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Abstract. For a central simple algebra with an orthogonal involu-
tion (A; %) over a eld k of characteristic di®erent from 2, we relate the
multipliers of similitudes of (A; %) with the Cli®ord algebra C(A;%).

We also give a complete description of the group of multipliers of simil-
itudes when degA - 6 or when the virtual cohomological dimension
of k is at most 2.
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Introduction

A. Weil has shown in ] how to obtain all the simple linear algebraic groups
of adjoint type D, over an arbitrary eld k of characteristic di®erent from 2:
every such group is the connected component of the identity in the group
of automorphisms of a pair (A; %) where A is a central simple k-algebra of
degree d and ¥ A'! A is an involution of orthogonal type, i.e., a linear map
which over a splitting "eld of A is the adjoint involution of a symmetric bilinear
form. (See [’f] for background material on involutions on central simple lebras
and classical groups.) Every automorphism of A; %) is inner, and induced by
an elementg 2 Af which satis es %g)g 2 kf. The group of similitudes of
(A; %) is de ned by that condition,

GO(A; %) = fg2 A% j3%g)g2 kf g
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184 R. Preeti and J.-P. Tignol

The map which carriesg 2 GO(A; ¥) to ¥{g)g 2 kf is a homomorphism
1 GO(A;¥) ! kf

called the multiplier map. Taking the reduced norm of each side of the equation
¥9)g = *(g), we obtain
Nrda(9)? = *(9)*";

hence Nrdx (g) = 81 (g)". The similitude g is calledproper if Nrd 5 (g) = 1 (g)",
and improper if Nrda(g) = j 1 (g)". The proper similitudes form a subgroup
GO. (A; %) %2 GO(A;¥). (As an algebraic group, GQ. (A;¥) is the connected
component of the identity in GO(A; %).)

Our purpose in this work is to study the multipliers of similitudes of a cen-
tral simple k-algebra with orthogonal involution ( A; %). We denote by G(A; %)
(resp.G: (A; %), resp. G; (A; ¥)) the group of multipliers of similitudes of ( A; %)
(resp. the group of multipliers of proper similitudes, resp. the coset of multi-
pliers of improper similitudes),

G(A;¥) = f1(9) j g2 GO(A; ¥)g;
G+ (A% = f1(9) j g2 GO. (A ¥)g;
G (A% =f1(g)j g2 GO(A; %) nGO. (A; ¥)g:

When A is split (A = End ¢ V for somek-vector spaceV), hyperplane re°ections
are improper similitudes with multiplier 1, hence

G(A;¥) = G (A¥) = G; (A ¥:

When A is not split however, we may haveG(A;¥) 6 G. (A; %)).

Multipliers of similitudes were investigated in relation with the discrim inant
disc¥aby Merkurjev{Tignol [. Our goal is to obtain similar results relating
multipliers of similitudes to the next invariant of %3 which is the Cli®ord algebra
C(A; %) (see [}’,x8]). As an application, we obtain a complete description of
G(A;¥) when degA - 6 or when the virtual cohomological dimension ofk is
at most 2.

To give a more precise description of our results, we introduce some more
notation. Throughout the paper, k denotes a eld of characteristic di®erent
from 2. For any integersn, d, 1, let!, be the group of 2'-th roots of unity in
a separable closure ok and let H9(k;? 'Zn(d‘ l)) be the d-th cohomology group
of the absolute Galois group with coexcients int % ¥ (= z=21Z if d = 1).
Denote simply

H% = fjm H Gk ),

n

so Hk and H?k may be identi ed with the 2-primary part of the character
group of the absolute Galois group and with the 2-primary part of the Brauer
group of k, respectively,

Hk = X»(K); H 2k = Br o(k):
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Multipliers of Improper Similitudes 185

In particular, the isomorphism k& =kE2 ' H?(k;Z=2Z) derived from the Kum-
mer sequence (see for instancﬂ [7, (30.1)]) yields a canonical embedding

kE=kE2 1 Hlk: (1)

The Brauer class (or the corresponding element irH 2k) of a central simple
k-algebraE of 2-primary exponent is denoted by E].

If K=k is a "nite separable "eld extension, we denote byNy-, : HIK I HY
the norm (or corestriction) map. We extend the notation above to the case
whereK ' k £ k by letting H4(k £ k) = HY% £ H% and

Nke =k (%) = »+ »  for (»;%) 2 HI(K £ k):
Our results use the product
¢ kE £ HIK! HY'k ford=1or2

induced as follows by the cup-product: forx 2 kf and » 2 HY, choose
n such that » 2 Hd(k;l'zn(di 1)) and consider the cohomology classx), 2

H1(k;* ,n) corresponding to the 2'-th power class ofx under the isomorphism
H1(k;t )= kE=kf?2" induced by the Kummer sequence; let then

X &= (x)n [ »2 H* (k2 5) e H O k:

In particular, if d =1 and » is the square class ofy 2 k¥ under the embed-
ding (), then x ¢» is the Brauer class of the quaternion algebraX;y)x.
Throughout the paper, we denote by A a central simple k-algebra of even
degree 2, and by ¥an orthogonal involution of A. Recall from ﬂ (7.2)] that
disc¥2 kE=kE2 ¥ Hk is the square class of j( 1)" Nrd (a) where a 2 Af
is an arbitrary skew-symmetric element. LetZ be the center 0{, the Cli®ord
algebra C(A;¥); thus, Z is a quadratic §tale k-algebra, Z = k[ disc¥], see
[Ij, (8.10)]. The following relation between similitudes and the discriminant is
proved in [fI4, Theorem A] (see also[]7, (13.38))):

Theorem 1. Let (A; %) be a central simplek-algebra with orthogonal involution
of even degree. For, 2 G(A;¥),

0 if, 2Gs(A%);

, Cdisc¥%= .
[A] if, 2 G, (A;¥%):

For d = 2 (resp. 3), let (H%)=A be the factor group of H% by the subgroup
f0;[A]g (resp. by the subgroupk® ¢[A]). Theorem ﬂ thus shows that for, 2
G(A %)

. ¢disc%=0 in (H?2k)=A:

Our main results are Theorems[R[B[}4, and]5 below.
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186 R. Preeti and J.-P. Tignol

Theorem 2. SupposeA is split by Z. There exists an element® (3) 2 H?2k
such that°(%z = [C(A; %3] in H?Z. For , 2 G(A; %),

¢ (3 =0 in (H3k)=A:

Remark 1. In the conditions of the theorem, the element®(3) 2 H?k is not
uniquely determined if Z 6' k £ k. Nevertheless, if, ¢disc¥= 0 in (H?2k)=A,
then , ¢°(3) 2 (HZ3k)=A is uniquely determined. Indeed, if°, °©2 H?k are
such that °z = °9, then there existsu 2 k¥ such that °°= ° + u ddisc¥; hence

L ¢0= ¢° + | ¢uddisc¥a

The last term vanishes in (H3k)=A since, ¢disc%= 0 in ( H?k)=A.

The proof of Theorem[2 is given in Sectior{]1. It shows that in the split case,
where A = End ¢ V and %is adjoint to some quadratic form g on V, we may
take for ° (%) the Brauer class of the full Cli®ord algebraC(V; g). Note that the
statement of Theoremﬂi does not discriminate between multipliers of proper
and improper similitudes, but Theorem may be used to distinguish between
them. Slight variations of the arguments in the proof of Theorem[? also yield
the following result on multipliers of proper similitudes:

Theorem 3. Suppose the Schur index oA is at most4. If | 2 G, (A; %), then
there existsz 2 Z# such that, = N, (z) and

i ¢ .
Nz z¢[C(A;¥)] =0 in (H3k)=A:

The proof is given in Sectionl]L. Note however that the theorem holds without
the hypothesis that ind A - 4, as follows from Corollaries 1.20 and 1.21 irmZ].
Using the Rost invariant of Spin groups, these corollaries actually yield a
explicit element z as in Theoreml]% from any proper similitude with multiplier
Remark 2. The element Nz 'z ¢[C(A; 3/4)]¢ 2 (H3k)=A depends only on
Nz (z) and not on the specic choice ofz 2 Z. Indeed, if z, z°2 z% are
such that Ny (2) = Nz (29, then Hilbert's Theorem 90 yields an element
u 2 Z% such that, denoting by {the nontrivial automorphism of Z=k,

z2°= zufu)' %;
hence
i ¢
Nzo 22¢[C(A; %] = . ¢ : ¢
Nz 2 6C(ATA] + Noo U GIC(A#] i Ngoi u) C[C(A %] -

SinceNz= £ = Nz- and since the properties of the Cli®ord algebra (seeﬂ[?,
(9.12)]) yield
[C(A %] i TC(A %] = [Alz;
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Multipliers of Improper Similitudes 187

it follows that
i ¢ i ¢ i ¢
Nzox UC[C(A; 3] i Nz=x Tu) ¢[C(A;3)] = Nz UC[A]z :

By the projection formula, the right side is equal to Nz (u) ¢[A]. The claim
follows.

Remark 3. Theorems[} and[B coincide when they both apply, i.e., ifA is split
by Z (hence indA =1 or 2), and , 2 G, (A;%). Indeed, if , = Nz (z) and
°(%z =[C(A;¥)] then the projection formula yields

i ¢
Ny ZG[C(A%)] = . ¢ (%):

Remarkably, the conditions in Theorems[1 and[P turn out to be suzcient for
, to be the multiplier of a similitude when degA - 6 or when the virtual
cohomological 2-dimensiof of k is at most 2.

Theorem 4. Supposen - 3, i.e., degA - 6.
2 If A is not split by Z , then every similitude is proper,
G(A ¥ = G: (A%, G, (A% ="7:

Moreover, for , 2 k¥, we have, 2 G(A;%) if and only if there exists
z2 Z*% such that, = N (z) and
i ¢
Nza ZOC(A %] =0 in (H3K)=A.

2 If A is split by Z, let °(%) 2 HZ2k be as in Theorem[p. For, 2 k&, we
have, 2 G(A; %) if and only if

, tdisc%=0 in (H?k)=A and , ¢°(3) =0 in (H3k)=A:

The proof is given in Sectionﬂz.
Note that if deg A = 2, then A is necessarily split byZ and we may choose
°(% =0, hence TheoremB simplies to

2 G(A;¥) ifandonly if | ¢disc%=0 in (HZ2k)=A;

a statement which is easily proved directly. (See|EI4, p. 15] 0ﬂ[7, (12.2h)

If degA = 4, multipliers of similitudes can also be described up to squares as
reduced norms from a central simple algebr& of degree 4 such thatE] = °(3)

if A is split by Z (see Corollary) or as norms of reduced norms df(A; %)
if A is not split by Z (see Corollary).

3The authors are grateful to Parimala for her suggestion to in vestigate the case of low
cohomological dimension.

Documenta Mathematica 9 (2004) 183{204



188 R. Preeti and J.-P. Tignol

For the next statement, recall that the virtual cohomologic&l 2-dimension of
k (denoted vcd, k) is the cohomological 2-dimension ofk(" j 1). If v is an
ordering of k, we let k, be a real closure ofk for v and denote simply by
(A; ¥y the algebra with involution (A - ¢ Ky; ¥%- Idy, ).

Theorem 5. Supposevcdz k - 2, and A is split by Z. For , 2 kE, we have

, 2 G(A; %) if and only if

5

,> 0 atevery ordering v of k such that (A; %), is not hyperbolic
L ¢disc%=0 in (H?k)=A  and , ¢°(¥) =0 in (H3k)=A:

The proof is given in Sectionﬂ%.

1 Proofs of Theorems 2 afid 3 []

Theorems@ and|]3 are proved by reduction to the split case, which we consider
“rst. We thus assume A = End V for somek-vector spaceV of dimension X,
and %4is adjoint to a quadratic form g on V. Then disc%= disc q and C(A; %)

is the even Cli®ord algebraC(A;¥) = Co(V;qg. We denote by C(V; g the full
Cli®ord algebra ofg, which is a central simplek-algebra, and byl ™k the m-th
power of the fundamental ideal Ik of the Witt ring Wk.

Lemma 1.1. For , 2 k¥, the following conditions are equivalent:
(@) , ¢discq=0 in H?k and, ¢[C(V;Q]=0 in HZ3k;
(b) hi¢cq” gmodIl k.
Proof. For ®, ..., ®, 2 kf, let
hH® @i = Nl j &i-¢¢¢-hl;j ®yi:

Let e;: 12k ! HZ2k be the Witt invariant and e3: 13k ! H3k be the Arason
invariant. By a theorem of Merkurjev [ﬂ (resp. of Merkurjev{Suslin [ESII and
Rost ]), we have ke, = |3k and keres = | k. Therefore, the lemma follows
if we prove

. ¢discq=0 ifandonlyif Hi¢q2 I3k; (2)
and that, assuming that condition holds,
es(thic g =, ¢[C(V;q]: 3)

Let £2 kf be such that discq= (#); 2 H(k; Z=2Z) Y2H k. Then
q  th+ mod|2k; 4)

hence
e (it g = ex(hy+i)=, ¢discq;
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Multipliers of Improper Similitudes 189

proving (E). Now, assuming, ¢discq= 0, we have hy; i =0 in WKk, hence
hic¢g=Mi¢(q?ht):
By (#), we have q ? i 2 12k, hence
es(hhi¢g) =, ¢ey(q? hh): ®)
The computation of Witt invariants in [8[| Chapter 5] yields
e(q? bt ) =[C(V;q]+ (i 1) ¢disca: (6)
Since, ¢discq =0 by hypothesis, @) follows from (§) and (B). O

Proof of Theorem B If A is split, then using the same notation as in Lemmg 1|1
we may take °(¥) = [ C(V;q)], and Theorem[2 readily follows from Lemma[1.]
For the rest of the proof, we may thus assumeA is not split, hence disc¥6 0
sinceZ is assumed to splitA. Let G = fld; g be the Galois group ofZ=k. The
properties of the Cli®ord algebra (see for instance[l[?, (9.12)]) yield

[C(A;¥%)] i TC(A; ¥ =[A]z =0:

Therefore, [C(A; ¥)] lies in the subgroup (BrZ)€ of Br Z “xed under the action
of G. The \TeichmAlller cocycle" theory [E] (or the spectral sequence of group
extensions, see|ﬂ9, Remarque, p. 126]) yields an exact sequence

Brk! (Brz)®! H3G;z%):

Since G is cyclic, H3(G;z%) = HY(G;z%). By Hilbert's Theorem 90,
H1(G;Z%) = 1, hence (Brz)® is the image of the scalar extension map
Brk! BrZ, and there exists® (%) 2 Br k such that °(34z =[C(A;¥)]. Then,

by [, (9.12)],

o (3 — [ % 0 ifnisodd
2(A = Nzac [CAHA] = [A] if nis even (7)

hence 4 (%) = 0. Therefore, °(¥) 2 Bry(k) = H2k.

Note that ind A = 2, since A is split by the quadratic extension Z=k, henceA
is Brauer-equivalent to a quaternion algebraQ. Let X be the conic associated
with Q; the function "eld k(X) splits A. Since Theoremﬂz holds in the split
case, we have i ¢
L¢3 2 ker H3k ! H3k(X) :

By a theorem of (Arason{) Peyre , Proposition 4.4], the kernel on the ight
side is the subgroupk® ¢[A] ¥ H 3k, hence

L6 (=0 in (H3k)=A:
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190 R. Preeti and J.-P. Tignol

Proof of Theorem 3. Suppose rst A is split, and use the same notation as in
Lemma 1.1. If | 2 G(A; %), then hyi¢q' gand Lemma 1.1 yields

. ¢discq=0in H?k and , ¢[C(V:9]=0in H3k:

The st equation implies that | = Nz (z) for somez 2 Z£ . Since

[C(A; %3] = [Co(V; Q] = [C(V;d]z;
the projection formula yields
i ¢
Nz 2 6C(A; %] = Nz=c (2) S[C(Via] = , ¢[C(Vig)] =0;

proving the theorem if A is split.

If A is not split, we extend scalars to the function "eld k(X ) of the Severi{
Brauer variety of A. For , 2 G. (A;¥), there still exists z 2 Z£ such that

. = Nz= (2), by Theorem 1. Since Theorem 3 holds in the split case, we have

Nz-x zZC[C(A;%)] 2 ker H°k! H°K(X) ;

and Peyre's theorem concludes the proof. (Note that applying Peyre's theorem
requires the hypothesis that indA - 4.) O

2 Algebras of low degree

We prove Theorem 4 by considering separately the cases il =1, 2, and 4.

2.1 Case 1: A is split

Let A=EndyV,dimV - 6, and let %be adjoint to a quadratic form g on V.
SinceC(A; ¥) = Co(V; 0, we may choose’ (%) =[ C(V; g]. The equations

, tdisc%=0in (H?k)=A and , ¢°(¥)=0in (H3k)=A
are then equivalent to
. ¢discq=0in H?k and , ¢[C(V:9]=0in H3k;

hence, by Lemma 1.1, tohhi ¢ g 2 14k. Since dimq = 6, the Arason{P ster
Hauptsatz [8, Chapter 10, Theorem 3.1] shows that this relation holds if and
onlyif hi¢qg=0,ie. , 2 G(V;0 = G(A;¥), and the proof is complete.

22 Case 2: indA=2

Let Q be a quaternion (division) algebra Brauer-equivalent to A. We repre-
sent A as A = Endg U for some 3-dimensional (right) Q-vector space. The
involution %ais then adjoint to a skew-hermitian form h on U (with respect to
the conjugation involution on Q), which de nes an element in the Witt group
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Multipliers of Improper Similitudes 191

Wi 1(Q). Let X be the conic associated withQ. The function "eld k(X) splits
Q, hence Morita equivalence yields an isomorphism

L ¢ _
WitQ- k(X) ' WK(X):

Moreover, Dejai®e [4] and Parimala{Sridharan{Suresh [15] have shown that
the scalar extension map

. i ¢
WikQ) ! Wit'Q- k(X) " WK(X) ®)
is injective. Let (V; g be a quadratic space ovelk(X) representing the image
of (U; h) under (8). We may assume dimV = degA - 6 and %is adjoint to q
after scalar extension tok(X). An element , 2 kf lies in G(V; g if and only
if hi¢ g= 0; by the injectivity of (8), this condition is also equivalent to
hi¢h=0in Wi }(Q),i.e., to, 2 G(A;¥). Therefore,
G(V:9\ kE = G(A;¥): (9)

Suppose rst A is not split by Z. Theorem 1 then shows that every similitude
of (A;¥) is proper, and it only remains to show that if , = Nz (z) for some
z2 Z*% such that
i ¢
Nye Z ¢[C(A:%)] =0 in (H3K)=A;

then , 2 G(A;¥). Extending scalars to k(X ), we derive from the last equation
by the projection formula

Nz (x)=k(x)(2) ¢[C(V;d] =0 in H3k(X):
Therefore, by Lemma 1.1,hi¢gq”~ gmod | *k(X), i.e.,
thi¢ g2 1%k(X):

Since dimq - 6, the Arason{P ster Hauptsatz implies hhi ¢ q = 0, hence
. 2 G(V; 0 and therefore , 2 G(A; %) by (9). Theorem 4 is thus proved when
ind A =2 and A is not split by Z.

Suppose nextA is split by Z. In view of Theorems 1 and 2, it sutces to show
that if , 2 kf satis'es

, tdisc%=0in (H?k)=A and , ¢°(3)=0in (H3Kk)=A;
then , 2 G(A;¥). Again, extending scalars tok(X), the conditions become
, tdiscq=0in H2k(X) and , ¢[C(V;9]=0in H3K(X):
By Lemma 1.1, these equations implyhhi¢ g 2 14k(X), hencehi¢ q=0
by the Arason{P ster Hauptsatz since dim q- 6. It follows that , 2 G(V;q),
hence, 2 G(A;¥) by (9).
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2.3 Case 3: indA=4

Since dedA - 6, this case arises only if ded\ = 4, i.e., A is a division algebra.
This division algebra cannot be split by the quadratic k-algebraz, hence all the
similitudes are proper, by Theorem 1. Theorem 3 shows lthat if, 2 G(g %,
then there existsz 2 Z£ such that , = Nz (z) and Nyo 2 ¢[C(A;%)] =0
in (H3K)=A, and it only remains to prove the converse.

Let z2 Z% be such that Nz-g z ¢[C(A;%)] = u ¢[A] for someu 2 kE . Since
by [7, (9.12)], Nz= I[C(A; ¥)] =[Al, it follows that

[ il . ¢_ H 3 -
Ny Ul 2z ¢[C(A;%)] =0 in H3k: (10)

Since dedA = 4, the Cli®ord algebra C(A; ¥) is a quaternion algebra overZ.
Let

C(A¥) =(21;20)z:
Suppose rst disc%6 0, i.e., Z isa eld. Let s: Z ! k be ak-linear map

such that s(1) = 0, and let s,: WZ I WKk be the corresponding (Scharlau)
transfer map. By [2, Satz 3.3, Satz 4.18], Equation (10) yields

So U 12:71: 250 2 1%

However, the form S hui 1z:70; 250 ¢ is isotropic since hui 'z;z;z,i repre-
sents 1 ands(1) = 0. Moreover, its dimension is 2*, hence the Arason{P ster
Hauptsatz implies i ¢
se i 'z;2:2i =0 in Wk:

It follows that i ¢ i ¢
Se Ui 'zithay zoi = so Hzpizoi ;

hence the form on the left side is isotropic. Therefore, the formtui *zi¢Hay; zoi
represents an elemenv 2 k& . Then vi 1ui 1z is represented byhz;; z»i , which
is the reduced norm form of C(A; %), hencez 2 k¥ Nrd(C(A;¥)%), and

i ¢
Nz-i (2) 2 kE2Nyo Nrd(C(A; %)%) -

By [7, (15.11)], the group on the right is G. (A;%). We have thus proved
Nz- (2) 2 G(A; %, and the proof is complete whenZ is a "eld.

Suppose nally disc%=0, i.e., Z"' k£ k. Then C(A;%) ' CO°£ C%for some
quaternion k-algebrasC®= ( z%; z9), and C%= (z°z%Yy, and [7, (15.13)] shows

G(A: %) = Nrd( C% )Nrd(C%):
We also havez = (z% z% for some z® z°°2 k| and (10) becomes
u 1z%[CY + ui 12%%[Cc%9=0 in H3k:

It follows that
i 12%29; 201 hh ui 1299299 295 -
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Multipliers of Improper Similitudes 193
By [2, Lemma 1.7], there existsv 2 k¥ such that
bt 12% 29201 ' hh v; 22 201 ' th v;20%20% ' th ui 1209299295 ;
hencevi tui 1z°2 Nrd(C9 and vi tui 1z%92 Nrd(C%. Therefore,
Ny (2) = z%2%°2 Nrd(C* ) Nrd(C°®):

and the proof of Theorem 4 is complete.
To "nish this section, we compare the descriptions ofG. (A; %) for degA =4
or 6 in [7] with those which follow from Theorem 4 (and Remark 3).

Corollary 2.1 SupposedegA =4. If disc%6 0, then

i ¢
G+ (A;¥) = kB 2Nz= Nrd(C(A; %)*)
= fNyo (2) | Nz | Z S[C(A;%)] =0 in (H3Kk)=Ag:

If disc%=0, then C(A;%)' CC°£ C%for some quaternionk-algebrasC? C%
and

G+ (A; %) = Nrd( C* ) Nrd(C°®)
= £2%% 2%¢[CY + 2%%[C®} = 0 in (H3k)=Ag:

Proof. See [7, (15.11)] for the case dis&:6 0 and [7, (15.13)] for the case
disc¥%= 0. O

Corollary 2.2. SupposedegA = 6. If disc%.6 0, let | be the nontrivial
automorphism of the "eld extensionZ=k and let ¥1be the canonical (unitary)
involution of C(A;%). Let also
GU(C(A;%);%) = fg2 C(A¥) | A9)g2 k* g:
Then
G: (A% =

fNz= (2) j 212)" ' = (9)9)' * Nrd(g) for someg 2¢GU(C(A:3/4);%)9
= fNyo (2) | Noox ' Z G[C(A;%)] =0 in (H3Kk)=Ag:

If disc¥a=0, then C(A;%) ' C £ C° for some central simplek-algebraC of
degree4, and

G. (A;¥) = kE2Nrd(C?)

fz2 kE jz¢[C]=0 in (H3k)=Ag:
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Proof. See [7, (15.31)] for the case dis&. 6 O and [7, (15.34)] for the case
disc¥a= 0. In the latter case, Theorem 3 shows that G. (A; %) consists of
products z%%°where z% z°°2 kf are such that

2%¢[C] + z°%[C°P] =0 in (H3k)=A:
However, [C°P] = j [C], and 2[C] = [A] by [7, (9.15)], hence
20¢[C] + z%%[CP] = z%%%¢[C] in (H3k)=A:
Note that the equation
kE2Nrd(Ct)= fz2 kf jz¢[C]=0in (H3%k)=Ag
can also be proved directly by a theorem of Merkurjev [11, Proposition 1.1p

O

3 Fields of low virtual cohomological dimension

Our goal in this section is to prove Theorem 5. Together with Theorem 2, the
following lemma completes the proof of the \only if" part:

Lemma 3.1 If | 2 G(A;¥%), then , > 0 at every ordering v such that (A; %3,
is not hyperbolic.

Proof. If (A; %), is not hyperbolic, then A, is split, by [18, Chapter 10, The-
orem 3.7]. We may thus representA, = Endy, V for somek,-vector spaceV,
and %- 1dy, is adjoint to a non-hyperbolic quadratic form q. If | 2 G(A; %)),
then , 2 G(V;0), hence

hi¢q' q:
Comparing the signatures of each side, we obtain > 0. O
For the \if" part, we use the following lemma:

Lemma 3.2 Let F be an arbitrary "eld of characteristic di®erent from 2. If
vcd, F - 3, then the torsion part of the 4-th power of IF s trivial,

IPF =0:

Proof. Our proof uses the existence of the cohomological invariants, : |"F !
H"(F;1,), and the fact that ker e, = 1"*1 F, proved for “elds of virtual coho-
mological 2-dimension at most 3 by Arason{Elman{Jacob [3]. P

Suppose rstj 12 F£2, Fromved, F - 3, it follows that H"(F (' j 1);12) =0
for n , 4, hence the Arason exact sequence

HrECTD DN HYE) § 2 vty vt P
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(see [2, Corollar 4.6] or [7, (30.12)]) shows that the cup-product with { 1); is
an isomorphismH"(F;1,) * H"" (F;1) for n, 4. If g2 I{F, there is an
integer * such that 2 g = 0, hence the 4-th invariant e;(q) 2 H4(F;* ,) satis es

fi 1).[¢

{$¢[(i 1)}[84(00:0 in H " (F;1y):

Since ( 1)1[ is an isomorphism, it follows that e;(q) =0, hence q 2 IF.

Repeating the argument with es, e, ..., we obtaingq2 | I"F, henceq=0

by the Arason{P ster Hauptsatz [8, p. 290].

If { 12 F£2, then the hypothesis implies that H"(F;1,) =0 for n, 4, hence
for g2 1*F we get successivelyes(g) = 0, es(q) = 0, etc., and we conclude as
before. O

Proof of Theorem 5. As observed above, the \only if" part follows from Theo-
rem 2 and Lemma 3.1. The proof of the \if" part uses the same arguments as
the proof of Theorem 2 in the case where ind\ = 2.

We “rst consider the split case. If A = End V and %4is adjoint to a quadratic
form q on V, then we may choose’ (%) = C(V; g, and the conditions

_¢disc¥%=0in (H2%k)=A and , ¢°(3%)=0in (H3k)=A

imply, by Lemma 1.1, that thi¢ g2 | *k. Moreover, for every orderingv on k,
the signature sgn,(h i¢ g) vanishes, since, > 0 at every v such that sgn,(q) &
0. Therefore, by P ster's local-global principle [8, Chapter 8, Theorem 4.1],
i ¢ g is torsion. Since the hypothesis onk implies, by Lemma 3.2, that
I’k = 0, we have hi¢ q = 0, hence, 2 G(V;9 = G(A;%). Note that
Lemma 3.2 yieldsl *k = 0 under the weaker hypothesis vcg k - 3. Therefore,
the split case of Theorem 5 holds when vcglk - 3.
Now, supposeA is not split. Since A is split by Z, it is Brauer-equivalent to a
guaternion algebraQ. Let k(X) be the function "eld of the conic X associated
with Q. This "eld splits A, hence there is a quadratic space\(; q) over k(X)
such that A - k(X) may be identi ed with End (x)V and %- Id(x) with the
adjoint involution with respect to g. As in Section 2 (see Equation (9)), we
have

G(V;9\ kf = G(A;%):

Therefore, it suxces to show that the conditions on, imply , 2 G(V;Q.

If v is an ordering of k such that (A;%j), is hyperbolic, then q, is hyperbolic
for any ordering w of k(X ) extending v, since hyperbolic involutions remain
hyperbolic over scalar extensions. Therefore, > 0 at every orderingw of k(X))
such that g, is not hyperbolic. Moreover, the conditions

. tdisc%=0in (H?k)=A and , ¢°(%)=0in (H3k)=A
imply
_¢discq=0in H?k(X) and | ¢[C(V;9]=0in HZ3k(X):
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Since X is a conic, Proposition 11, p. 93 of [20] implies
veda k(X)=1+ved 2k - 3

As Theorem 5 holds in the split case over elds of virtual cohomological 2-
dimension at most 3, it follows that , 2 G(V;0). O

Remark. The same arguments show that if vedk - 2 and indA = 2, then
G. (A; %) consists of the elementsN - (z) where z 2 Z£ is such that

i ¢
Nz=x zC¢[C(A;%)] =0 in (H°k)=A:

4 Examples

In this section, we give an explicit description of the element® (%) of Theorem 2
in some special cases. Throughout this section, we assume the algel#as not
split, and is split by Z (henceZ is a eld and disc%6 0). Our rst result is
easy:

Proposition 4.1 If A is split by Z and % becomes hyperbolic after scalar
extension to Z, then we may choose (3) =0.

Proof. Let {be the nontrivial automorphism of Z=k. SinceZ is the center of
C(A; %)),
C(A;%) - Z"' CA;% £ TCA%): (11)

On the other hand, C(A;¥%) - « Z' C(A - « Z;%- ldz), and since%.becomes
hyperbolic over Z, one of the components ofC(A - ¢ Z;%- 1dz) is split, by [7,
(8.31)]. Therefore,

[CA;%)]=["C(A;%)]=0  inBr z:
O

Corollary 4.2, In the conditions of Proposition 4.1, if degA - 6 or vcd, k -
2, then

G:(A;¥) = f, 2kE |, ¢disc¥%=0 in H?kg
and
G, (A;¥)=f, 2kE j, ¢disc¥=[A] in H?kg:
Proof. This readily follows from Proposition 4.1 and Theorem 2 or 5. O

To give further examples where® (33 can be computed, we X a particular
representation of A as follows. SinceA is assumed to be split byZ, it is
Brauer-equivalent to a quaternion k-algebra Q containing Z. We choose a
quaternion basis 1,i, j, ij of Q such that Z = k(i). Let A =End g U for some
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right Q-vector spaceU, and let ¥be the adjoint involution of a skew-hermitian
form h on U with respect to the conjugation involution on Q. For x, y 2 U,
we decompose

h(x;y) = f(x;y)+ jg(xy)  with f(x;y), g(x;y) 2 Z:

Itis easily veri ed that f (resp.(g) is a skew-hermitian (resp. symmetric bilinear)
form on U viewed as aZ -vector space. (See [18, Chapter 10, Lemma 3.1].) We
have

A-¢yZ=(EndgU)-xZ=Endz U:

Moreover, forx,y 2 U and' 2 Endg U, the equation
h'xi )" = e )00y
metes gix;' (y)¢= gi%(' )(X):y¢;
hence¥-  Id; is adjoint to g.
Proposition 4.3, With the notation above,
[C(A;%]=[C(U;g]  in Brz:
Proof. Since¥s- Idz is the adjoint involution of g,
C(A-«Z%- Idz)" Co(U;Q): 12)

Now, disc¥is a square inZ, henceCy(U; g) decomposes into a direct product

Co(Uig) " C°£ C%® (13)
where C°% C%are central simple Z -algebras Brauer-equivalent toC(U; g). The
proposition follows from (11), (12), and (13). O
To give an explicit description of g, consider anh-orthogonal basis €1;:::;€n)

eachu 2 Q is a pure quaternion, sinceh is skew-hermitian. Let u? = a- 2 k*
for>=1,..., n. Then

disc%=(j 1)" Nrd(uy) :::Nrd(u,) = a; :::an;
SO we may assumeé? = aj :::a,. Write
u- =1+ jv where!- 2 k and v 2 Z: (14)

Each e Q is a 2-dimensionalZ -vector space, and we have a-orthogonal de-
composition
U=eQ0CCCt®@Q:
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If v =0, then g(e;e) =0, hence e Q is hyperbolic. If v- 6 0, then (e ;e u)
is a g-orthogonal basis ofe Q, which yields the following diagonalization of the
restriction of g:
hv;javi:

Therefore,

g=ogu+ ¢Ce g, (15)
where (

0 if vv =0;

= ' 16
97 heihljai ifv 60: (16)

We now consider in more detail the cases =2 and n = 3.

4.1 Algebras of degree 4

Suppose ded\ = 4, i.e.,, n = 2, and use the same notation as above. If
vi = 0, then squaring each side of (14) yieldsa; = !%aja,, hencea, 2 k£?2,
a contradiction since Q is assumed to be a division algebra. The case, = 0
leads to the same contradiction. Therefore, we necessarily have, 6 0 and
v, 6 0. By (15) and (16),

g = hviihl;j aji + hvgihl;j agi;
hence by [8, p. 121],

[CA ¥ = (a1;v1)z +(az;Vv2)z +(a1;a2)z
=(a1;i iva)z: (17)

Since the division algebraQ contains the pure quaternionsu;, u, and i with
u? = a, u3 = a, and i? = aja,, we havea;, ap, aja, 2 kf2 and we may
consider the "eld extension

L=k(Pa; &)

We identify Z with a sub eld of L by choosing inL a square root ofa;a,, and
denote by Yz, Y2 the automorphisms of L=k de ned by

Va(ga—l): IiDpa—l; 1@(2@: p?
w(Pa) = Pa; vl =i Pa

Thus, Z Y% L is the sub eld of ¥ +Ys-invariant elements. Let j2 = b. Then
(14) yields

ap = t2aya, + bNz= (V1); a = 3a1ap + Nz (V2);
henceNz-y (i Viv2) = ara.bl 2(1j *%az)(1i *3as) and

iviva _ jvive aa
Ya(i viva)  Ya(i vive)  PPY(j vivo)?

(Li *2a)i *3a):
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SincelL = Z(p a) = Z(p a), it follows that 1 | 1%a, and 1 !3a; are norms
from L=Z. Therefore, the preceding equation yields

i Vivo i ViVvo R . £
= = N= for some™ 2 L*:
BG v - Gy ez O)

SinceNzo (i viva¥a(i viv2)i 1) =1, we have N, (*) = 1. By Hilbert's Theo-
rem 90, there existsh; 2 LZ such that

Ya()= b and  bi%(b)i = %a(): (18)
Seth = j vlvzl/;(‘)b'll. Computation yields
Ya(p)=p  and  %()b'= "%(): (19)

De ne an algebraE over k by
E=LOLr{©Lr,®©Lrry
where the multiplication is de ned by
r{x = %X)rq; roX = %(X)r; for x 2 L;
rZ=y; r2=hy; and  rqrp = rorg:

Sinceby, b and * satisfy (18) and (19), the algebraE is a crossed product, see
[1]. It is thus a central simple k-algebra of degree 4.

Proposition 4.4, With the notation above, we may choosé (3) =[ E] 2 Br k.
Proof. The centralizer CeZ of Z in E isL © Lr ;r,. Computation shows that
(rarz)? = i viva:

Since conjugation byrir; mapsp a; 2 L to its opposite, it follows that

CeZ =(a}i ivo)z:
Since Ce Z] = [E]z, the proposition follows from (17). O
Corollary 4.5, Let

E. =CeZ=fx2Efjxz=zxforall z2 Zg

and

m
1

fx2EE jxz=Y(z)x forall z2 Zg:
Then

G+ (A;¥) = k¥2Nrde(E+) and G, (A;%) = kE2Nrde (E; ):
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Proof. As observed in the proof of Proposition 4.4C:Z ' C(A;%). Since, by
[5, Corollary 5, p. 150],

Nrdg (X) = Nz= (Nrd¢. z X) for x 2 Ce Z;

the description of G, (A; %) above follows from [7, (15.11)] (see also Corol-
lary 2.1).

To prove k€ 2Nrdg (E, ) % G, (A; %)), it obviously suzces to prove Nrdg (E, ) %
G; (A;¥%). From the de nition of E, it follows that r1 2 E; . By [10, p. 80],

Nrde (r1) ¢[E]=0  in H3k: (20)
Let L1 %L be the sub eld xed under ¥3. We haver? = by 2 L4, hence
Nrde (r1) = N, =k (bn):
On the other hand, the centralizer ofL, is
CeL1=LOLry" (azaz;by),;
hence
[N_,=k(CeLq)] = ialaz; NLl:k(bl)Q:k = Nrd g (ry) ¢disc¥% in H 2k: (21)

Since CeL1] =[EL,], we have N -« (CeL1)] = 2[E]. But 2[E] =2°(%) =[A]
by (7), hence (21) yields

Nrde (rq) ¢disc¥%=[A]  in H?k: (22)

From (20), (22) and Theorems 1, 2 it follows that Nrde (r1) 2 G, (A; ).
Now, supposex 2 E; . Then rix 2 E,, hence Nrc: (r1x) 2 G, (A; %) by the
“rst part of the corollary. Since

G: (AG, (AY) = G, (A¥)
it follows that
Nrde (X) 2 Nrdg (r1)G+ (A; %) = G; (A; ¥:

We have thus provedk 2 Nrdg (E, ) % G, (A;%).
To prove the reverse inclusion, consider 2 G; (A;%). Since

G, (AG; (A/¥) = G+ (A%,
we have, Nrde(r1) 2 G. (A; %), hence by the st part of the corollary,
. Nrdg (r1) 2 kE2Nrdg (E+):

It follows that
. 2 kE2Nrdg (r1E+) = kE2Nrde (E; ):
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4.2 Algebras of degree 6

Suppose ded\ = 6, i.e., n = 3, and use the same notation as in the beginning
of this section. If %(i.e., h) is isotropic, then h is Witt-equivalent to a rank 1
skew-hermitian form, say hui. Hencei? = disc %= u? 2 k¥. Hence we may
assume thath is Witt-equivalent to the rank 1 skew-hermitian form Hi i for
some! 2 kE. This implies that the form g is hyperbolic and C(U;g) is split.
Hence we may choosé (%) = 0. By Theorem 4, we then have , 2 G(A;¥) if
and only if : disc%= 0 in (H?k)=A. If ¥%becomes isotropic overZ, the form
g is isotropic, hence we may choose a diagonalization ¢f

h'h ug;uz;uzi

such that g(us;usz) = 0, i.e., in the notation of (14), uz = ! 3i. Raising each
side to the square, we obtain

_ 42 )
az = lza apas;

hencea; © a, mod kE2. It follows that u, is conjugate to a scalar multiple of
Ui, i.e., there existsx 2 Qf and p2 kf such that

uz = uxusxi b = pNrdg(x)' *xusx:
Sincehuii' h xu;Xi, we may let® = j uNrd(x)i * 2 k¥ to obtain
h'hug;juq;taii:
If vi = 0, then g is hyperbolic, hence we may choosé (%) = 0 by Proposi-
tion 4.1. If v; 6 0, then (15) and (16) yield
g= hviihl;j a;i + hj°viihl;j a;i = hvgibhag;©i:

The Cli®ord algebra of g is the quaternion algebra @;;°)z, hence we may
choose

*(¥=(a1;°)k:
Suppose nally that %does not become isotropic oveZ, hencevs, vz, vz 6 0.
Then
g= hviinl;j a1i + hvoihl;j asi + hvsihl;j asi
and, by Proposition 4.3,

[C(A; %] = (a1;v1)z +(az;V2)z +(a3;Vva)z + (a1, @)z +(a;a3)z +(az;as)z:

SinceZ = k(IO aiaraz), the right side simpli'es to
[C(A; %] = (@a1;VaVvs)z + (@2;VaVa)z +(a1;82)z +(@&udg;i 1)z: (23)
By [7, (9.16)], N2=x C(A; ¥ is split, hence

i ¢ ¢ )
a1;Nz= (Vivs) | = (@2;Nz= (v2v3) ,  in Brk:
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By the \common slot lemma" (see for instance [2, Lemma 1.7]), there exists
®2 kf such that

i ¢ ¢
a1;Nz= (Viv3) | = ®;Nz= (V1vs) | = ¢ ¢
[ i
®; Nz=k (V2v3) |, = @2;Nz= (V2V3) !
Then
¢ ¢ i ¢
(®ag; Nz=x (V1v3) | = (®&;Nz= (V2v3) | = ®;Nz= (v1vz) , =0:
By [21, (2.6)], there exist 1, 2, 3 2 kf such that

(®ag;v1vs)z = (®ay; 1)z, (®&;Vav3)z = (®a; 2)z;
(®;viv2)z =(®; 3)z:

Since
(a1;v1V3)z +(@2;VaV3)z = (®ag;Viva)z +(®a;Vava)z +(®;viva)z;
it follows from (23) that
[C(A; %] = (®ay; 1)z +(®a; 2)z +(®; 3)z +(a1;d2)z +(awdy;i 1)z:
We may thus take

*(#=(ay; k+(a; 2k +(® 1 2 3)k +(aa)k + (ataz;i 1k
=(a;i a2 Dk +t(asi 2k +(® 1 2 3)k:
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