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Abstract. In this paper, we establish a sharp inequality for
some multilinear operators related to certain integral operators.
The operators include Calderfin-Zygmund singular integral opera-
tor, Littlewood-Paley operator, Marcinkiewicz operator and Bochner-
Riesz operator. As application, we obtain the weighted norm inequal-
ities and L logL type estimate for the multilinear operators.
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1. Introduction

Let T be a singular integral operator. In[1][2][3], Cohen and Gosselin studied
the LP(p > 1) boundedness of the multilinear singular integral operatorT#
de ned by

Rm+1 (A;X;Y)
R XY™
In[6], Hu and Yang obtain a variant sharp estimate for the multilinear singular
integral operators. The main purpose of this paper is to prove a sharp inequdy
for some multilinear operators related to certain non-convolution type integral
operators. In fact, we shall establish the sharp inequality for the multilinear
operators only under certain conditions on the size of the integral operators.
The integral operators include Calderfn-Zygmund singular integral operator

TA(F)(x) = K (x:y)f (y)dy:

1Supported by the NNSF (Grant: 10271071)
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608 Liu Lanzhe

Littlewood-Paley operator, Marcinkiewicz operator and Bochner-Riesz opera-
tor. As applications, we obtain weighted norm inequalities andL logL type
estimates for these multilinear operators.

2. Notations and Results

First, let us introduce some notations(see[6][12-14]). Throughout this paper
Q will denote a cube of R" with side parallel to the axes. For any locally
integrable function f, the sharp function of f is de ned by

Z

1
fP(x)=sup —  jf(y)i fojdy;
(x) o) QJ (y)i fojdy

R
where, and in what follows,fq = jQji ! 9 f (x)dx. Itis well-known that(see[6])
Z
f%0g=sup inf = jf(y)i ddy:
x2Qc2C jQj ¢ )
We say that f belongs toBMO (R") if f# belongs toL! (R") and jif jjemo =
jif#jjLs . ForO<r< 1, we denotef/ by

00 = [(FD)* o1

Let M be thg Hardy-Littlewood maximal operator de ned by M (f)(x) =
sup;q jQJ ! o If (V)idy, we write Mp(f) = (M (f PW¥P for0O<p< 1 ; For
k 2 N, we denote byMk the operator M iterated k times, i.e., M 2(f )(x) =
M (f)(x) and MX(f)(x) = M(MXi 1(f))(x) for k , 2. Let B be a Young
function and B be the complementary associated td, we denote that, for a
function f

% Z M. all Ya

jifiisz. @ =inf > O:i B It dy- 1

QI o R

and the maximal function by
Mg (f)(x) = sup jifjig; @ ;
x2Q

The main Young function to be using in this paper isB(t) = t(1 + log*t) and
its complementary B(t) = expt, the corresponding maximal denoted byM joq1
and ML . We have the generalized HAlder's inequality(see[12])

Z
— IfaWidy - i fiis; g lidiie: o
QI o
and the following inequality (in fact they are equivalent), for any x 2 R",
MLIogL (f )(X) - CM z(f )(X)
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Weighted Estimates for Multilinear Operators 609

and the following inequalities, for all cubesQ any b2 BMO (R"),
jibi Mojiexpi @ - Clibilemo 5 Jbaer g i kol - ZKjjbjjemo :
We denote the Muckenhoupt weights byA, for 1. p < 1 (see[6]).

We are going to consider some integral operators as following.
Let m be a positive integer andA be a function on R". We denote that

X 1
Rm+1 (A y) = A(X) | G AKX y)®:
i® m
Definition 1. Let S and S° be Schwartz space and its dual andr : S! S°
be a linear operator. Suppose there exists a locally integrable functioK (x;y)
on R" £ R" such that
z

T(F)(x) = . K (x:y)f (y)dy

for every bounded and compactly supported functionf . The multilinear oper-
ator related to the integral operator T is de ned by

z

Rm+1 (A;X;Y)

TA(F)(X) = Smed A Y
(F)(x) rRn JXiyjm

Definition 2. Let F(x;y;t) denedon R" £ R" £ [0;+1 ). Set
Z

Fe(f)(x) = . FOy:Hf (y)dy

K (x;y)f (y)dy:

for every bounded and compactly supported functionf and

z

Rm+1 (A;Xy)

FA(f)(X) = HALL SRR 24
£ (F)(X) vy

Let H be a Banach space of function® : [0;+1 ) ! R. For each xedx 2 R",
we view F(f )(x) and FA (f)(x) as a mapping from [Q+1 ) to H. Then, the
multilinear operators related to F; is de ned by

SAE)(x) = jiFS ()i

We also de ne that S(f )(x) = jjFi(f )(X)jj.

Note that when m =0, TA and S” are just the commutators of T, S and A.
While when m > 0, it is non-trivial generalizations of the commutators. It is
well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [1-5][7]). The main purpose
of this paper is to prove a sharp inequality for the multilinear operators T
and SA. We shall prove the following theorems in Section 3.

Theorem 1. Let D®A 2 BMO (R") for all ® with j®& = m. Suppose thatT

is the same as in De nition 1 such thatT is bounded onLP(w) for all w2 A,

F(xy: O)f (y)dy:

Documenta Mathematica 9 (2004) 607{622



610 Liu Lanzhe

with 1 < p < 1 and weak bounded of [L*(w);LY(w)) for all w2 A;. If TA
satis”es the following size condition:

X
ITAME)) i TA(E)(x0)i - C iiD®Ajismo M 2(f)(x)
j®j=m

for any cube Q = Q(xp;d) with suppf % (2Q)¢, x 2 Q = Q(Xo;d). Then for
any 0<r < 1, there exists a constantC > 0 such that for any f 2 C} (R")
and any x 2 R",

X
(TAENF (x) - C jiD®Ajismo M 2(f )(x):
i®j=m

Theorem 2. Let D®A 2 BMO (R") for all ® with j® = m. Suppose thatS
is the same as in De nition 2 such thatS is bounded onLP(w) for all w2 Ay,
1<p< 1 and weak bounded of [*(w);LY(w)) for all w2 A;. If SA satis es
the following size condition:

X
JFAME)) 1 FAE)(xii- C jiD®Ajigmo M 2(f)(x)
j®=m
for any cube Q = Q(xo;d) with suppf %2 (2Q)%, x 2 Q = Q(Xo;d). Then for

any 0<r < 1, there exists a constantC > 0 such that for any f 2 C} (R")
and any x 2 R",

X
(SMENF(x)- C jiD®Ajismo M 2(f )(x):
j®=m

From the theorems, we get the following

Corollary. Let D®A 2 BMO (R") for all ® with j& = m. Suppose that

TA, T and S*, S satisfy the conditions of Theorem 1 and Theorem 2.

(@. Ifw2Apforl<p< 1. ThenT” and S" are all bounded onLP(w),

that is X

GTAM)iLew) - C iiD®Ajigmo dif jiLe(w)
i®=m

and X

iS*(B)iiLrw) - C jiD®Ajismo Jif jiLe(w):
j®=m

(b). If w2 A;. Then there exists a constantC > 0 such that for each, > 0,

w(fx 2 R" :jTA(F)(X)] >, 9)

i B
Hif (0]

. .M
It C9i 1+log®™ —2  w(x)dx

X . ® ..
- C iD™Ajismo
i®j=m R™
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Weighted Estimates for Multilinear Operators 611

and
w(fx 2 R" : jSA(F)(x)j >, 9)
X it oo it i1
- C jiD®Ajiemo ——= 1+log" —%  w(x)dx:
i®=m RT :

3. Proof of Theorem

To prove the theorems, we need the following lemmas.
Lemma 1 (Kolmogorov, [6, p.485]). LetO<p<qg< 1 and for any function
f , 0. We de ne that, for 1=r = 1=pj 1=q

jifliwea =SU|%,J'fX 2R":f(x) >, gilzq:Np;q(f)=suEp iifAgiice=iAeiir;
,>
where the sup is taken for all measurable setE with 0 < JEj < 1 . Then
jifliwea - Npg(f) - (aXai p)*Piif iwea:

Lemma 2([12, p.165]) Letw 2 A;. Then there exists a constantC > 0 such
that for any function f and for all , > 0,
z

w(fy2R":M?(y)>,g)- C, 1" - if (i@ +log ™ (, " (i) w(y)dy:

Lemma 3.([3, p.448]) Let A be a function onR" and D®A 2 L9(R") for all
® with j& = m and someq >n. Then

A 7 !

X 1 1=a
IRm(A;x;y)i- Cixi yj™ — jD®A(2)j%dz
io=m  JQOEY Qoxy)
where Q is the cube centered atx and having side length EP njxi vij.
Proof of Theorem 1. It suxces to prove for f 2 C} (R") and some
constant Cop, the following inequality holds:
|J 1 Z ﬂl:r
—  JTAME)X) | Cojdx . CM2(f):
QI o
Fix a cuk& Q = Q(xp;d) and ¥ 2 Q. Let Q = 5pﬁQ and A(x) =
A(X) i #1(DPA)oXx®, then Rm(A;x;y) = Rm(A;x;y) and D®A =
j®=m
D®Aj (D®A), for j@ = m. We write, for f; = fA, and f2 = fAg, o,
Z
Rm+1 (A X;
e = By yay
ZR" Xiyl
_ Rm+1 (A;XY)

- WK (5 y)f2(y)dy
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612 Liu Lanzhe

Rm (A, XY)
—m 22K (x;y)fa(y)d
o XL Y (5 y)f1(y)dy
X017 Ky xi 9°®

®
& o X1 YT DEA(y)f1(y)dy

i
j®=m

then

OO T TAE (X0 _
O — Koy
Rin (A% § O=I %—T j(:ilgj)m
= @)= m_
+ TAF)(X) i TA(F2)(Xo)

= |(X)+ I (X)+ Il (X);

thus,

T -
D®Af; (X)—

T
T

M 1 Z - : ﬂlzr

— TR i TA(F2)(x0)  dx
iQl o

M c Z Tz M Z Tizr M Y4 M=
—  1)'dx + — HX)'dx + — 1l (x)"dx
1Qj Q() QI o 09 QI o )
= 1+ 1+ 1l
Now, let us estimatel, Il and Il , respectively. First, for x 2 Q andy 2 Q,

using Lemma 3, we get X
Rm(A:xy) - Cixi yj" jiD®Ajismo ;
i®=m

thus, by Lemma 1 and the weak type (1,1) of T, we get

X ; L diTEDAG L
I . ¢ jiD®Ajisuo jQji tATD)ARllr
g IAQIIL=ain
C iiD®Ajismo JQi i T(F1)iiwe »
j®=m
C iD™Ajjsmo jQj’ if(y)dy- C JiD®Ajismo M (f )(x);
j@=m Q j@j=m

For Il , similar to the proof of |, we get

X i T(D®AF 1)Agjics X )
e gt '('AQ" DR e T joit T DA s
j(?j(:m ZJJ Ii=ain j®j:)21
c Q'Y IDUA(Y)iif (y)idy - C D ®Aljexp ; oli T liLiogL: o
j®j=m Q i®=m

C jiD®Ajismo ML iogL (F)(%¥) - C jiD®Ajismo M 2(f)(%);
j®=m j®=m
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Weighted Estimates for Multilinear Operators 613

For Il , using HAlder' inequality and the size condition ofT, we have

X
I - C jiD®Ajismo M 2(f )(%):
j®j=m

This completes the proof of Theorem 1.

Proof of Theorem 2. It is only to prove for f 2 C} (R") and some
constant Cop, the following inequality holds:
M 1 z T 1=
—  jSPM(F)(X)i Cojdx - CM2(f):
QI o

Fix a cube Q = Q(Xp;d) and x 2 Q. Let Q and A(x) be the same as the proof
of Theorem 1. We write, forf, = fAQ andf, = fARnnq,

z

——F(xy; O)f 1(y)dy
rRo X
X017 Feeyst(xi y)®

i . :
@ g jxi yjm
g

+

D®A(y)f1(y)dy

Rm+1 (A;X;y)
B IR (xy; ) o(y)dy;
o XD YT (X y;t)f2(y)dy

then

ISP i SM(F2)(x0)i = HFAE) ] FA(F2)(Xo)ii
A0 | FA )X -,
—  Rn(Ax0 — X 1= "
F e W= G g AT )
+iFA(F2)(X) i FO(F2)(%0)il

= J(xX)+ JI(X)+ JIJ (X);

Xi¢)® T

M 1 4 =
—  JSME)) i SM(F2) (o) dX
QI o

¥ C Z ﬂl:r p Z ﬂl:r H z ﬂl:r
— JX)dx + — JI(X)dx + — JII(X)dx
1Q o 09 QI o () 1QI o )

= J+JJ+ 33

Now, similar to the proof of Theorem 1, we have
z

X 1 X
J- C iiD®Ajismo Ja jf (x)jdx - C jiD®Ajismo M (f)(x)
Q

j®=m j®=m
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614 Liu Lanzhe

and
X iS(D®AF 1)AqgjiLr X )
- ¢ ot '('AQ" T)A_Q”L -+ C jQj YjiS(D®AT 1)jiwe:
j@;j(:m ZJJ DLe=ain j®j:)r(n
c jQitt DOA(Y)jif (y)idy - C jiD®Ajismo M 2(f )(x);
j@j=m Q j®=m

For JJJ, using the size condition ofS, we have

X
JJJ - C jiD®Ajismo M 2(f )(%):
j®i=m

This completes the proof of Theorem 2.

From Theorem 1, 2 and the weighted boundedness of and S, we may obtain
the conclusion of Corollary(@@).

From Theorem 1, 2 and Lemma 2, we may obtain the conclusion of Corollary).

4. Applications

In this section we shall apply the Theorem 1, 2 and Corollary of the paper to
some particular operators such as the Calderfin-Zygmund singular integralm
erator, Littlewood-Paley operator, Marcinkiewicz operator and Bochner-Rieg
operator.
Application 1. Calderfin-Zygmund singular integral operator.
Let T be the Calderin-Zygmund operator(see[6][14][15]), the multilinear oper-
ator related to T is de ned by

z

TA(f )(X) — Rm_+1 (A,X, y)
Xi ym

Then it is easily to see that T satis es the conditions in Theorem 1 and Corol-

lary. In fact, it is only to verify that T# satis es the size condition in Theorem

1, which has done in [6](see also [12][13]). Thus the conclusions of Theorem 1

and Corollary hold for TA.

Application 2. Littlewood-Paley operator.

Let "5 0 and A be a “xed function which satis es the following properties:

(1)  ge A(X)dx =0,

(2 JAX)- C@+jxj)i (D,

(3) JA(x+y)i A()j- Ciyj"(1+ jxj)' (" ") when 2yj < jxj;

The multilinear Littlewood-Paley operator is de ned by(see[8])

HZ 4 dtT[l:Z
gr (F)(x) = . thA(f)(X)jo ;

K (x;y)f (y)dy:

where Z

FAf)xy=  Rm(AiXy),

v Ac(x i y)f (y)dy
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Weighted Estimates for Multilinear Operators 615

and A (x) = ti "A(x=t) for t > 0. We write F(f) = A; af . We also dene that

HZ 4 dtﬂ 1=2
ga(f)(x) = . JFe(f )(x)jo

which is the Littlewood-Paley operator(see [15]);

Let H be a gpace of functionsh : [0;+1) ! R, normed by jihjj =
"L jh(t)j2d=t T2 < 1. Then, for each Xed x 2 R", FA(f)(x) may be
viewed as a mapping from [0+1 ) to H, and it is clear that

ga (f)(x) = jiFe(F)(X)ii and g& (F)(x) = jiF (F)(x)ii:

It is known that gz is bounded onLP(w) for all w 2 Ap, 1<p< 1 and
weak (L1(w);L(w)) bounded for all w 2 A;. Thus it is only to verify that
g: satis'es the size condition in Theorem 2. In fact, we write, for a cube
Q = Q(xo;d) with suppf %2 (Q)°, x 2 Q = Q(xo; d),

FtA(fﬁ(X)d F&(F)(xo)
Axiy) . Aoy -
= X : V) R (A Y)f (y)d
Wi oy AT
At(XOi y)
rn X0 i yj”;1 q
X i VAKX Y) . (oi VAo y)
! ® Xi yim ! Xoi Yj"

j®j=m

+ (Rm (&%) i Rm (A;Xo;y))f (y)dy

D®A(y)f (y)dy

= i+ I+ 13
By Lemma 3 and the following inequality(see[14])
jbg, i bo,j- Clog(jQ2j5Qu1j)jibjemo ;forQ 1 ¥2Qz;
we know that, for x 2 Q andy 2 2*1 Q n2XQ with k , 1,

X
JRm(Axy)i - Cixi yj" (iD®Ajismo + J(D®A)g(xyy i (D®A)g))
i®j=m
X
Ckix i yj" ij®AjjBMO :
i®j=m

Note that jx i yj»jXoj yjforx2 Q andy 2 R" nQ. By the condition on A
and Minkowski' inequality , we obtain

IRm (A5 x; y)iif (y)i

Ry X0 yim
Z, H . . . 1. #1=2
tjX i Xoj + tjX i Xoj dt
o IXoi Yi(t+ixoi yprtt o (t+jxoi oyttt tot

i - C
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616 Liu Lanzhe
Z . . . P |
JX'i Xo] JX'j Xo . .. .
c A XLl Ry (A x )i (y)id
>(\}Q)C jXo i yjm*n+t iXoi yjm*n* jRm ( y)iif (y)jdy
C  [iD®Ajiemo
j®=m
JXi Xo) JX'i Xo . .
: - - —— f d
k=1 2k+1 Qn2kQ JXo i an+1 iXo i an+ J (y)J y
X SN ® A X i k i "k yink+l s 1Z . .
C ID"Ajjsmo k' +2" *)j2"" Qj if (y)jdy
i®=m k=1 2k+l Q
C jiD®Ajismo M (f)(x);
i®j=m

For |,, by the formula (see [3]):

X
Rm (A %Y) i Rm(A;Xo0y) =
iTj<m
and Lemma 3, we have
X X
JIRm(Ax¥)i Rm (A Xo;y)j- C
iTj<m j@j=

similar to the estimates of I, we get

1 ) .
=Rmij (D A;X;X0)(Xi Y)

ixi xo™ Jjxi yj' liD®Ajismo ;

m

4

e . . Kjx i Xo] . )
il 2ij C  jiD®Aljismo XXt (y)jay
i®j=m k=1 2<tn2kQ JXoi Yl
z
CiiD Ao K2 K2Rt (»idy

k=1
CiiD®Ajismo M (f )(X);

For 13, similar to the proof of I, we obtain

X % £ iXi Xoj X i Xoj ®
Jilaij C ———+ ————— D AW)jf (y)idy
j®j=m k=1 2k+1 HZkQ JXO 1 yJ JXO | yJ
X X ik a0k 1 z @ - .
C k@' 42" ey IDTA(Y)Iif (v)idy
j®j=m k=1 ! I 2k
X X
C k@' *+217)
j®=m k=1
ID®Ajiexp 1. 241 0lif liLiogL: 261 @ + 1ID ®Ajiemo M (f )(x)
C jiD®Ajiemo (ML iog L (F)(X)+ M (f)(X))
i®j=m
C jiD®Ajismo M 2(f )(x):
i®j=m
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Weighted Estimates for Multilinear Operators 617

From the above estimates, we know that Theorem 2 and Corollary hold forgy .
Application 3. Marcinkiewicz operator.

Let - be homogeneous of degree zero oR" and ,, ; -( X9d¥%x% = 0. As-
sume that- 2 Lip-(S"i ) for 0 <° - 1, that is there exists a constantM > 0
such that for any x;y 2 S"i 1 j-(x)j -(y)j - Mjxi yj . The multilinear
Marcinkiewicz operator is de ned by(see[9])

HZ 4 M1=2

. o dt
LA(f)(x) = . RO )(X)Jzt—3 ;
where Z ( ) R A )
UXiy m+1 (AX)Y
FA(F)(X) = . 2 . : f (y)dy;
e (1)) iy X0 YN Xy )y
we write that b
Fo(F)(x) = XY ¢ )y
iXi yj t JXi anl
We also de ne that
HZ 1 ﬂl:z

L= RS

which is the Marcinkiewicz operator(see [16]);
Let H be a space of functionsh : [0;+1) ! R, normed by jjhjj =

YL jh(t)j2d=tt 12 < 1. Then, itis clear that

Lo (F)() = jiF(F)0ii and 22 (F)(x) = jiFS (F)()ii:

Now, we will verify that 1 # satis'es the size condition in Theorem 2. In fact,
for a cube Q = Q(xp;d) with suppf %2 (2Q)¢, x 2 Q = Q(Xp;d), we have

HEA (00§ FA ()0
Z,Z . -
- iy e

(y)dy

0 ixi oyt

Z > 1.
-( Xoi Y)Rm(A;Xo;Y) ~ dt
i . o f(y)dy= <A
- I ixoi v t jXoi yjm*tnil (y)dy. t3
Az, =z i
L = (Xi YXi y)°®
jej=m 0 ixivyit jx i yjmrnit
! 5 li=
z ! 5
(Xoi VXoi VN e = dt
[ . ~— DOA(y)f (y)dy= <A
ixoi yi t ]XOI me+n| 1 (y) (y) Y. t3
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618 Liu Lanzhe

0 n 1 _
zZ, Z ) - _ #s 1=2
-( X Rm (A %;¥)j. , dt
@ - (X Y)”-m”l(n- : y)JJf(y)de dtp
0 iXi yir t jxoi yj>t IXiy) ' t
0 i # 1o
Z, Z ) N . 2
-( Xoi Rm (A5 Xo0:Y)] . . dt
+ @ j=( 0i y)u -ﬂ(n-lo y)ljf ity LA
0 iXi yi>t jxoi yi- t_ Xoi yjmr t
z, 'z —
. =(Xi Y)Rm (&%)
0 ixi vic tixoi yi- t jxi yjmnil
- #, Lli=
C(Xoi YRm(AXo;Y) T, dt o
jXOi yjm+ni 1 _Jf (Y)de t_3
A =
Z,Z V]
0 = (Xi Y)Xi 9®
Gem 0 iyt Ixiymenid
-
Z ! - 1=2
(%00 V(Xoi V® e ~ dt
: AN DOA(Y)f (y)dy— A
ixoiyi ¢ JXoi yjmrmil W MdY= 5
= J1+J2+J3+J4
and
. . .AZ -
I it WIiRm (A7 % Y)] dt dy
RN J1Xi yjm+ni 1 [ t3
. .. . M=
it WIiRm (A;xy)j o i 1 1 Zdy
R X yjmrnil Xi vz ixoi V2

it (NiiRm (A X)) iXo i lezzd

C . e : o
oy IXi yjmrnilojxij yj32

X ps

C jiD®Ajjismo k2 k=2j2x1 Qji if (y)idy
j®=m k=1 21 Q

C jiD®Ajismo M (f)(x);
i®=m

P
similarly, we have J, - C i®j=m iD®Ajjsmo M (f)(x);
For Js, by the following inequality (see [16]):
- - M. . : .
—(Xiy) o AAXei¥) = o7 Xi Xl [Xi Xof
xiyinittojxei yjnit Xoi yi"  jxoi yjini 1’

we gain
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Weighted Estimates for Multilinear Operators 619

X ¢ : IX'i Xoj iXi Xoj
Ja oo C jiD®Ajj . =+ - ——
3 j®j:mll JiBMO 20)° Jxoﬁi\ vin T iXoi Y™ 1+I
T1=2
’ at

N LY

iXoi yir tixi yj- t
X X .
C  jiD®Ajiemo k(21 ¥ +21 )M (f)(x)
j®=m k=1
C iiD®Ajismo M (f )(X);
i®j=m
For J4, similar to the proof of J;, J, and J3, we obtain
4 . .
X X M ix i xof

Jal j@=m k=1 2t Qn2Q X0l yjrt
. = . o 1
X Xojt? Xi X . e
ot T gy IO AW iy
D R | o
c k(2" ®+21 2+ 21 ).2.(+l Qi JDAW)IIf ()idy
j®=m k=1 J 12k+1 Q
X
C jiD®Ajismo M 2(f )(X):
i®=m
Thus, Theorem 2 and Corollary hold fort 4.
Application 4. Bochner-Riesz operator.
Let BE(ff{») = (1 | t%»?2)*f(»). Denote
z
Rm+1 (A;XY)

B2 (F)(x) = BE(X i y)f (y)dy;

rRoo XYM
where B#(z) = ti "B*(z=t) for t > 0. The maximal multilinear Bochner-Riesz
operator is de ned by(see[9])

BLa(f)(x) = sup B2 ((F)(X)i:

We also de ne
BZ(f)(x) = Stg%jBt*(f Y(X)J;

which is the maximal Bochner-Riesz operator (see [10][11]).
Let H be the space of functionsh(t) such that jjhjj = sup jh(t)j < 1 , where
>0

h(t) maps [0;+1 ) to H. Then it is clear that
Ba(f)(x) = jiB{(f)(X)ij and BLa(f)(x) = jiBL ((f)(X)ii:
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Now, we will verify that BiA;n satis es the size condition in Theorem 2. In fact,
for a cube Q = Q(xo;d) with suppf ¥2(2Q)¢, x 2 Q = Q(Xo;d), we have

R h. ]
BA(F)(X) i BAE(F)(X0)= gn i)y Biloid) g (ax:y)f (y)dy

iXi yjm iXoi yim
B* . . . . .
“n W[Rm(ﬁr,x,y) i Rm(A&;x0;y)]f (y)dy
P BE(Xi y)(Xi ¥)® . Bi(xoi ¥)(Xoi Y)°
I j®=m é R" t Xj;uyyj):1I i Xioxio)i/ y}(”?l * DEACY)T (y)dy

=L+ L+ Ls:

Consider the following two cases:
Case 1. 0<t - d. In this case, notice that (see [11])

jBi(Z)j : C(l + Jz])l (£+( n+1) :2);

we obtain
. . ‘n f '-Rm A‘;X; . . - ‘ e =
JLlj . Ct' J (y)” : ( > Y)J (l+ iX i y]=t)l (£+( n+1) 2)dy
Xoi Y]
R"nQ
X X Z | ]
C iD%Ajewo t" kM ixi yj=t! G Dy
i®j=m k=0

2k+1 ankQ

X X
c ij®AjjBMO (tzd)ii (ni 1)=2 k2k((ni 1)=2j i)M (F)(x)

j®j=m k=1
C jiD®Ajiemo M (f)(x);
i®=m
iLoj - Cti " if (¥)ijRm (A-.;X;y) i. Rm (A Xo0;Y)] 1+ x| yj:t)i (2+( n+1) =2) dy
Xoi yjm
R"nQ
c jiD®Ajjsuo t' "
j®j=m
X z i (V)
JX l. Xo]) (y)J (1+ jX i yj=t)i (2+( n+1) =2) dy
Xoi VYl
k=0 2k+1 ankQ
X ®
C iiD " Ajismo M (f)(x);
j®j=m
X H X Z ® i (£+( n+l) =2
jLsj - C thn ifMID AL+ jxo i yj=t)! ®(" P dy
i®j=m k=0 2k+1 ankQ
X . nilX k(u'ﬂ 1 Z L ® ® .
cC (=) 2 AN 2 q IFYID A() i (D A)gidy
j®=m k=0 J Jzkﬂ Q

X
c jiD®Ajiemo M2(f)(x):
i®j=m
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Case 2. t > d. In this case, we chooser such that (nj 1)=2 < %9 <
min(z;(n + 1) =2), notice that (see [11])

iBXE(Xi y)i B*(xoi Y)i- Cixi Xoj(L+ jxi yj)i &(n+D=2;

similar to the proof of Case 1, we obtain

Z
. i if (MiiRm (A XY)j. . . i (f0H(n+1) =
jiLij - cti " J (Y)J] . ('m+1 y)JJXOi Xj(L+ jXoi Yj=t)' (o+( n+1) 2)dy
Xoi Yl
R"nQ@Q
+Ctinit if ()/)_JJRr.n(A:ilxiy)Joni Xji(L+ jxoi yj=t)' (x0+( n+1) :Z)dy
JXoi Yl
R"nQ@
X Lo R R
c ij®AjjBM0 (d:t)(n+l) =2j %o KK (ni D=2i o)\ ()(x)
i®j=m k=1
c jiD®Ajismo M (f)(x);
j®j=m
L nf IRm(A:X;¥)i Rm(A;X0:Y)j . o (404 1) =
]I—ZJ ) Cti J (y)” ( k y) |.m ( 0 y)] (l+ iXoi yJ:t)l (f0+( n+1) Z)dy
Xoi Y]
R"nQ@Q

X X
C ij®AjjBMO (d:t)(n+l) =2j *o 2k((ni 1) =2j iD)M (f )(X)

j®=m k=1
C jiD®Ajismo M (f)(x);
j®=m
I X (n+1) =2 :oX K((ni D=2i x) 1 z N ®
jLsj - C (d=t) 2 12’”—le if (¥)iiD " A(y)jdy
j®j=m k=0 , 2K+l g
¢ T inmow 1T intan) 0% Aiy
'2I<+1 QJ ! Q
j®j=m k=1 ] 2kl g

X
c jiD®Ajismo M 2(f )(x):
j®=m
Thus, Theorem 2 and Corollary hold for B2,.
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