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1 Introduction

Recollements of abelian and triangulated categories play an important ra in
geometry of singular spaces [3], in representation theory [4, 12], in polymoial
functors theory [8, 9, 14] and in ring theory, where recollements are known
as torsion, torsion-free theories [6]. A fundamental example of recollement of
abelian categories is due to MacPherson and Vilonen [10]. It ‘rst appeared as
an inductive step in the construction of perverse sheaves. The main motivation
for our work was to understand when a recollement can be obtained through
the construction of MacPherson and Vilonen.

A recollement situation consists of three abelian categoried® A, A%together
with additive functors:

KA
A A f A 00

!

AA

which satisfy the following conditions:
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42 V. Franjou and T. Pirashvili

i. jyisleftadjointto j® andj” is left adjoint t0 o

ii. the unit Idao! j°j, and the counit j°j. ! Ildac are isomorphisms
iii. i is left adjoint to i» and i is left adjoint to i'
iv. the unit Idao! i'ia and the couniti®ia ! ldao are isomorphisms

V. is IS an embedding onto the full subcategory ofA with objects A such
that j°A =0.

In this case one says thatA is arecollement of A%°and A% These notations will
be kept throughout the paper.Thus in any recollement situation, the category
i=ACis a localizing and colocalizing subcategory oA in the sense of [5], and
the category A%is equivalent to the quotient category of A by i.A°.

If B is also a recollement ofA®and A°, then a comparison functor A! B is an
exact functor which commutes with all the structural functors i%;iq;i';j1;j ;] a.
According to [12, Theorem 2.5], a comparison functor between recollements of
triangulated categories is an equivalence of categories. Our example in Sec-
tion 2.2 shows that this is not necessarily the case for recollements of abetia
categories.

Our main result, Theorem 7.2, characterizes which comparisons of recollements
are equivalences of categories. As an application, we give a homological crite-
rion deciding when a recollement can be obtained through the construction of
MacPherson and Vilonen.

Theorem. A recollement situation of categories with enough projecties is
isomorphic to a MacPherson-Vilonen construction if and only if the following
two conditions hold.

i. There exists an exact functorr: A! A %such thatr i, = ldao .

ii. For any projective object V of the categoryA°, (L,i®)(i.V)=0.

2 Examples

Our examples are related to polynomial functors. The relevance of this formal-
ism to polynomial functors was stressed by N. Kuhn [8].

We let A®be the category of nite vector spaces over the “eld with two elements
F,, and we let A%be the category of nite vector spaces oveF, with involution,
or "nite representations of §, over F,.

2.1

In the rst example, the category A is a category of diagrams of nite vector
spaces overF;:
(Vi;H;V2;P): Vi A Vs ;
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whereH: V; ! V, and P: V, I V; are linear maps which satisfy: PHP =0
and HPH = 0. The category A is equivalent to the category of quadratic
functors from "nitely generated free abelian groups to vector spaces oveF,.
It is a recollement for the following functors:

i®(V1;H;Va; P) = Coker (P); j(V;T)=(Vr;1+T;V;p
ia(V)=(V;0;0,0);  j°(Vi;H;Va;P)= (Vo HP j 1)
i!(V1:H;V2;P):Ker(H) : ju(V;T):(VT;h;v;1+ T);

whereVT =Ker (1 j T), Vy =Coker (1 i T), his the inclusion and p is the
quotient map. Note that the functor i, admits an obvious exact retractionr:
(V1i;H; Vo, P) 71 V.

2.2 Comparison fails for abelian categories recollements

We now consider the full subcategory of the categonA in Example 2.1, whose
objects satisfy the relation: PH = 0. This category is equivalent to the cate-
gory of quadratic functors from "nite vector spaces to vector spaces oveF,.
The same formulae de ne a recollement as well. As a result, the inclusion
of categories is a comparison functor. It is not, however, an equivalence of
categories.

3 The construction of MacPherson and Vilonen [10]

3.1

Let A9 and A% be abelian categories. LetF: A%! A 0 pe a right exact
functor, let G: A%1 A ©be a left exact functor and let ». F ! G be a
natural transformation. De ne the category A(») as follows. The objects of
A(») are tuples (X;V;®; ), where X isin A V isin A% ®: F(X)! V and
TV ! G(X)are morphisms inA%such that the following diagram commutes:

»yx .
F(X —/ZZZZG<Q<) :
o ) a5
z
V
A morphism from (X;V;®; ) to (X% V%®@" 79 is a pair (f;" ), wheref : X !

X %is a morphism in A%and ' : V! VCis a morphism in A% such that the
following diagram commutes:

F(X) Ly ;/b(x)
F(f) ' G(f)

F(X9 ﬂ/@gilb(x )
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44 V. Franjou and T. Pirashvili

The category A(») comes with functors:
"X V;®; ) = Coker (®) ;  ji(X) = (X F (X);1dr(x);») ;
ia(V)=(0;V;0,0); (X V;® )= X;
PG V@ ) =Ker (7)) ja(X)=(X;G(X);» :ldgx)) :

The functor i, has a retraction functor r:
r(x;V;®; )=V :

The category A(») is abelian in such a way that the functorsr and j® are
exact. The above data de ne a recollement. Note that we recover the natural
transformation » from the retraction r and the recollement data as:

F=rj, G=1ja »' N :
The category A depends only [10, Proposition 1.2] on the class of the extension

0! i)' F G! i%a! 0;

image by r of the exact sequence (4).

3.2

We now consider two particular cases of this construction, already known to
Grothendieck (see [1]). LetF: A%! A Obe a right exact functor. Take »:
F ! 0 to be the transformation into the trivial functor. The corresponding
construction is denoted by A% ¢ A% Thus objects of this category are triples
(V;X;®), where V and X are objects of A° and A®respectively and® is a
morphism ® F(X)! V of the category A°. Note that i°j, =0 and i'j, 2 F.
Moreover, i' and j. are exact functors.

Similarly, let B? and B®°be abelian categories and letG: B! B © be a left
exact functor. We take » 0! G to be the natural transformation from
the trivial functor. The corresponding recollement is denoted by B°n g B®
Objects of this category are triples B°B%~ : B%! G(B%). Assuming now
B= A% B®= A0and G : A°! A js right adjoint to F, the category
Ao A= A0 - A0T%s into two di®erent recollement situations.

4 General properties of recollements

Most of the properties in this section can probably be found in [3] or other
references. We list them for convenience. Note however that, when they are
not a consequence of [5], they are usually stated and proved in the context of
triangulated categories. We consistently provide statements (and a few proaf
in the context of abelian categories and derived functors.
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4.1 First properties

We remark as usual that taking opposite categories results in the exchange of
jrandi® with j. andi' respectively. This is referred to as duality. For instance,
the relation j . = 0 - a consequence of (v) - yields the dual relationi'j, = 0.

Proposition 4.1  In any recollement situation:
i%,=0; i'ja=0:

Proposition 4.2  The units and counits of adjonction give rise to exact se-
quences of natural transformations:

ji°r 1da ! isi®! 0 )
0! iai'! Ida! joj®: @)
We now recall the de nition of the norm N: j, ! j.. Forany X, Y in A%
there are natural isomorphisms:
Homa (j1X;j oY) 2 Homaowo(X;] "jaY) 2 Homaoo(X;Y):

For Y = X, let Nx: jiX ! joX be the map corresponding to the identity of
X. Itis a natural transformation [3, 1.4.6.2]. The norm N is thus de ned so
that: Nj° =" 2, Hence:

N2NGa)=(NjDja2 ()ja="[jotFu 2 Fyand, duallyN 2 “j,: (3)
The image of the norm is a functor
jio=Im (N :j ! ja): A%TA
Proposition 4.3  In any recollement situation: i®jie =0, i'ja =0 .

Proof. Use Proposition 4.1 and applyi® to the epiji! jis. 2

Proposition 4.4 In any recollement situation, there is a short exact sequere
of natural transformations

0! iaijy! jif ja! isi%a! O: (4)

Proof. Precompose the exact sequence (1) with,. Precomposition is exact,
hence one gets the following exact sequence:

where the left arrow is the norm N according to (3). Dually, there is an exact
sequence:

0! iaijy! jif ja:
Splicing the two sequences together gives the result. 2

Applying the snake lemma, one gets the following strong restriction on the
functors i'j, and i®j . of a recollement situation.
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46 V. Franjou and T. Pirashvili

Corollary 4.5 For any short exact sequence inA%
oy Xtrytr z1i o
there is an exact sequence iM%

OO Y @) %e(X) ! i%e(Y) ! i%a(2)

4.2 Homological properties

In this section we investigate the derived functors of the functors in a rec-
ollement situation. We use the following convention throughout this section:
When mentioning left derived functors L , the category A, and thus the cat-
egoriesA® and A% have enough projectives, and, similarly, when mentioning
right derived functors Rj , the categoriesA, A%and A°have enough injectives.
Most of the proofs consist in applying long exact sequences for derived functors
to Section 4.1's exact sequences.

Proposition 4.6  For each integern | 1:
j°Laj)=0 ; j*(R"ja)=0:

Proposition 4.7

L1i%ia=0 ; (RY)ia=0 (5)
L1iMji=0 ; RYYj.=0 (6)
LiiDje =i 5 RYMDje=i%a (7)

Proposition 4.8  There is a natural exact sequence:

0! Extro(i®A;V)! Extx(A;iaV) i!' Homao((L 1i")A; V) !
I Ext3o(i°A;V)! Extz(A;iaV) :

Proof. This follows from the spectral sequence for the derived functors of the
composite functors:

Elq = ExtRo(Lqi®(A);V) =) ExtR 9(A;iaV): 8)

2

Proposition 4.9  Let A be an object inKer i®. The counit 25: jij"A ! A
is epi and its kernel is ini.A° Indeed, if A has enough projectives, there is a
short exact sequence:

0! ia(Ldi®)A! jj°Ai* Al O: 9)
We prove the dual statement:
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Proposition 4.10  Let A be an object inKer i'. The unit “a: A! joj°Ais
mono and its cokernel is ini.A° Indeed, if A has enough injectives, there is a
short exact sequence:

0! A" jai°A! ia(RLDA! O (10)

Proof. When i'A = 0, the exact sequence (2) simpli'es to a short exact se-
quence: )
0! A{" joj°A! Coker'a! O: (11)

First applying the exact functor j“, and using that j°" is an iso, we see that
jo(Coker ") = 0. Thus Coker "4 is in i-A% Suppose that A has enough
injectives. Applying now the left exact functor i', the long exact sequence for
right derived functors gives an exact sequence:

0! i'Al i'jaj°Al i'Coker a! (RYLDA! (RiY)jqj A

Proposition 4.1 and (6) give an isomorphismi'Coker ("4) 2 RYi'(A). 2

4.3 Description of the image of IETRICTRE

Sincej%i 2 j%a 2 j%i1a 2 Idaow, the functors ji;ja;jie: AT A are full
embeddings. The next result describes the essential image of each of them.

Proposition 4.11  The functors ji;ja;jis : A% ! A induce the following
equivalences of categories:

jw tACIE A2AiI%(A)=0= i'(A)g;
i A% A2AjI°(A)=0=L 1i°(A)g;
jo tA%E A2Aji'(A)=0=R ti'(A)g
4.4 A monomorphism on Ext-groups
Sincej®:A! A%is an exact functor, it induces an homomorphism
Exta (A;B) ! Extao(jA;j°B); n, O

It is well-known that when A and B are simple objects, this map is injective
for n = 1 (see for example [8, Proposition 4.12 ]). The following more geneta
result holds.

Proposition 4.12  Let A;B 2 A be objects for whichi®A =0 and i'B = 0.
Supposegj "A 60 and j°B 6 0. Then

Extx (A;B)! Extrolj°A;j°B)

is @ monomorphism.
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48 V. Franjou and T. Pirashvili

5 Description of  Ker i” and Ker i'

Let Ker i' be the full subcategory of objectsA of A such that i'A =0, and let
Ker i” be the full subcategory of objectsA of A such that i*A = 0. In this
section, we describe these subcategories Afin terms of the categoriesA% A%
and the functors i®j, i'j; between them, through the following construction:

Definition 5.1  Let T: A%l A Cpe an additive functor between abelian cat-
egories. The categoryM (T) has objects triples(X;V;®) where X is in A%
Visin A% and ® V ! TX is a monomorphism. A map from (X;V;®)
to (X%VCE@®P) is a pair of morphisms (f;' ) such that the following diagram

commutes:
v —2 I (x)

T(f)
2

vg—®°”F(X°) ;

The following theorem is inspired by [13].

Theorem 5.2 In a recollement with enough projectives, the functorA 7!
(G°A; i°A; i% 5 ti"A 1 %4 °A) is an equivalence from the categonKer i’
to the categoryM (i%jq).

Proof. First, we show that the functor is well de ned. Apply the functor i® on
the short exact sequence (11). There results an exact sequence:

L1i"(Coker “a)! i"Al i%4j"(A)! i"Coker 'a! O:

whose left term cancels by Proposition 4.10 and (5). The map® 5 is thus
mono.

Next, we de ne the quasi-inverse:M (i°j.) ! Ker i'. To an object (X;V;®),
it associates the kernelA(X;V;®) of the composite of epis:

joX V7 iai%jaX | Cokerio®:
That is, A(X;V;®) ts in the following map of extensions:
0 /f!uéo /!uéo llniubé —/b

0 N\ X IN(X;V;®) v I -

To a map (f;' ), it associates the map induced byj ().

We leave the veri cations to the reader, with the help of the isomorphism
Nj*22+", 2

The dual study of the category Keri® leads to the following.
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Theorem 5.3 In a recollement with enough injectives, the functorA 7!
(i °A; i'Ker 25; i'Ker 25 1 i'jij ®A) is an equivalence from the categorer i®
to the categoryM (i'j ).

This time, the quasi-inverse "ts in the following map of extensions:
04/1/“!]-!)( /!IX /‘!ux —/b

. Lk

0—IEoker (1.®) —IAX;V;®) — X —1b:

Note (Proposition 4.9) that when the recollement has enough projectives,
i'Ker 2, is nothing but (L 1i®)A.

6 Recollements as linear extensions

The exact sequence (2) tells that every objectA in A sits in a short exact
sequence: )
0! Ker'a! A!"Im p! 0:

where Ker a 2 i4i'AisinizsA%and Im "5 2 A=iti'A is in Ker i'. We denote
by G the category encoding these data from the recollement situation. That
is, objects of the categoryG are triples (A;U;e) of an object A in Ker i', an
object U in A and an extension classe in the group Extj (A;i.U). A map
from (A;U;e) to (A%U%eY is a pair of morphism (®: A! A%~ :uU! U9
such that: ®€°= (i, )aein the group Extx (A%i.U). It comes with a functor:

AlG B7 (Im g;i'B; [0! Ker g! Bi!’ Im g ! 0]):

Because of the Yoneda correspondence between extensions and elements in
Ext?, this functor induces an equivalence of categories t& from the following
category B. The objects of B are those ofA, and a map in Homg(B;B9 is a
class of maps in Hom (B; B 9 inducing the same map inG.

We claim that A! B de nes a linear extension of categories in the sense of
Baues and Wirsching. For completeness, we now recall what we need from this
theory (however, the following de ning properties might be better understood
by just looking at our example).

Definition 6.1  [2, IV.3] Let B be a category and letD : B?’’ £EB!A bbe a
bifunctor with abelian groups values. We say that

0 b le—2 1k ) (12)

is a linear extension of the categoryB by D if the following conditions hold:

i. Cis a category andp is a functor. Moreover C and B have the same
objects, p is the identity on objects and p is surjective on morphisms.
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ii. For any objects c and d in B, the abelian group D (c; d) acts on the set
Homc(c; d). Moreover p(fo) = p(go) if and only if there is unique ® in
D(c;d) such that: gy = fg + ® Here for eachfg : ¢! din Cand
®2 D(c;d) we write fo + ® for the action of ® on fy.

iii. The action satis”es the linear distributivity law: for two composabl e maps
foand gy in C

(fo+ ®)(g+ )= fodo+Tfa +0'®;
wheref = p(fo) and g = p(do).

A morphism between two linear extensions
0 /b le—>—1g /o
-
2 2, 2
0 IHo o P_JRo /b

consists of functorsA and Ay, such that Ap = pPA,, together with a natural
transformation Ay : D! DO+ (A% £ A) such that:

Ao(fo+ ®) = Ag(fo) + Au(®)
forall fo:c! din Cand ®in D(c;d).

The following properties of linear extensions are relevant to our problem.

i. If B is a small category, there is [2, IV.6] a canonical bijection
M (B;D) 2 H?(B;D):

from the set of equivalence classes of linear extensions Bfby D and the
second cohomology grougH 2(B; D) of B with coexcients in D.

ii. The functor p re°ects isomorphisms and yields a bijection on the sets of
isomorphism classes Isdf) 2 Iso(B).

iii. Let (A1;Ao;A) be a morphism of linear extensions. Suppose tha#(c; d)
is an isomorphism for anyc and d in B. Then A is an equivalence of
categories if and only if Ay is an equivalence of categories.

iv. If B is an additive category and D is a biadditive bifunctor, then the
category C is additive [7, Proposition 3.4].

We now describe recollements in terms of linear extensions.
Proposition 6.2  Let D be the bifunctor de ned onB by:
D(B;BY := Hom a (B=i,i'B;i.i'BY :

The category A is a linear extension of B by D.
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Proof. It reduces to the following. Two maps of extensions:
0 G I Ik /6
.
2 2 2
0 I{yo Ijpo Ik o /6

agree on the side vertical arrows if and only if their di®erencd | g factors
through a map in the group Hom(X; U 9. 2

The results of Section 5 shows that the categorie\®, A°°and the functors
i%ja, i'j of the recollement situation determine the category Keri'. We now
show that it does determine the bifunctor D as well. For an objectB in B, let
((X;V;®);U) be its image under the composite:

B'G! Keri'£EA®M (i"j.)E£AC:
Thatis: X = j°A, V = i®A, for A = B=i.i'B, U = i'B. Then:

D(B;B % := Hom a (A;i.U% = Hom ao(i®A; U% = Hom ao(V;U% :  (13)

7 A comparison theorem

We have seen in Section 2.2 an example of a comparison functor which is not
an equivalence of categories. However, a comparison funct@ indeed yields
an equivalence from Ker (* : A1 ' A 9 to Ker (i® : A, ' A 9, and similarly
for Ker i'. If E is an equivalence of categories, then clearlff commutes with
the derived functors Ri' and L.i®. This observation leads to the following
de nition.

Definition 7.1 Let (A%A1;A% and (A% A, A% be two recollement situa-
tions. Assume that the categoriesA1;A,; A% A% have enough projective ob-
jects. A comparison functor E: A; ! A 5 is left admissible if the following
diagram commutes.

AOOﬁL Ker i

Lok

AOOLI)_F Ker i

A right admissible comparison functor is de ned similarly by using the functors
Ri' and the categoriesKer i®.

Theorem 7.2 Let E be a comparison functor between categories with enough
injectives and projectives. The following conditions are quivalent

i. E is right admissible
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i. E is left admissible
iii. E is an equivalence of categories.

Proof. It is clear that iii) implies both conditions i) and ii). We only show that
i) implies iii). A dual argument shows that i) implies iii). By Section 6, the
functor E yields a commutative diagram of linear extensions

0 JIby—In, Ik, b

. kL

0 I, Ih, b, b

First we show that E yields an equivalence of categorieB; ! B ,. By Section
6 it sutces to show that E yields an equivalenceG, ! G ,. When there are
enough projectives, E yields an equivalence on Keri' (Theorem 5.2). The
induced map

Exta,(AjicU) ! Exta,(E(A);isV)

is an isomorphism forU in A%and A in Ker i', thanks to Proposition 4.8 and
the "ve-lemma. Once B; and B, are identi ed, we use the computation (13) to
conclude that the morphism of bifunctors D; ! D, is an isomorphism. The
rest is a consequence of the properties of linear extensions of categories. 2

8 Recollement pr  8-h¥r &ditaire

8.1 pre-hereditary recollement

Definition 8.1 A recollement situation with enough projectives is
pre-hereditary if for any projective object V of the categoryA%

(L2i")(iaV)=0 :
Proposition 8.2  In a pre-hereditary recollement situation: (L,i")i. = 0.

Proof. By (5) the functor (L »i%)is is right exact. If it vanishes on projective
objects, it vanishes on all objects. 2

Lemma 8.3 In a pre-hereditary recollement situation there is an isomophism
of functors

(L1i%)jo 2 i'jy:
Proof. Apply the functor i” to the short exact sequence:
0! jiw! ju! iai%ja! O:

By (5), L4i" vanishes onigi®js, and by hypothesis Lyi° vanishes onixi®js.
Hence the long exact sequence for left derived functors yields an isomorphism:
(L1i)j1e 2 (L1i%)ja. The result follows by (7). 2
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Theorem 8.4 Let (A%A;A% and (A%B;A% be two pre-hereditary recolle-
ment situations and letE : A! B be a comparison functor. ThenE is
admissible and hence is an equivalence of categories.

Proof. We have to prove that L;i” has the same value orA and EA, provided
that i'A = 0. For such an A, there is a short exact sequence (11). Applying
the functor i® results in an exact sequence:

Loi®(Coker “a) ! L1i"(A)! L1i%(jaj"A) ! Lii"(Coker “p)
whose right term cancels by Proposition 4.10 and (5), and whose left term a&

cels by Proposition 8.2. This gives an isomorphism: L"(A) 2 (L1i%)jaj °(A).
Lemma 8.3 "nishes the proof. 2

8.2 MacPherson-Vilonen recollements

The following proposition is a formalized version of the construction ofprojec-
tives in [11, Proposition 2.5].

Proposition 8.5 Let A(F I” G) be a MacPherson-Vilonen recollement. As-
sume further that the left exact functorG has a left adjoint G®. Then the exact
functor r has a left adjoint r"de ned by:

r°V = (G°V;FG°V © V;(1;0);5g:v © v)

where in this formula © denotes the unit of adjonction: idae ! GG". In
particular, there is a short exact sequence:

0! juG"! r®! ig! O: (14)
Proof. Necessarily,j °r® = (rj)® = G". Then check. 2
Proposition 8.6  Every MacPherson-Vilonen recollement with enough projec-
tives is pre-hereditary .

Proof. Apply the functor i® to the short exact sequence (14). Part of the
resulting long exact sequence is an exact sequence:

L% (Loi%)ia! (L1i%)jG";

whose right term cancels by (6). To conclude, ifP is a projective in A then
r°P is a projective in A, becauser” is left adjoint to an exact functor. 2

This leads to the following characterization of MacPherson-Vilonen recolle-
ments. A special case appeared in [15, Proposition 2.6]
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Theorem 8.7 A recollement situation of categories with enough projecties is
isomorphic to a MacPherson-Vilonen construction if and onlyif the recollement
is pre-hereditary and there exists an exact functor: A!A °such thatr +i, =

Idao.

Proof. Consider a recollement with such an exact retraction functorr. The nat-
ural transformation N: j, ! jq yields a transformation rN from the right exact
functor rj, to the left exact functor rj .. Thus we can form the MacPherson-

Vilonen construction A(rj; I rj ). We deThe afunctor E: A1A (rj1 I rjs)
by:
E(A)=(j"(A)r(A);r(2a)ir("a)):

One checks with Section 3 and (3) thatE is a comparison functor. By Propo-
sition 8.6, A(rN ) is pre-hereditary. If A is also pre-hereditary, Theorem 8.4
applies. 2

Remark. Similarly one can de ne pre-cohereditary recollements by the condi-
tion R2i'(i.V) = 0 for any injective V in A% We leave to the reader to dualize
the above results.

8.3 The case when i%jo=0 or i'j;=0

In this section, we characterize the recollement®A = A%o  A%of Section 3.2.

Proposition 8.8  For a recollement with enough projectives, the following a
equivalent:

i. The functor i” is exact.

ii. i'ji=0.
Dually, for a recollement with enough injectives, the follaving are equivalent:

i. The functor i' is exact.

i. 1"ja=0.
Proof. We prove the second assertion. Assume thait' is exact. Applying i' to
the epimorphismj. ! i:i% . gets an epimorphism 0 =i'jo ! i'iai%a 2 i% ..
Assume conversely thati®j, = 0 and suppose that the recollement has enough
injectives. We st prove that R %i'(A) = 0 when i'A = 0. By Proposition 4.10,
if i'A =0, there is an epimorphismj.j°A ! Coker A 2 io(Ri')(A). Applying
the right exact functor i®, we get an epimorphismi®j.j(A)! (RYi')(A).
Next, we apply i' to the short exact sequence (2). It yields an exact sequence:

o il it itm 1t RYNYiLi'! RYE'TO(RLYDIM

By (5), (R1i")isi' =0, so that: i'lm ~ = 0. It results that (R i')lm ~ =0 as
well, and Tnally that Ri'=0. 2

As an application we recover [1, Proposition 2.4].
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Proposition 8.9  Every recollement situation with enough projectives, such
that: i'j, = 0, is equivalent to A°n-;, A% Dually, every recollement situation
with enough injectives, such that:i®j. = 0, is equivalent to A%0;, A%

Proof. When the recollement has enough projectives, Theorem 8.7 applies for
r=i° 2

Corollary 8.10 Let A% A; A%pe a recollement situation with enough projec-
tive or enough injectives. If the norm N : j, ! s is an isomorphism, then
A2 AOgA 00

Proof. By Proposition 4.4: i%j, = i'j, =0. Then we apply Proposition 8.9. 2
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