows immediately from the de nitions. O
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3 The cap-product and partial generalised global duality for
pseudo-motivic homology

3.1 Definition and basic properties of the cap product

Let X be a nonsingular variety over a “eld k of characteristic zero. Since
Ci(X;Z) = RHomg,, (C*X; Gm);Gm), we have well-de ned Yoneda-
products

HE(X Z)E HI(X; Gm) | HIT (K G )
HEX: 2) £ HI(X; Q=Z (1) ! HIT(k; Q=Z(1)):
Applying Tate twist to the torsion coezxcients in the second pairing gives us
HEX; Z2) £ HI(X; Q=z(m)) ! HII(k;Q=Z(m)):
for any m 2 Z. Similarly, we have the truncated versions
HEX; Z2), £ HI(X; G), ! HITI(kGr)
HE(X; Z), £ HI(X; Q=2 (m)), ! HIT'(k;Q=Z(m)):
All these pairings can be calledcap-product pairings and will be denoted by
i\i

For a k-valued point x: Speck ] X, andan! 2 Hi(X; Q=Z(m)) ) we have
that

X]\ ! =i 2 HI(k;Q=Z(m)): (4)
This follows easily from the de nitions, in particular from the fact that the
homology class %] is de ned using the the natural mapsG,, ! .G, and

the pull-back homomorphismi® is de ned using the natural map Q=Z(m) !

i1.Q=Z(m).
3.2 Partial generalised global duality for pseudo-motivic h o-
mology

Let K be a "eld of characteristic zero with global (n + 2)-dimensional duality
in §tale cohomology, and letX be a nonsingular variety overK . We de ne:

1H ic(XA ;Z)((-’) .
HEXG X A3Z) ()

Hi (A CS(X; Z) ()
Hi (K A CS(X; Z)(,):

The cap product and the maps in cohomology for the pair K; A) give us
pairings

HE(X A 7 Z)) E HI(X; Q=Z(m)) ) ! HIT T (K; A Q=Z(m))
1HiC(X;X AZ)) E HI (X; Q=Z(m)) ;) ! Rt (Ki A;Q=Z(m)):
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We will be interested in the casei =0, j = n+1, m = n. By equation () we
get a commutative diagram of pairings

X(A)  £H"(X; Q=Z(n))(, —Q=z (5)

2 H H

HE(Xa;Z) (€ H™ (X; Q=Z(n))(,) Q=2

The aim of this section is to identify the left kernel of the bottom pairing in t he
truncated version of the above diagram with the image of'H§(X; Z),. Since
the long exact sequences in the cohomology of the paik{ A) gives a long
exact sequences in pseudo-motivic homology:

CECIHIXX A32Z), ! HEX Z), ! HE(XA2Z), !

HE (X X a3Z), 1¢¢C (6)
it will be sutcient to prove that H"*1 (X; Q=Z(n)), detects all elements in
HE (XX a52),

Theorem 3.1 Let X be a nonsingular complete variety over a elK having
(n + 2) -dimensional global duality in $tale cohomology. Assume #t Picy=x
is a Tnitely generated group scheme and thaiX 2(K; X (Picy=x )) is of nite
exponent. Then the cap-product pairing

Hi 12X X a3Z), £ HYH(X; Q=Z(n)), ! H"™2(K; A;Q=Z(n)) = Q=Z
is nondegenerate on the left.

Proof. The triangle of Lemma gives the following diagram of compatible
pairings with exact rows

00— H2(K; A X (Picek ) ——MH, 1(X; X a;2), —THY(K; A;Z)

£ £ £
0OH" Y(K; Picxk - ©Q=Z(ni 1)) @H"™ (X; Q=Z(n)), QH"** (K; Q=Z(n))
P2 P2 P2
Q=Z Q=z Q=Z

where the leftmost pairing is the pairing (ﬂ) and the rightmost pairing is the
pairing of Lemma Iﬂl Since those two pairings are nondegenerate on the
(K; A)-side, it follows that the middle pairing is nondegenerate on the K; A)-
side as well. O

Corollary 3.2 Let X be as in Theorem[3.l. Then the left kernel of the
cap-product pairing

Ho(Xa;Z), £ H"™ (X; Q=Z(n)), ! Q=Z
is precisely the image of the map

Ho(X; Z), ! Ho(Xa;2Z),
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Proof. This follows from Theorem[3.1, the exact sequence[|6) for the pseudo-
motivic homology of the pair (X; X A ), and the fact that we have a compatible
diagram of pairings
Ho(Xa;2), £ H"™1(X;Q=2Z(n), —/Q=z
2 f f
i 1(Xi X ai2). £ H™™ (X; Q=2(n), —/Q=Z
O

Corollary 3.3 Let X be as in Theorem[3.]L. IfX (A)™" 6 ;, then the degree
map
Ho(X;2),! Z

is surjective.

Proof. Take an adglic pointfx,g 2 X (A)™P". The compatibility between cap-
product and the map X (A) ! Hq(Xa;Z), implies that its homology class

[fxvgl 2 *Ho(Xa;2Z),

is orthogonal to any ! 2 H"*1(X; Q=Z(n)), so certainly to any ! 2
H"*1 (X; Q=Z(n)),. Therefore, the homology class flx,d] is the restriction
of some® 2 Hq(X; Z). Since each %,] 2 Ho(Xk,;Z) is of degree 1, the

degree of° is 1. O
4 Pseudo-motivic homology of compactifications of torsors u n-
der tori

Throughout this section V will be a torsor under a torus T over a eld k of
characteristic zero.

Since Pig/zx = 0, Lemma B gives us that the complexCs(V;Z), is in fact
quasi-isomorphic to a sheaf which is represented by a group scheme locally of
“nite type (the extension of Z by a torus). We denote this group scheme by
HE(V;2).

Proposition 4.1 (i) The triangle of E is naturally isomorphic to the tri-
angle of sheaves associated to the short exact sequence afugrschemes

0! T! H&V;Z2)! z! O

(i) The natural map V ! H £(V;Z) induces aT-equivariant isomorphism
of V with the connected component ofH £(V;Z) mapping to 12 Z.

Proof. The “rst part of the proposition follows by Cartier duality from the
shea ed version of Rosenlicht's result that we have a short exact sequence

0! Gm! i(V=km;Gm)! X(T)! O
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See [Rb], and also[[Ray, Cor. VI1.1.2.],[[CTB, Prop. 1.4.2].

To get the second part of the proposition, we need the extra information that
the map j(V=km;Gm) ! X(T) considered above is de ned locally by sending
a local sectionf of j( V=km;Gn) to the map that sends a local sectiont of T to

f (t ¢x)=f (x) for any local sectionx of V. Comparing this with the description
ofthe mapV ! H £(V;Z) in Lemma E gives the desired result. O

Corollary 4.2. For any “eld extension k%k we have that the natural map
V(K) ! HE(Vko; 2),

gives aT (k9-equivariant isomorphism of V (k9 onto the subset of elements of
H§(Vko; Z),, of degreel.

Proof. Immediate from the above, sinceH§(Vko;Z), = HL(V;Z)(k9Y by
O

Lemma 2.4

Corollary 4.3. Let X be a nonsingular complete variety ovek containing
V as a Zariski-dense subvariety.

(i) The degree map
HS(V;2), ! Z

is surjective if and only if V(k9 6 ;.

(i) The degree map
Ho(X;2),! Z

is surjective if and only if X (k) 6 ;.

Proof. The rst statement follows immediately from Corollary 4.2| whereas the
second statement follows from the “rst combined with Lemma/2.5. O

Together with the results of Section 3 this implies the two theorems in the
introduction.

Remark 4.4. It is clear from the above, that we can sharpen Theorem[]1
by replacing the full group H"*!(X; Q=Z(n)) in the reciprocity pairing
by the truncated group H"*!(X; Q=Z(n)),, or its image under the map
H"™ (X Q=Z(n)), ! H"™ (X; Q=Z(n)).

In the case of a number “eld, this makes no di®erence, since for smooth com-
pacti cations of torsors under tori we have that our truncated cohomological
Brauer group H2(X; Gn), is equal to the full cohomological Brauer group
H2(X; Gm). (For an arbitrary variety X our truncated group H?(X; Gm),

is equal to the the so-called "algebraic' cohomological Brauer group, i.e., the
kernel of the mapHZ2(X; Gm) ! H2(X: Gm)).
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5 Comparison with the literature

Torsors under a torusT over a (generalised) global "eldK which are trivial ev-
erywhere locally are classied byX (K;T). It follows from Rosenlicht's result
and Hilbert Theorem 90 that H1(K; T ) embeds intoH ?(K; X (Picx=x )) for any
smooth compacti cation X of a principal homogeneous spac® under T. For
aeld K asin Theorem[L duality gives that X (K; T ) embeds into the dual of
HM 1(K; Picxex - - Q=Z(ni 1)), hence into the dual of H"*1 (X; Q=Z(n)),.
Therefore, it is not very surprising that the reciprocity pairing detects a failure
of the local{global principle.

The only problem is to relate the abstract “arithmetic' pairing

X HK;T)EHM™ (X;Q=Z(n), ! Q=Z
to the "geometric' reciprocity pairing
X (A)£ H"™(X; Q=Z(n)), ! Q=Z:

We have seen that pseudo-motivic homology provides a nice conceptual inter-
mediate to compare the two pairings, but there have been other approaches as
well. The existing literature deals with number “elds, so here we consider the
Brauer group, rather than H?(X; Q=Z(1)),.

In [@] the comparison between the ‘geometric' and the “arithmetic' pairing
is essentially done in Lemma 8.4, using explicit ways of representing classes in
the Brauer group and explicit cochain calculations. If one would want to apply
this approach to global duality "elds of higher cohomological dimension, both
the higher degree of the cochains and the fact that the coezcients would be in
Q=Z(n) should complicate things considerably.

A more conceptual approach, thedescent method due to Colliot-Thglgne and
Sansuc and described in[[CT|S] uses the concept ofumiversal X -torsor under
groups of multiplicative type. The most streamlined version of this approad
is probably presented in ]. As in the present paper, the proof proceeds in
two major steps. The rst result is that for any nonsingular complete variety

X over a number "eld K with X (Ax)B(X)e 6 ; we have that the universal X -
torsor exists. The second result is that for a smooth projective compacti catbn
of a torsor under a torus overK the universal X -torsor exists if and only if
X(K)6 ;.

There is a very clear relation with the present paper: Colliot-Th§lgne and
Sansuc show that the universalX -torsor exists if and only if the 2-fold extension
of Galois modules

0! k1 k(X)*! Div(X)! Pic(X)! O
is trivial. This can be seen to be equivalent to the surjectivity of the degree
map

Ho(X; 2), ! Z:
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Therefore, the two steps of the proof in the present paper are equivalent to the
two steps in the descent method, but in both steps the methods of proof are
di®erent. In particular in the rst step the homology approach of the present
paper seems much more excient than the approach of Colliot-Thglgne and San-
suc (or Skorobogatov's streamlined version in[[Sk, Sec. 6.1]), where agaihe
core of the proof is a comparison of the "geometric' and the “arithmetic' pair-
ing using cocycle computations. Recently, Salberger has published a di®erent
proof of the “rst step in the descent method, which no longer needs explicit
cocyle computations (I, Prop. 1.26]). However, Salberger's proof does re-
quire a subtle cohomological construction that might not be easy to generalise
to global “elds of higher cohomological dimension.
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