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Abstract. ~ We show that any two-dimensional odd dihedral repre-
sentation “2over a nite eld of characteristic p > 0 of the absolute
Galois group of the rational numbers can be obtained from a Katz
modular form of level N, character 2 and weight k, where N is the
conductor, 2 is the prime-to-p part of the determinant and k is the
so-called minimal weight of ¥z In particular, k = 1 if and only if Yis
unrami ed at p. Direct arguments are used in the exceptional cases,
where general results on weight and level lowering are not available.

2000 Mathematics Subject Classi cation: 11F11, 11F80, 14G35

1 Introduction

In [S1] Serre conjectured that any odd irreducible continuous Galois represen-
tation ¥ Go! GL(Fp) for a prime p comes from a modular form in charac-
teristic p of a certain levelNy, weight ky,, 2 and character?,, Later Edixhoven
discussed in [E2] a slightly modi ed de nition of weight, the so-calledminimal
weight, denotedk (%4, by invoking Katz' theory of modular forms. In particular,
one has thatk(*4 = 1 if and only if %is unrami ed at p.

The present note contains a proof of this conjecture fodihedral representations
We de ne those to be the continuous irreducible Galois representations that are
induced from a character of the absolute Galois group of a quadratic number
“eld. Let us mention that this is equivalent to imposing that the projective
image is isomorphic to a dihedral groupD, with n, 3.
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124 Gabor Wiese

Theorem 1 Let p be a prime and%: Gq ! GL(F,) an odd dihedral rep-
resentation. As in [S1] de ne Ny, to be the conductor of¥2and 2., to be the
prime-to-p part of det+'(considered as a character of(Z=(N.p)Z)"). De ne
k(*} as in [E2].

Then there exists a normalised Katz eigenfornf 2 Sy, (i 1(N); 24 F_,,)KatZ ,
whose associated Galois representatiob is isomorphic to %2

We will on the one hand show directly that ¥2comes from a Katz modular form
of level N, character 2,, and minimal weight k(*3 = 1, if Yis unrami ed at p.
If on the other hand “zis rami ed at p, we will "nish the proof by applying
the fundamental work by Ribet, Edixhoven, Diamond, Buzzard and others on
\weight and level lowering" (see Theorem 10).

Let us recall that in weight at least 2 every Katz modular form on j ; is clas-
sical, i.e. a reduction from a characteristic zero form of the same level and
weight. Hence multiplying by the Hasse invariant, if necessary, it follows from
Theorem 1 that every odd dihedral representation as above also comes from
a classical modular form of levelN., and Serre's weightk,, However, if one
also wants the character to be2,, one has to exclude in casg,= 2 that Yis
induced from Q(i) and in casep = 3 that %zis induced from Q(' j 3) (see [B],
Corollary 2.7, and [D], Corollary 1.2).

Edixhoven's theorem on weight lowering ([E2], Theorem 4.5) states that mod-
ularity in level N, and the modi ed weight k() follows from modularity in
level Ny, and Serre's weightky, unless one is in a so-calleéxceptional case A
representation¥z: Go !  GL,(Fp) is called exceptionalif the semi-simpli cation
of its restriction to a decomposition group at p is the sum of two copies of an
unrami ed character. Because of work by Coleman and Voloch the only open
case left is that of characteristic 2 (see the introduction of [E2]).

Exceptionality at 2 is a common phenomenon for mod 2 dihedral representa-
tions. One way to construct examples is to consider the Hilbert class “eldH
of a quadratic "eld K that is unrami ed at 2 and has a non-trivial class group.
One lets %k be the dihedral representation obtained by induction to Gg of a
mod 2 character of the Galois group oH jK . If the prime 2 stays inert in O,
then 20k splits completely in H and the order of % (Frob,) is 2, where Frob,
is a Frobenius element at 2. ConseqLﬂaﬁly}/K is exceptional. An example for
this behaviour is provided by K = Q(' 229). If the prime 2 splits in Ok and
the primes of Ok lying above 2 are principal, then % (Froby) is ti}?@tity
and hence% is exceptional. This happens for example foK = Q(' 2089).
Let us point out that some of the weight one forms that we obtain cannot be
lifted to characteristic zero forms of weight one and the same level, so thathe
theory of modular forms by Katz becomes necessary. Namely, ip = 2 and
the dihedral representation in question has odd conductorN and is induced
from a real quadratic "eld K of discriminant N, whose fundamental units have
norm j 1, then there does not exist an odd characteristic zero representation
with conductor dividingithat reduces to %2 The representation coming from
the quadratic "eld Q(' 229) used above, can also here serve as an example.
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Dihedral Galois Representations ... 125

The fact that dihedral representations come fromsome modular form is well-
known (apparently already due to Hecke). So the subtle issue is to adjust
the level, character and weight. It should be noted that Rohrlich and Tunnell
solved many cases fop = 2 with Serre's weight ki, by rather elementary means
in [R-T], however, with the more restrictive de nition of a dihedral representa-
tion to be such that its image in GL,(F»), and not in PGL »(F), is isomorphic
to a dihedral group.

Let us also mention that it is possible to do computations of weight one forns
in positive characteristic on a computer (see [W]) and thus to collect evidence
for Serre's conjecture in some cases.

This note is organised as follows. The number theoretic ingredients on dihedral
representations are provided in Section 2. In Section 3 some results on oldforms
also in positive characteristic, are collected. Section 4 is devoted to the prdo
of Theorem 1. Finally, in Section 5 we include a result on the irreducibility of
certain mod p representations.

| wish to thank Peter Stevenhagen for helpful discussions and comments and
especially Bas Edixhoven for invaluable explanations and his constant support.

2 Dihedral representations

We shall rst recall some facts on Galois representations. Letz: Go! GL(V)
be a continuous representation withV a 2-dimensional vector space over an
algebraically closed discrete "eldk.

Let L be the number "eld such that Ker(4 = G_ (by the notation G, we
always mean the absolute Galois group of). Given a prime = of L dividing
the rational prime |, we denote by G.; the i-th rami cation group in lower
numbering of the local extensionL,jQ,. Furthermore, one sets

X dim(V=Vee)
nl(a_ i o (Gn;O:Gu;i) .

This number is an integer, which is independent of the choic& of the prime ©
abovel. With this one de nes the conductor of %to be f(:4= 1™ *; where
the product runs over all primes | di®erent from the characteristic ofk. If k is
the "eld of complex numbers, f(13 coincides with the Artin conductor .

Let “2be a dihedral representation. Thenzis induced from a character
A : Gk ! k° for a quadratic number “eld K such that A 6 A%, with
A¥(g) = A(% 1g¥) for all g 2 Gk, where %is a lift to Gq of the non-trivial
element of Gk jo. For a suitable choice of basis we then have the following
explicit des&ription of ¥ If an unranq]_ed prime | splits in K as o%(n), then

YFrob,) = A(Frob.) <3, 0 : Moreover, £%) is represented by the
u 0 1 A”(Froby)

matrix A(?/E) 3 . As Y4is continuous, its image is a nite group, say, of

order m.
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126 Gabor Wiese

Lemma 2 Let %: Gq ! GL2(Fp) be an odd dihedral representation that is
unramied at p. Dene K, A, ¥%and m as above. LetN be the conductor of¥s
Let 3, a primitive m-th root of unity and P a prime of Q(3,,) abovep.

Then one of the following two statements holds.

(a) There exists an odd dihedral representationtt: Go ! GL2(Z[3m]), which
has Artin conductor N and reduces to¥2modulo P .

(b) One has thatp=2 and K s real quadratic. Moreover, there is an in nite
set S of primes such that for eachl 2 S the trace of “4Frob,) is zero, and
there exists an odd dihedral representatiorte: Go ! GL2(Z[3n]), which
has Artin conductor NI and reduces to%2modulo P .

Proof. Suppose that the quadratic "eld K equaIsQ(p D) with D square-free.
The character A : Gx ! k" can be uniquely lifted to a character A : Gg !
Z[3m]® of the same order, which reduces toA modulo P. Denote by &the
continuous representation Inc@i A. For the choice of basis discussed above the
matrices representing%can be lifted to matrices representing& whose non-zero
entries are in the m-th roots of unity. Then for any open subgroup H of Gg,

one has that (F_pz)l/“*) is isomorphic to (Z[3m]?)®") - F,. Hence the conductor
of %equals the Artin conductor of & as®is unrami ed at p. Alternatively, one
can “rst remark that the conductor of A equals the conductor ofA and then
use the formulaef(¥} = Norm  jo(f(A))D and f(# = Norm ¢ jo(f(A))D.
Thus condition (a) is satis ed if %is odd. Let us now consider the case whekk
is even. This immediately impliesp = 2 and that the quadratic "eld K is real,
as is the number “eld L whose absolute Galois grous, equals the kernel of%;
and hence also the kernel of. We shall now adapt \Serre's trick" from [R-T],
p. 307, to our situation.
Let f be the conductor of A. As L is totally real, f is a nite ideal of O . Via
class “eld theory, A can be identied with a complex character of CL{< , the ray
class group modulof. Let 1 1;1 , be the in nite places of K. Consider the
class

c=[f(,)2 CLﬁDfl 112 j Norm(,) < 0;, © 1mod4Dfg]

in the ray class group ofK modulo 4Dfl ;1 ,. By Cebotarev's density the-
orem the primes of Ox are uniformly distributed over the conjugacy classes
of CLiDfl 112 Hence, there are in nitely many primes @ of degree 1 in the
classc. Take S to be the set of rational primes lying under them. Let a prime
a from the class c be given. It is principal, say & = (, ), and coprime to 4Df.

By construction we havec = [a 2] = 1. As CLL is a quotient of CLE>™ 2,

the class of @ in CLj has order 1 or 2. Sincep = 2, the character A has odd
order and we conclude thatA(a) = 1.

We have, ~ ;L mod4Df and Norm(, ) = i | for some odd primel. Hence, the
extensionK (' ) has two real and two complex embeddings and is unrami ed
at 2 and at the primes dividing Df. We representK (" ,) by the quadratic

character»: Gk !f8 1g. For the complex conjugation, the \in nite Frobenius
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Dihedral Galois Representations ... 127

element", Frob; ,, we have that»(Frob; ,)»”(Frob; ,) = i 1. We now consider
the representation #obtained by induction from the character A = A». Using

the same basis as in the discussion @t the beginning of this sqf:tion, an element
A(9)»(9) 0

0 A%g)»Xg)
we obtain that the determinant of Frob; over Q equals; 1, whencekis odd.

Moreover, asl splits in K, one has that“4Frob,) is the identity matrix, so that
the trace of “4Frob,) is zero.

The reduction of #equals¥; as» is trivial in characteristic 2. Moreover, outside
o the conductor of A equals the conductor of&. At the prime @ the local
conductor of A is @, as the rami cation is tame. Consequently, the Artin
conductor of #equalsNI . o

of Gk is represented by the matrix . In particular,

Also without the condition that it is unrami ed at p, one can lift a dihedral
representation to characteristic zero, however, losing control of the Artincon-
ductor.

Lemma 3 Let %2 Go ! GL2(Fp) be an odd dihedral representation. De neK ,
A, m, 3, and P as in the previous lemma.

There exists an odd dihedral representatioriz: Gqo ! GL2(Z[*m]), whose re-
duction modulo P is isomorphic to %2

Proof. We proceed as in the preceding lemma for the de nitions ofd and &
If &is even, thenp=2 and K is real. In that %§e we choose somg 2 O | Z,
which satis es Norm(,) < 0. The "eld K( ,) then has two real and two
complex embeddings and gives a charactes : Gk ! Z[3,]". As in the proof
of the preceding lemma one obtains that the representatioriz= Ind gg A» is
odd and reduces to2modulo P. o

3 On oldforms

In this section we collect some results on oldforms. We try to stay as muclas
possible in the characteristic zero setting. However, we also need a result on
Katz modular forms.

Proposition 4  Let N;k;r be positive integers,p a prime and 2 a Dirichlet
character of modulusN. The homomorphism

AN l . .2, ¢I’+l . ry. 2. . Y X pi

Ay Sk(i 1(N);% C) IS k(i 1(Np");%C); (fosfasiisfe) 7 fi(d”)
i=0

is compatible with all Hecke operatorsT, with (n;p)=1.

Let f 2 Sk(j 1(N);% C) be a normalised eigenform for all Hecke operators.

pendent, and on their span the action of the operatof, in level Np' is given
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128 Gabor Wiese

by the matrix 0 1
ap(f) 1 00 ::: O
ixi2(p) 0O 1 0 ::: O
0 0O 0 1: 0
0 2 00 0 1
0 2 00 0 O

wherex=1 if p-N and £=0 otherwise.

Proof. = The embedding map and its compatibility with the Hecke action

away from p is explained in [D-I], Section 6.1. The linear independence can be

checked ong-expansions. Finally, the matrix can be elementarily computed.
o]

Corollary 5 Let p be a prime,r , 0 some integer andf 2 Si(j 1(Np");?; C)
an eigenform for all Hecke operators. Then there exists an genform for all
Hecke operatorsf~2 Sy (j 1(Np'*?);2; C), which satis es a(f) = a (f) for all
primes | 6 p and a,(f) =0.

Proof.  One computes the characteristic polynomial of the operatorT, of
Proposition 4 and sees that it has 0 as a root if the dimension of the matrixs

at least 3. Hence one can choose the desired eigenfoffrin the image 01‘,5\':2”r .
a

As explained in the introduction, Katz' theory of modular forms ought to be
used in the study of Serre's conjecture. Following [E3], we brie®y recall this
concept, which was introduced by Katz in [K]. However, we shall use a \non-
compacti ed" version.

Let N , 1 be an integer andR a ring, in which N is invertible. One de nes
the category [j1(N)]r, whose objects are pairs E=S=R;®), where S is an R-
scheme,E=S an elliptic curve (i.e. a proper smooth morphism of R-schemes,
whose geometric “bres are connected smooth curves of genus one, together with
a section, the \zero section', 0:S! E) and ®: (Z=NZ)s ! E[N], the level
structure, is an embedding ofS-group schemes. The morphisms in the category

are cartesian diagrams
eo—E

L

2
S0 5;

which are compatible with the zero sections and the level structures. For every
such elliptic curve E=S=R we let ! -_g = 0°- _5. For every morphism %a:
E%S%R! E=S=Rthe induced map! co_go! Y&! g_g is an isomorphism.

A Katz cusp formf 2 Sy (j 1(N); R)kaz assigns to every object E=S=R; ® of
[i 1(N)]r an elementf (E=S=R;®) 2 !_'Efs (S), compatibly for the morphisms in
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the category, subject to the condition that all g-expansions (which one obtains
by adjoining all N -th roots of unity and plugging in a suitable Tate curve) only
have positive terms.

For the following de nition let us remark that if m , 1 is coprime to N
and is invertible in R, then any morphism of group schemes of the form
Aum : (Z=NmZ)s ! E[Nm] can be uniquely written as Ay £s A, with
Ay :(Z=NZ)s! E[N]and A, : (Z=mZ)s! E[m].

Definition 6 A Katz modular form f 2 Sig(j :(Nm);R)kaz is called inde-
pendent of m if for all elliptic curves E=S=R, all Ay : (Z=N)s ! E[N] and
all Ay; A :(Z=m)s ! E[m] one has the equality

f(E=S=R; Ay £5 An) = T (E=S=R; Ay £5 A}) 2 1 X (S):

Proposition 7 Let N, m be coprime positive integers andR a ring, which

contains the Nm-th roots of unity and L. A Katz modular form f 2
Sk(i 1(Nm); R)kar; is independent ofm if and only if there exists a Katz mod-

ular form g 2 Sk(i 1(N);R)kaz such that
f (E=S=R;Aim) = 9(E=S=R;Aim *A)

for all elliptic curves E=S=R and all Aym : (Z=NmZ)s | E[Nm]. Here A
denotes the canonical embeddinZ=NZ)s ! (Z=Nm2Z)s of S-group schemes.
In that case, f and g have the sameg-expansion atl .

Proof. If m =1, there is nothing to do. If necessary replacingm by m?, we
can hence assume thatn is at least 3.

Let us now consider the category [u(N;m)lr, whose objects are triples
(E=S=R;A\;An), where S is an R scheme, E=S an elliptic curve, Ay
(Z=NZ)s | E[N] an embedding of group schemes andy (Z=mz)2 2 E[m]
an isomorphism of group schemes. The morphisms are cartesian diagrams com-
patible with the zero sections, the Ay and the A, as before.

We can pull back the form f 2 Sy(j 1(Nm);R)kaz to a Katz form h
on [ 1(N;m)]r as follows. First let ~ : (Z=mZ)s ! (Z=mZ)2 be the em-
bedding of S-group schemes de ned by mapping onto the rst factor. Using
this, f gives rise toh by setting

h((E=S=R; Av;An)) = f ((E=S=R;Ay;An £7)) 2 LK (S):

As f is independent of m, it is clear that h is independent of A,, and thus
invariant under the natural GL ,(Z=mZ)-action.

As m | 3, one knows that the category [i1(N;m)]r has a nal ob-
ject (EY"W =Y (N;m)gr=R;®"™). In other words, h is an GL,(Z=mZ)-
invariant global section of ! _X Since this R-module is equal

—EUV =Y (Nim)R
to Sk(j 1(N);R)karz (see e.g. Equation 1.2 of [E3], p. 210), we nd some
g 2 Sk(i 1(N);R)kaz such that f (E=S=R;Aym) = g(E=S=R;Aym tA) for
all (E=S=R; Aum ).
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Plugging in the Tate curve, one sees that the standardg-expansions off and
g coincide. o

Corollary 8 Let N;m be coprime positive integers,p a prime not dividing
Nm and 2 : (Z=NZ)" ! F, a character. Letf 2 Sy(i 1(Nm);2 Fp)kaz be a
Katz cuspidal eigenform for all Hecke operators.

If f is independent ofm, then there exists an eigenform for all Hecke operators
g2Sk(j 1(N);% F_p)KatZ such that the associated Galois representation% and
Y4 are isomorphic.

Proof. From the preceding proposition we get a modular formg 2
Sk(i 1(N); % F_p)KatZ , hoting that the character is automatically good. Because
of the compatibility of the embedding map with the operators T, for primes

I -m, we nd that g is an eigenform for these operators. As the operator3,
for primes | - m commute with the others, we can choose a form of the desired

type. s}

4 Proof of the principal result
We “rst cover the weight one case.

Theorem 9 Let p be a prime and%: Go ! GL»(F,) an odd dihedral repre-
sentation of conductor N, which is unrami ed at p. Let 2 denote the character
det+%

Then there exists a Katz eigenfornf in S;(j 1(N);?; F_p)Katz , Wwhose associated
Galois representation is isomorphic toY2

Proof. Assume rst that part (a) of Lemma 2 applies to %; and let &be a lift
provided by that lemma. A theorem by Weil-Langlands (Theorem 1 of [S2])
implies the existence of a newforng in S;(j 1(N); det+%,C), whose associated
Galois representation is isomorphic to¥ Now reduction modulo a suitable
prime above p yields the desired modular form. In particular, one does not
need Katz' theory in this case.

If part (a) of Lemma 2 does not apply, then part (b) does, and we letS be the
in nite set of primes provided. For each| 2 S the theorem of Weil-Langlands
yields a newformf () in S;(j 1(NI); C), whose associated Galois representation
reduces to%2modulo P, where P is the ideal from the lemma. Moreover, the
congruenceag(f (V) © 0modP holds for all primes q2 S di®erent from 1.

From Corollary 5 we obtain Hecke eigenformg®! 2 S,(; 1(NI2); C) such that
a () =0 and aq(f") = aq(f V)~ 0modP for all primes q2 S, q6 I. Re-
ducing modulo the prime ideal P, we get eigenformsg(") 2 S1(j 1(NI3);2 Fp),
whose associated Galois representations are isomorphic # One also has
aq(g)=0forall g2 S.

The coexcients aq(f ') for all primes qj N appear in the L-series of the com-
plex representation¥% ) associated tof (). As the image of%, is isomorphic
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to a xed nite group G, not depending onl, there are only nitely many
possibilities for the value of a4(f (V). Hence the same holds for theg. Con-
sequently, there are two formsg, = g{'Y) and g, = g(2) for I, 6 I, that have
the same coexcients at all primesq j N. For primes q - Nl.l, one has that
the trace of %, (Frobg) is congruent to the trace of %, (Frobg), whence
aq(91) = ag(g2). Let us point out that this includes the case q= p =2, as the
complex representation is unrami ed at p.

In the next step we embedg; and g, into Si(j 1(N1313);2 Fp)ka Via the
method in the statement of Proposition 7. As the g-expansions coincide,g;
and g, are mapped to the same formh. But as h comes fromg, it is inde-
pendent of I; and analogously also ofl,. Since¥s = % Theorem 9 follows
immediately from Corollary 8. o

We will deduce the cases of weight at least two from general results. The
current state of the art in \level and weight lowering" seems to be the following
theorem.

Theorem 10 [Ribet, Edixhoven, Diamond, Buzzard;::] Let p be a prime and
Y%: Gq ! GLy(Fp) a continuous irreducible representation, which is assumed
to come from some modular form. De neksy, and N, as in [S1]. If p = 2,
additionally assume either (i) that the restriction of %2to a decomposition group
at 2 is not contained within the scalar matrices or (ii) that Y2is rami ed at 2.
Then there exists a normalised eigenfornf 2 Sy, (i 1(N);Fp) giving rise to %

Proof.  The casep 6 2 is Theorem 1.1 of [D], and the casep = 2 with

condition (i) follows from Propositions 1.3 and 2.4 and Theorem 3.2 of B],
multiplying by the Hasse invariant if necessary.

We now show that if p = 2 and Yzrestricted to a decomposition group Gg,

at 2 is contained within the scalar matrices, then%zis unrami ed at 2. Let

A:Gg! F, be the character such that A = det +%2 As A has odd order,
it is unrami ed at 2 because of the Kronecker-Weber theorem. If%4restricted
to Gg, Is contaiﬂed within the scalar matrices, then we have thatl/szQz is

Aco, ,.O , whence¥zis unrami ed at 2. o
0 GQz
Proof of theorem 1. Let ¥2be the dihedral representation from the asser-

tion. If Yis unrami ed at p, one hask(*3 = 1, and Theorem 1 follows from
Theorem 9.

If Yis rami ed at p, then let #be a characteristic zero representation lifting¥;
as provided by Lemma 3. The theorem by Weil-Langlands already used above
(Theorem 1 of [S2]) implies the existence of a newform in weight one and
characteristic zero giving rise to¥% So from Theorem 10 we obtain that %2
comes from a modular form of Serre's weighk., and level N, Let us note
that using Katz modular forms the character is automatically the conjectured
oneZ2,

The weights ki, and k(¥3 only di®er in two cases (see [E2], remark 4.4). The
“rst case is whenk(%) = 1. The other case is whenp = 2 and Yis not nite
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at 2. Then one hask(*4 = 3 and ki, = 4. In that case one applies Theorem 3.4
of [E2] to obtain an eigenform of the same level and character in weight 3, or
one applies Theorem 3.2 of [B] directly. o

5 An irreducibility result

We “rst study the relation between the level of an eigenform in characteristicp
and the conductor of the associated Galois representation.

Lemma 11 Let %: Go ! GL»(Fp) be a continuous representation of conduc-
tor N, and let k be a positive integer. Iff 2 Sy (i 1(M);% Fp)kaz is a Hecke
eigenform giving rise to%; then N divides M .

Proof. By multiplying with the Hasse invariant, if necessary, we can assume
that the weight is at least 2. Hence the formf can be lifted to characteristic
zero (see e.g. [D-l], Theorem 12.3.2) in the same level. Thus there exists a
newform g, say of levelL, whose Galois representatiori4 reduces to%z Now
Proposition 0.1 of [L] yields that N divides L. As L divides M, the lemma
follows. o

We can derive the following proposition, which is of independent interest.

Proposition 12 Let f 2 Sk (| o(N);F_p)KatZ be a normalised Hecke eigenform
for a square-free levelN with p-N in some weightk , 1.

(@) If p=2, the associated Galois representation is either irreducite or trivial.

(b) For any prime p the associated Galois representation is either irreducild or
corresponds to a direct sum®©A§i 1® 1, where A is the modp cyclotomic
character and®is a character factoring throughG(Q(%p)jQ) for a primitive
p-th root of unity 3.

Proof. Let us assume that the representation¥2associated tof is reducible.
Since Y2is semi-simple, it is isomorphic to the direct sum of two characters
®© . As the determinant is the (k j 1)-th power of the mod p cyclotomic
character A;, we have that ~ = Ai '® *. Since the conductor of A * is 1, it
follows that the conductor of ® equals that of . Consequently, the conductor
of Yis the square of the conductor of®. Lemma 11 implies that the conductor
of Ydivides N. As we have assumed this number to be square-free, we have
that Y2can only ramify at p.

The number “eld L with G = Ker( %4 is abelian. As only p can be rami ed,
it follows that L is contained in Q(3pn ) for some p”-th root of unity. Since the
order of ® is prime to p, we conclude that ® factors through G(Q(3p)jQ). In
characteristic p = 2 this implies that Y%is the trivial representation, as A; is the
trivial character. a
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