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Abstract.  Let A be an Azumaya algebra over a smooth projective
variety X or more generally, a torsion free coherent sheaf of algebras
over X whose generic ber is a central simple algebra. We show that
generically simple torsion free A-module sheaves have a projective
coarse moduli scheme; it is smooth and even symplectic if X is an
abelian or K3 surface and A is Azumaya. We explain a relation to
the classical theory of the Brandt groupoid.
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Introduction

Let X be a smooth projective variety, e.g. a surface, over an algebraically
closed eldk. Let A be a sheaf of Azumaya algebras oveX or more generally,
a torsion free coherent sheaf of algebras oveX whose generic berA- is a
central simple algebra over the function "eld of X . This paper is about moduli
schemes of generically simple, locally projectivé\-module sheaves.

These moduli schemes are in close analogy to the Picard variety oK. In
fact, our main result says that we do not need any stability condition for our
sheaveskE to construct coarse moduli schemes parameterizing them, say with
“xed Hilbert polynomial or Chern classes. We nd that these schemes are in
general not proper overk, but they have natural compacti cations: Working
with torsion free sheavesE instead of only locally projective ones, we obtain
projective moduli schemes.

This gives lots of interesting moduli spaces, which certainly deserve further
study. For example, we show in section 3 that they are smooth projective and
even symplectic if X is an abelian or K3 surface andA is an Azumaya algebra.
They are also related to classifying isomorphism types of Azumaya algebras
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370 Norbernt Hoffmann, Ulrich Stuhler

A in a given central division algebraA- = D, a topic already present in the
classical literature on algebras; this relation is explained in section 4.

We construct these moduli schemes in section 2. We use standard techniques
from geometric invariant theory (GIT) and a boundedness result, which has
been known for some time in the case of characteristic chak( = 0, but is one of
the deep results of A. Langer in [9] for chark) = p > 0. Our construction works
for any integral projective schemeX over k; the precise setup is formulated in
section 1. As M. Lieblich has pointed out to us, this construction can also be
seen as a special case of Simpson's general result [16, Theorem 4.7], at least if
char(k) = 0; for char(k) = p > 0 see also [10].

In section 3, we apply deformation theory to our A-modules, mainly in the case
where X is a surface andA is an Azumaya algebra. Besides the smoothness
mentioned above, we also show here that torsion free sheaves are really neces-
sary to obtain projective moduli schemes, because locally projective sheaves of
A-modules can degenerate to torsion free ones.

During the "nal preparations of this paper, we were informed about the MIT-
thesis of M. Lieblich [13, 12]. This thesis works much more systematicj
and abstractly and contains several results similar to ours in the language fo
algebraic stacks. We thank A. J. de Jong and M. Lieblich for informations
concerning their work. Similar results have also been obtained independently
by K. Yoshioka [17]; they have been used by D. Huybrechts and P. Stellari
[8] to prove a conjecture of Caldararu. We thank F. Heinloth, J. Heinloth, Y.
Holla and A. Langer for useful comments and discussions.

1 Families of A-modules

Let X be an integral projective scheme over the algebraically closed eld.
Throughout this paper, A denotes a sheaf of associativ®y -algebras satisfying
the following properties:

1. As a sheaf ofOyx -modules, A is coherent and torsion free.

2. The stalk A- of A over the generic point” 2 X is a central simple algebra
over the function "eld F = k(X) = Ox- .

For example, X could be a smooth projective variety overk, and A could be a
sheaf of Azumaya algebras oveK .

Remark 1.1 If dim X =1, then A- is a matrix algebra overk(X) by Tsen's
theorem. So the st interesting case is dimX = 2.

Our main objects will be generically simple torsion freeA-modules, i. e. sheaves
E of left A-modules overX which are torsion free and coherent a®©yx -modules
and whose generic "berE- is a simple module over the central simple algebra
A-. By Wedderburn's structure theorem, we haveA- 2 Mat(n £ n;D) for a
division algebraD, say of dimensionr? over k(X ); that E- is simple means that
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Moduli Schemes of Generically Simple Azumaya Modules 371

it is Morita equivalent to a one-dimensional vector space oveD. In particular,

E has rankr2n over Oy .

Note that any such A-module E has only scalar endomorphisms: Indeed,
Enda (E) is a nite-dimensional k-algebra; it has no zero-divisors because it
embeds into the division algebra Eng,. (E-) 2 D°P. This implies Enda (E) = k
becausek is algebraically closed.

Lemma 1.2 Suppose thatk p K is a "eld extension, and letK (X ) be the
function "eld of Xk := X £y SpecK. If D is a nite-dimensional division
algebra overk(X), then Dk := D - (x) K(Xk ) is a division algebra, too.

Proof. Since k is algebraically closed,k(X) - x K is an integral domain; its
guotient "eld is K (X ). Suppose thatDy contains zero divisors. Clearing de-
nominators, we can then construct zero divisors irD - (x ) (k(X)- ¢ K), which
is clearly isomorphic to D - ¢ K. Consequently, there is a "nitely generated
k-algebraA 1 K such that D - ¢ A contains zero divisors. These zero divisors
are automatically nonzero modulo some maximal ideam %2 A, soD - ¢y A=m
also contains zero divisors. ButA=m 2 k by Hilbert's Nullstellensatz; hence D
contains zero divisors. This contradiction shows thatDk has to be a division
algebra if D is. O

Corollary 1.3 If E is a generically simple torsion freeA-module, then the
pullbackEx of E to Xk is a generically simple torsion free module under the
pullback Ak of A.

Proof. Ek is clearly torsion free and coherent oveOy , . Since the generic ber
of E is Morita equivalent to a one-dimensionalD -vector space, the generic ber
of Ex is Morita equivalent to a one-dimensional Dk -vector space; henceEg
is generically simple. O

Definition  1.4. A family of generically simple torsion freeA-modulesover a
k-schemeS is a sheafE of left modules under the pullbackAs of Ato X £ S
with the following properties:

1. E is coherent overOx ¢, s and °at over S.

2. For every point s 2 S, the ber Es is a generically simple torsion free
Ay(s)-module.

Here k(s) is the residue "eld of S at s, and the "ber Es is by de nition the
pullback of E to X £ Speck(s).

We denote the corresponding moduli functor by
M = Ma=x :Sch | Sets;

it sends ak-schemesS to the set of isomorphism classes of familieg of generi-
cally simple torsion free A-modules overS. Our main goal is to construct and
study coarse moduli schemes for this functor.
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372 Norbernt Hoffmann, Ulrich Stuhler

If E is a family of generically simple torsion freeA-modules overS, then there

is an open subset ofS above which theseA-modules are locally projective.

However, we work with all torsion free A-modules because they satisfy the
following valuative criterion for properness:

Proposition 1.5, Let V be a discrete valuation ring overk with quotient "eld
K. Then the restriction map

M (SpecV) i M (SpecK)
is bijective.
Proof. Let %2 V be a uniformising element, and letl = V%) be the residue
“eld of V. We denote by

Xt Xy A X

the open embedding of the generic "ber and the closed embedding of the special
“ber; here Xa := X £y SpecA for any k-algebra A. Let ~ (resp. ») be the
generic point of X (resp. of X;), and let

j- :SpecOx, - I Xy (resp.j,:SpecOx,» i Xv)

be the “inclusion' morphism of the subsetf g (resp. f»;’g) into Xy. Let
E 2 M (SpecK) be an Ak -module.

Assume given an extensiorE 2 M (SpecV) of E. Then E embeds canonically
into joE; in particular, the stalk E, over the discrete valuation ring Ox, :»
embeds into the generic "berE- . Eis uniquely determined by E and E, because

E:juE\ j»;nE»Hj';uE'; (1)

this equation follows easily from the assumption that the special "beri°E is
torsion free, cf. the proof of [11, Proposition 6].

Moreover, the A-stable Oy, .»-lattice E, % E- is unique up to powers of%
because its quotient moduloYiis a simple module under the generic "ber ofA,
by corollary 1.3. This implies that E is determined by E up to isomorphism,
thereby proving injectivity.

To prove surjectivity, we construct an extension E of E as follows: The simple
A--module E- is Morita equivalent to a one-dimensional vector space over the
division algebraDk = D - y(x) Ox, ;. Inside this vector space, we choose a
free module of rank one oveDy := D - y(x)Ox, ;» and denote byE, the Morita
equivalent submodule ofE-. Then we de ne E by (1); this clearly de nes a
sheaf of Ay -modules overXy which is °at over V, whose generic "berj°E is
E, and whose special "beri“E is generically simple. According to the proof of
[11, Proposition 6] again, E is coherent overOx, , and its special ber i°E is
torsion free. This showsE 2 M (SpecV). O
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Remark 1.6. Suppose thatX is smooth. In the trivial case A = Oy, gener-
ically simple locally projective A-modules are just line bundles, so they also
satisfy the valuative criterion for properness; here locally projective andonly
torsion free modules lie in di®erent connected components of the moduli space.
This is no longer true for nontrivial A, even if A is a sheaf of Azumaya algebras
over an abelian or K3 surfaceX : If A- is not just a full matrix algebra over
k(X), then every generically simple torsion freeA-module is a degeneration of
locally projective ones by theorem 3.6.iii below; in particular, the latter do not
satisfy the valuative criterion for properness.

2 Construction of the coarse moduli schemes

We choose an ample line bundl€y (1) on X and put d := dim( X ). As usual,
the Hilbert polynomial P(E) of a coherent sheafE on X with respect to this
choice is given by

X
P(E;m):= AE(m))= (i 1)' dim H'(X;E(m))
i=0

where E(m) :== E-O x(1)" ™. See [7, Chapter 1.2] for details aboutP (E),
in particular for the fact that it is a polynomial of degree d = dim( X) if E is
torsion free.
Recall that the Hilbert polynomial is locally constant in °at families. Keepi ng
it xed, we denote by

M a=x.p :Sch i Sets

the subfunctor of M 5-x that parameterizes families E all of whose "bers E;

have Hilbert polynomial P.

Our “rst aim is to prove that the class M a-x .p (Speck) of generically simple
torsion free A-modulesE with Hilbert polynomial P is bounded (in the sense
of [7, De nition 1.7.5]); this will follow easily from the following apparently

weaker statement:

Proposition  2.1. The class of coherentOx -modulesE with the following two
properties is bounded:

1. E is torsion free and has Hilbert polynomialP.

2. E admits at least oneA-module structure for which it is generically sim-
ple.

Proof. Suppose thatE is such a sheaf onX. We recall a few concepts, which
are all in [7, Chapter 1.2].

_ deg)

tk(E) :=dim ¢ (E-); degE):= ci(E)¢Q ()" *(E): rk(E)
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374 Norbernt Hoffmann, Ulrich Stuhler

denote the rank, degree and slope of. Writing the Hilbert polynomial as

xd M
P(E;m)=  @®(E)
i=0

m+ij 1ﬂ
i

with integral coexcients ® [7, Chapter 1.2], one has

degE) = ®qy; 1(E) i rk(E)®; 1(Ox );

cf. [7, Denition 1.2.11]. As P(E) is xed, it follows in particular that the
slope! (E) = 1 is xed. We denote

1 nax (E) :=maxf1(E) 06 E°u E a coherentOy -subsheaf ofE g:

1 hax (E) is in fact the slope of the rst subsheafEnax U E in the 1t -Harder-
Narasimhan “Ttration of E [7, Section 1.6].

According to a deep result of A. Langer [9, Theorem 4.2], our class oDy -
modules E is bounded if the numbers? o« (E) are bounded from above. To
check the latter, we choose an integerm 2 Z such that the coherent sheaf
A(m) is generated by its global sections. SinceE is generically simple, the
multiplication map

A- Ox Emax i! E

is generically surjective. Consequently, the induced map
HO(A(m)) -k Emax @ E(m)

is generically surjective, too. But E certainly has a ! -semistable torsion
free quotient E®with *(E®% - 1, e.g. the last quotient from the * -Harder-

Narasimhan TTtration of E. It is easy to see that there is a nonzero map
Emax ! E%m), obtained by composing

Emax § E(M)#  E%m):
Since Emax and E%{m) are * -semistable, this implies
Umax (E) = 1 (Emax) - *(E®Im)) = mt (Ox (1)) + *(E% - mt (Ox (1)) + &
This is the required bound for * yay (E). O

According to the proposition, there is an integerm = ma=x .p with the follow-
ing property: For every generically simple torsion freeA-module E with Hilbert
polynomial P, E(m) is generated by global sections, and HE (m)) = 0 for all
i > 0. We keep thism "xed in the sequel and denote byN := P(m) the
common dimension of all the vector spaces HE (m)).

Proposition 2.2 i) There is a "ne moduli scheme R of "nite type over
k that parameterizes generically simple torsion freeA-modules E with
Hilbert polynomial P together with a basis ofH°(E (m)).
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i) For 1 A m, there is an ample line bundleL; on R whose bre atE is
canonically isomorphic to det HO(E (1)).

iii) The algebraic group GL(N) over k acts on R by changing the chosen
bases of theH°(E (m)).

iv) There is a natural action of GL(N) on L, that lifts the action in iii.

v) The scheme-theoretic stabilizer of every point inR(k) coincides with the
scalarsGy, 4 GL(N).

Proof. i) Let Quot, (A(j m)N) be Grothendieck's Quot-scheme parameteriz-
ing coherent quotients E with Hilbert polynomial P of the Ox -module sheaf
A(i m)N. We can take forR the locally closed subscheme of Quet(A(j m)N)
de ned by the following conditions:

1. The quotient sheafE is torsion free.
2. E is an A-module, i. e. the kernel of A(; m)N | E is an A-submodule.
3. As an A-module, E is generically simple.

4. The following composed map is an isomorphism:
KN i@ HO(AN) i HO(E(m)):
Here the left map is given by the unit of the algebraA.

(In particular, this proves that the class of A-modules E in question is
bounded.)

i) By Grothendieck's construction of Quot-schemes, theL, are a fortiori ample
line bundles on Quot, (A(j m)N).

i) and iv) also hold for the whole Quot-scheme, cf. [7, 4.3], and its subscheme
R is clearly GL(N )-invariant.

V) Let E be a generically simple torsion freéA -module with Hilbert polynomial
P. Choose a basis of A(E(m)) and let G p GL(N) be the scheme-theoretic
stabilizer of the corresponding point in R(k). It suxces to show that G and
Gm have the same set of points with values irk and in k["] where"? = 0.
Every point in G(k) corresponds to an automorphism ofE; henceG(k) = k"
becauseE has only scalar endomorphisms.

Similarly, every point in G(k["]) corresponds to an automorphism of the con-
stant family E["] over Spedk["]. Restricting from Speck["] to Speck, we get
an exact sequence

0f Enda(E){1" Endap(E[')# Enda(E)i O;
again becauseE has only scalar endomorphisms, it implies Endg["]) = k["]

and henceG(k["]) = K["]".
This proves G = G,. O
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Theorem 2.3. If | A m, then every point of R is GIT-stable for the action of
SL(N) ¥2GL(N) with respect to the linearizationL,.

Proof. We carry the necessary parts of [7, Chapter 4.4] over to our situation.
Put V := kN; then the points of R correspond to quotients

%V -¢gA(Gim! E:

We "X such a point.
Let V2%V be a proper vector subspace, and put

E%:= %V ( A(i m)) u E:

Then ECis an A-submodule ofE with nonzero generic “bre; sinceE- contains
no proper A- -submodules, this impliesE® = E-. SoE and E° have the same
rank, i. e. their Hilbert polynomials have the same leading coexcient. Hence

dim(V) CACEY1)) > dim(V9 ¢A(E (1)) )

if 1 is suxciently large. (We can nd one | uniformly for all V° because the
family of vector subspacesv®% V is bounded.)
After these preliminaries, we can check that our point%2in R satis es the
Hilbert-Mumford criterion for GIT-stability, cf.[7, Theorem 4.2.11]. So consider
a nontrivial one-parameter subgroup, : G ! SL(V) = Slt( N); we will rather
work with the associated eigenspace decompositioh = .V, where G,
acts onV, with weight n.
Let R be the closure ofR in the projective embedding given byL; this is also
the closure ofR in Quot, (V- K A(j m)) because theL, are ample on the whole
Quot-scheme. We have to look at the limit lim;, o, (t) ¢¥2in R. This is a xed
point for the G, -action, so G, acts on the "bre of L, over it, necessarily with
some weightj 11 (%)) 2 Z; what we have to show for stability ist ' (¥4; ) > 0.
First we describe the limit point lim, ¢, (t) ¢%2as a point in the Quot-scheme.
We put
M
V.= Vo uV and E. ., =%4V. h-A(i m) u E:

o. n
+ +
Then V, = V. V., 1;we putE, := E. y E. »; 1, thus obtaining surjections
Ya:Vh-kA(Gim)i Eq:
Then M M

= Ya:V-A(G m)i En
n2z n2z

is also a point in Quots (V - « A(j m)); it is the limit we are looking for:

L= It|!mo, (1) ¢va:
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To prove this, just copy the proof of [7, Lemma 4.4.3], replacingOx (j m) by
A(i m) everywhere.
The second step is to consider the bre ol over % It is by de nition

M
detHY( En();
n2z

this is canonically isomorphic to the tensor product of the determinant of co-
homology of the E, (). Now G, acts onV, with weight n, so it acts on the
“ber in question with weight

X .
b (Ve ) = n ¢A(E,(1));
n2z

cf. [7, Lemma 4.4.4].
Finally, we use the preliminaries above to estimate this sum. If we apply (2
to Vo= V. ,, E®= E. , and sum up, we get

idim(V) CAE. (1)) i dim(V. ,) ¢A(E(I))¢> 0; (3)
n2z

note that only "nitely many summands are nonzero becauseV. ,, is zero orV
for almost all n since almost allV,, are zero. Put

an :=dim( V) ¢AEq(1)) i dim(Va) CAE(D));

again, all but "nitely many of these integers are nonzero, and

X
a, =dim( V) ¢AE()) i dim(V) ¢AE(1))=0:
n2z

. P
If we write a. n := ., @, then

because the sum of thea, is zero. Hence (3) is equivalent to

n dim(V) CAGE(1)) i dim(Va) CAE()" < O:
n27z

P
But ,ndimV, = 0 becauseG,, acts onV with determinant 1. Thus we
obtain i ¢
n dim(V) ¢A(E, (1)) < 0O;

n2z
i.e.j Y1 (¥;)) ¢dim(V) < 0. This proves that the Hilbert-Mumford criterion
for GIT-stability is satis ed here. O
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378 Norbert Hoffmann, Ulrich Stuhler
Now we can state our main result. See [15] for the concepts "geometric quotient'
and “coarse moduli scheme'.

Theorem 2.4 i) The action of GL(N) on R described in proposition 2.2.iii
above admits a geometric quotient
2

MA:X P = GL( N) R
which is a separated scheme of "nite type ovek.

i) The quotient morphism
Ri  Ma=x:p

is a principal PGL(N)-bundle (locally trivial in the fppf-topology).
iif) Mazx.p is a coarse moduli scheme for the moduli functoM 5-x .p.
ivV) Ma=zx .p is projective over k.

Proof. i) According to geometric invariant theory [15, Theorem 1.10 and Ap-
pendix 1.C] and theorem 2.3 above, the action of SIN) on R admits a geo-
metric quotient M 4 =x .p Which is quasiprojective overk. Then Ma-x .p is also
a geometric quotient for the action of GL(N) on R because both groups act
via PGL(N) = PSL(N).
if) This morphism is atne by its GIT-construction. According to [15, Propo-
sition 0.9], it suxces to show that the action of PGL(N) on R is free, i.e.
that

A:PGL(N)ER] RER; (g;r) 7! (g¢r;r)

is a closed immersion. The “bers ofA over k-points of R £ R are either empty
or isomorphic to Speck by proposition 2.2.v above; furthermore, A is proper
due to [15, Proposition 0.8]. HencéA is indeed a closed immersion.

i) Part i implies that M 5 -x .p is a coarse moduli scheme for the functor

GL(N)nR : Sch, { Sets

that sends ak-schemeS to the set of GL(N )(S)-orbits in R(S). However, this
functor is very close to the moduli functor M = M p=x .p:

We have a morphism from the functor represented byR to M ; it simply forgets
the extra structure. If S is a scheme ovek, then two S-valued points of R have
the same image inM (S) if and only if they are in the same GL(N )(S)-orbhit.
Thus we get a morphism of functors

A:GL(N)NR { M

which is injective for every schemeS over k. The image of A consists of all
sheavesE 2 M (S) for which the vector bundle proE(m) over S is trivial, where
pr: X £¢xS! Sis the canonical projection.
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In particular, Ais bijective wheneversS is the spectrum of a "eld, and it induces
an isomorphism between the Zariski shea cations of both functors. It follows
that M 5 =x .p is also a coarse moduli scheme for the functoM .

iv) We already know that M o-=x .p is quasiprojective. Furthermore, it satis es
the valuative criterion for properness by proposition 1.5. O

In particular, the moduli functor M 5-x of all generically simple torsion free
A-modules has a coarse moduli scheme
a
Ma=x = Ma=xp
P

which is a disjoint sum of projective schemes ovek. If X is smooth of dimension
d, then we have another such decomposition

a
MA:X = MA:X;cl;:::;cd

given by "xing the Chern classesc; 2 CH'(X ), the Chow group of cycles modulo
algebraic equivalence. Indeed, each M-x .c,...c, iS open and closed in some
Ma=x .p WhereP is given by Hirzebruch-Riemann-Roch.
If X is a smooth projective surface, then this decomposition reads

a

Ma=x = Ma=x :c;:c-
c12NS(X)
Ccp2Z

3 Deformations and smoothness

We introduce the usual cohomology classes that describe deformations of a
coherent A-module E, following Artamkin [1]. By de nition, a deformation E
of E over a local artinian k-algebra (A; m) with residue “eld k is a (°at) family E
of coherentA-modules parameterized by Sped together with an isomorphism
k- AE2E.

Consider st the special caseA = k['] with "2 = 0. Then we have an exact
sequence ofA-modules

¢

of ki K[t ki O 4)

By de nition, the Kodaira-Spencer classof the deformation E over k["] is the
Yoneda extension class

ks(E):=[0 1 E{E{ Ei 0]2Extk(E;E)
obtained by tensoring (4) over A with E.

Lemma 3.1. The Kodaira-Spencer mapks is a bijection between isomorphism
classes of deformations oE over k["] and elements ofExt} (E;E).
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Proof. Let E be an A-module extension ofE by E. Then E becomes arA["]-
module if we let " act via the composition E?® E | E . According to the
local criterion for °atness [4, Theorem 6.8], E is °at over k['] and hence a
deformation of E. This de nes the required inverse map. O

Now let (A; m) be arbitrary again, and let A be a minimal extension ofA. In
other words, (A; m) is another local artinian k-algebra with residue "eld k, and
A 2 A=(°) where® 2 A is annihilated by m. Then we have an exact sequence
of A-modules

0i ki® mi Ai{ ki o (5)

By de nition, the obstruction classof the deformation E over A is the Yoneda
extension class

ob(E;k,|¢0 A3 A):=[0{ Ei!@ m-AE{E]| Ei{ O0]2 Exti(E;E)

obtained by tensoring (5) over A with E. Whenever we want to mention A, we

write ob, instead of ob; on the other hand, we may omitk ,!@ A3 A if they
are clear from the context.

Lemma 3.2 The obstruction classob(E; k ,I@ A3 A) vanishes if and only if
E can be extended to a deformatiorE over A.

Proof. If E is a deformation over A extending E, then we can tensor it overA
with the diagram

0o—k S ——I—b

kL
0 /L“’/k -

this gives us a morphism of short exact sequences éf-modules

o— 1% Ma- yE— - ,E—b

kL

' Ik / It

The existence of such a morphism implies oli; k ,I@ A3 A) =0 due to the
standard exact sequence

iExti (E;E) | Exta(m- A E;E){ Extz(E;E):::

Conversely, obg; k ,!@ A3 A) =0 implies the existence of such a morphism
of short exact sequences oA-modules. ThenE becomes anA - ( A-module
if we let any a 2 m % A act via the compositon E3 Ef -~ m-.E! E
According to the local criterion for °atness [4, Theorem 6.8],E is °at over A
and hence a deformation oft extending E. O
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In the special caseA = k['] and A = k[#] with +*> = 0, we note that (5) is the
Yoneda product of (4) with itself and hence
ob(E; k Ti k[z]® K[']) =ks(E) £ ks(E): (6)
From now on, we assume thatX is smooth. Then we have a trace map
tro, : Exto, (E;E)# H(X; Ox)

for every coherentOx -module E: it is de ned using a nite locally free resolu-
tion of E, cf. [7, 10.1.2]. IfE is a coherentA-module, then we de ne the trace
map tr =tr o-o, as the composition
. . 1) .
tr=tr oo, :Exty (E;E)§ Exth (E;E){ °* HI(X; Ox)

where the rst map is induced by the forgetful functor from A-modules to
Ox -modules. Similarly, one can de ne a trace map

trlo, (EXta(E;E - o, 'x) 1 H(X! x)

where! x is the canonical line bundle onX; cf. [7, p. 218].

Now suppose thatE is a deformation of E over A. Then we have a line bundle
detE over X5 = X £ SpecA: it is de ned using a nite locally free resolution
of E as anOx , -module, cf. [7, 1.1.17 and Proposition 2.1.10].

Proposition 3.3, If A is a minimal extension of A, then
troba(E;k ! A3 A))=obo, (detE;k ! A3 A)2 H?*X; Ox):
In particular, tr(oba (E)) =0 if the Picard variety Pic(X) is smooth.

Proof. The forgetful map Ext(E;E) ! Ext3 (E;E) maps obs(E) to
obo, (E) by de nition. It is known that tr o, maps the latter to obo, (det E);
cf. Artamkin's paper [1] for the computation. O

For the rest of this section, we assume thatA is even a sheaf of Azumaya
algebras over the smooth projective varietyX of dimensiond.

Proposition 3.4 Every coherent sheafE of A-modules has a resolution of
length - d=dim( X) by locally projective sheaves oA-modules.

Proof. If m is suzciently large, then the twist E(m) is generated by its global
sections; this gives us a surjection@ of Eg := A(j m)N onto E for someN.
Applying the same procedure to the kernel of@ and iterating, we obtain an
in nite resolution by locally free A-modules

i Eyg i!@ Edjl:::Eli!@ Eoi!@ E:
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We claim that the image of @ is locally projective over A; then we can truncate
there, and the proposition follows.

It suzces to check this claim over the complete local rings(ﬁx;X at the closed
points x of X ; there A becomes a matrix algebra&y, so the resulting A -
modules Ej; are Morita equivalent to Ox, -modules. SinceOx.x has homo-
logical dimensiond, the image of @y : Eqx ! Eg; 1x iS projective over Ay.
Hence the image of@ is indeed locally projective overA. O

Our main tool to control the extension classes introduced above will be
the following variant of Serre duality. To state it, we X an isomorphis m
HI(X;! x) 2 k.

Proposition 3.5, We still assume thatX is smooth of dimensiond and that
A is a sheaf of Azumaya algebras. I1E and E° are coherent A-modules, then
the Yoneda product

Exty (E;E9 - Extd (ECE- Ix){ Ext(E;E - !x)

followed by the trace map

o (EXtA(E;E - 1x) @ HIX!x) 2K
de nes a perfect pairing of “nite-dimensional vector spacesover k.

Proof. We start with the special case that E and E° are locally projective
over A. Then the Ext-groups in question are Zariski cohomology groups of
the locally free Ox -module sheavesHoma (E;E9 and Homa (EGE) - ! x.
But Homp (E;E9 and Homa (E%E) are dual to each other by means of an
appropriate local trace map, using the fact that the trace mapA- o, A!O

is nowhere degenerate becausg is Azumaya. Hence this special case follows
from the usual Serre duality theorem for locally freeOx -modules.

If E and E° are not necessarily locally projective overA, then we choose -
nite locally projective resolutions, using proposition 3.4. Induction on ther
length reduces us to the case wher& and E° have resolutions of length one
by A-modules for which the duality in question holds. Now Ext, (E; E9 and
Ext% '(E%E - !)da are +-functors in both variables E and E°, and the pair-
ing de nes a morphism between them. An application of the ve lemma to
the resulting morphisms of long exact sequences proves the required induction
step. O

Theorem 3.6. Let X be an abelian or K3 surface ovek, and let A be a sheaf of
Azumaya algebras oveiX . SupposeA- 2 Mat(n £ n;D) for a central division
algebraD of dimension r? over the function “eld k(X ).

i) The moduli space Ma-x of generically simple torsion free A-modulesE
is smooth.
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i) There is a nowhere degenerate alternating2-form on the tangent bundle
of Mp=x .

i) If r, 2, then the open IocusM',fzx of locally projective A-modulesE is
dense iNMa =x .

iv) If we "X the Chern classesc; 2 NS(X) and ¢, 2 Z of E, then
dimMa=x .c;.c, =¢ =(nr)? i ca(A)=n?i r?A(Ox)+2
where ¢ =2 r?ncy i (r?nj 1)c is the discriminant of E.
Proof. i) We have to check that all obstruction classes
obp (E;k ! A3 A)2 Extz(E;E)

vanish. Pic(X) is known to be smooth; using proposition 3.3, it sutces to show
that the trace map

trazo, :ExtA(E;E) i H?(X; Ox)

is injective. But it is straightforward to check that this map is Serre-dual to
the natural map
HO(X;! x) @ Homa(E;E - !'x);

which is an isomorphism becausé x is trivial and E has only scalar endomor-
phisms.

i) Mukai's argument in [14] carries over to our situation as follows. We "x an
isomorphism! x 2 Oy . The Kodaira-Spencer map identi es the tangent space
TiejMa=x with Ext % (E; E). On this vector space, the Serre duality 3.5 de nes
a nondegenerate bilinear form. Indeed, this form is just the Yoneda product

Extx (E;E)- Exti(E;E){ Exti(E;E);

the right hand side is isomorphic to k by Serre duality again. Equation (6)

implies that this bilinear form is alternating because all obstruction classes
vanish here.

ii) Let E be a generically simple torsion freeA-module, and let Quot (E=A) be

the moduli scheme of quotientsE 3 T whereT is a coherentA-module of "nite

length |. This is a closed subscheme of Grothendieck's Quot-scheme Qupt(E)

parameterizing those exact sequences of coherent sheaves 0E°! E ! T !

0 for which EC%is an A-submodule, i. e. the composition

A- EONA- E}°

E: T

vanishes; here r)? = rk( A). In particular, Quot |(E=A) is projective over K.
We show by induction that Quot,(E=A) is connected; cf. [7, 6.A.1].

Let Drap,,,, (E=A) be the moduli scheme of iterated quotientsE * T; 3 T,
where T; is a coherentA-module of "nite length |; for i = 1;2; this is again
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a closed subscheme of some Flag-scheme [7, 2.A.1] and hence projective over
k. Sending such an iterated quotient toT; and to the pair (T,; supp(T:=T>))
de nes two morphisms

Quot,,; (E=A) A' Drap,,;,(E=A) {** Quot|(E=A) £ X:

Using Morita equivalence over the complete local rings at the support of torsia
sheaves, it is easy to see tham and [, are both surjective; moreover, the "bers
of |, are projective spaces and hence connected. This shows that Quot (E=A)
is connected if Quot(E=A) is; thus they are all connected.

Let E still be a generically simple torsion freeA-module; we have to show that
its connected component in My=x contains a locally projective A-module. Let

E® := Homg, (E; Ox)

be the dual of E; this is a sheaf of right A-modules. The double dualE™ is
a sheaf of left A-modules again; it is locally free overOx and hence locally
projective over A. We have an exact sequence

of Ef" E™=1" Ti 0
whereT is a coherentA-module of nite length |. There is a natural map
QUOt|(Eun:A) il MA:X

that sends a quotient to its kernel; since Quot(E""=A) is connected, we may
assume thatT is as simple as possible, i. e. that its support consists dfdistinct

skyscraper sheaves of length one.
In this situation, we adapt an argument of Artamkin [2] to show that E can be
deformed to a locally projective A-module if r | 2. We consider the diagram

Extl (E;:E) ——Ext2 (T;E) — 2 JExt2 (E™:E)

T
2

Ext4 (T;E®)

U 2 oo
—  Exti(Tx,;E™):
i=1

Here%Z is Serre-dual to% : Homa (E;E®®) ! Homa (E; T) because! x 2 Oy.
But the only morphisms from E to E"" are the multiples of {i hence¥4 = 0,
and the connecting homomorphismz from the long exact sequence is surjective.
T corresponds under Serre duality and Morita equivalence to the direct sum
of the restriction maps

Homo, (O :kx,) @ Homo, (my, ©O5i % ky,)
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where Oy = éX;x is the complete local ring ofX at x, my i O  is its maximal
ideal, and ky = Oyx=my is the residue "eld. Assumingr , 2, these restriction
maps are obviously nonzero.

Hence there is a class 2 Ext; (E; E ) whose image in Exg, (Ty, ; E°®) is nonzero
for all i. Since all obstruction classes vanish, we can nd a deformatioiE of E
over a smooth connected curve whose Kodaira-Spencer class»sit remains to
show that a general "ber E° of E is locally projective over A.

Forming the double dual, we get an exact sequence

oif E°% (E9™¢ T o
An explicit computation using Morita equivalence shows that the forgetful map
K™ 2 Ext2 (TqE™) @ Extd (Tx E™)2 k"""

is injective. Hence the Kodaira-Spencer class oE in Ext}jx (E;E) also has
nonzero image in ExtéX (Tx,; E™®) for all i. According to [2, Corollary 1.3 and
the proof of Lemma 6.2], this implies that EC is less singular thanE, i.e. the
length of T? as an Ox -module is strictly less than nr at every point of its
support. But T%is an A-module, so these lengths are all divisible byir ; hence
T9=0, and EC%is locally projective over A.

iv) Using i and iii, it suxces to compute the dimension of

TiejMa=x 2 Extj (E;E) 2 HY(Enda (E))

for a generically simple locally projective A-module E. Note that H® and H?
are Serre-dual to each other and hence both one-dimensional here.

The endomorphism sheafEnda (E) is an Azumaya algebra of rankr? over X ,
and the natural map

A- o EndA(E) i Endo>< (E)

X

is an isomorphism; this is easily checked by reducing to the case thaA is a
matrix algebra. Furthermore, c;(A) is numerically equivalent to zero because
A 2 Adal ysing the trace overOy ; similarly, c;(Enda (E)) and ci(Endo, (E))
are also numerically equivalent to zero. Using this, the formalism of Chern
classes yields

rca(A) + (nr)’c(Enda (E)) = ¢ (@)

where ¢ is the discriminant of E as above. Hence
A(Enda (E)) = i ¢ =(nr)®+ c(A)=n”+ r?A(Ox)
by Hirzebruch-Riemann-Roch. O
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4 Left and right orders

We still assume that X is smooth projective of dimensiond and that A is a
sheaf of Azumaya algebras ovel ; furthermore, we suppose that the generic
"ber A- is a division algebra D of dimension r? over k(X). In this case,

generically simple locally projective A-modules are just locally freeA-modules
of rank one; of course every suclA-module E can be embedded intoD. The

endomorphism sheaf of such a lefA-module E is then just an order in D acting

by right multiplication on E, exactly as in the classical picture of the Brandt
groupoid [3, VI, x2, Satz 14].

The Picard group Pic(X) acts on the moduli scheme M -x by tensor product:

a line bundle L 2 Pic(X) acts ask 7! E - o, L. The projective group scheme
Pic®(X ) of line bundlesL algebraically equivalent to zero acts on the individual

pieces Mh=x .c,...c, becausec(E - L) = ¢(E) for all i. The same remarks
hold for | a |
M£=X = M£=X iC1;5C g
C1,::5Cqd

where the superscript Ip denotes the open locus of locally projective (and hence
locally free) A-modules.

Proposition 4.1 There is a geometric quotient ofM'/_E\’:X by the action of
Pic(X); it is a disjoint sum of separated schemes of Tnite type ovek. Its closed
points correspond bijectively to isomorphism classes of Amaya algebras over
X with generic ber D.

Proof. Pic(X) acts with "nite stabilizers; this follows from

det(E - L) 2 det(E)- L™ ": 8)

bundlesL that map M'X:X ey 1O M'}jzx N Then G contains Pic°(X),

and its image in NS(X ) = Pic( X )=Pic®(X) is contained in the r2-torsion and
hence "nite, soG is a projective group scheme. Therefore a geometric quotient
Of M oy ¢, e , by G exists and is separated and of nite type overk, according
to [6, Expos® V, Th§orgme 7.1].

It remains to construct the announced bijection. As

Enda (E)% 2 Enda(E - L)% =: A®

which is again an Azumaya algebra with generic "berD, we obtain a well
de ned map from closed points of the quotient to isomorphism classes of such
AC Conversely, givenA; A° the possible locally freeA-modulesE of rank one
with Enda (E)° 2 A9 all di®er only by tensoring with line bundles. This can
be seen as follows:

Suppose thatE and E° are locally free A-modules of rank one with

Enda (E)% 2 Enda (E) 2 AC
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We choose embeddings dE and E%into A- = D; this also embedsEnd (E )P
and Enda (EQ° into D. The given isomorphism between them induces an
automorphism of D, i.e. conjugation with an element of D; altering the em-
bedding E®! D by a right multiplication with this element, we may assume
that Enda (E)° = Enda (E9° =: A®as subalgebras oD.

There is an open subschemd& p X such that Ajy = Ejy = EYy = AYy.
Furthermore, X nU is a "nite union of divisors Dy;:::Dy; it is enough to study
the question at the generic pointsx; of the D;. There the local ring Oxx , is
a discrete valuation ring; over its completion OX;X .» A becomes isomorphic to
a matrix algebra, so we can describe the situation using Morita equivalence as
follows:

Ex,, E correspond to lattices overOxy, in F) (Fy the completion of F
at xi) such that Endg (Ey,)° = End 8, (EQ) = A9 . But then it is an

easy exercise to see thaE? = ¥ E,, for someN; 2 Z where¥% 2 Oy, is a
uniformising element. From this our claim follows.

This shows that the map above is injective. For the surjectivity, we consider
two Azumaya algebrasA;A°u D andde neE(U) := ff 2D :Ajuf pAYug.
Using Morita equivalence as above, it is easy to check thaE is a locally free
A-module of rank one with Enda (E)°° = A% this proves the surjectivity. [

Remark 4.2. If A%is another sheaf of Azumaya algebras oveX with generic
“ber A9 2 D = A, then the moduli spaces My-x and Mao-x are isomorphic.
Indeed, the preceeding proof shows that there is a locally fred-module E of
rank one with Enda (E)°P 2 A® then E is a right A%module, and one checks
easily that the functor E - a0 _ de nes an equivalence from leftA“modules to
left A-modules.

Remark 4.3 If X is a surface, then this quotient can be decomposed explicitly
into pieces of nite type as follows:

The action of Pic(X ) preserves the discriminant ¢(E) 2 Z, so we get a decom-
position

m'’P

e a Ip E
A=x Pic(X)= M Pic(X):

A=X ;¢
¢t27
Now the “rst Chern class ¢;(E) 2 NS(X) decomposes l\'ﬁ’:X " into pieces of
nite type. But ¢ (E - L) = ci(E)+ r2c(L), and rNS(X) has nite index in
NS(X), so Mfzx " “Pic(X) is indeed of Tnite type over k.

According to equation (7), xing ¢( E) corresponds to xing c,(A% 2 Z where
A%= Enda (E)°P. If X is an abelian or K3 surface, then theorem 3.6.iv yields

+ ~
dimMP_, .. “Pic(X)= coi (r?i 1)A(Ox)

where ¢, = (A% = ¢ =r2 | c(A) 2 Z is the second Chern class of the
Azumaya algebrasA° that this quotient parameterizes.
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Remark 4.4. M. Lieblich [13, 12] has compacti ed such moduli spaces of Azu-
maya algebras using his generalized Azumaya algebras, i. e. algebra objects in a
derived category corresponding to endomorphism algebras of torsion free rank
one A-modules.

Remark 4.5. Since the automorphism group of the matrix algebra Mat( £ r) is
PGL(r), Azumaya algebras of rankr? correspond to principal PGL(r)-bundles.
Moduli spaces for the latter have recently been constructed and compacti ed
by T. Gomez, A. Langer, A. Schmitt and I. Sols [5].
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