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Abstract. ~ We introduce the notion of a braid group parametrized
by a ring, which is de ned by generators and relations and based on
the geometric idea of painted braids. We show that the parametrized
braid group is isomorphic to the semi-direct product of the Steinberg
group (of the ring) with the classical braid group. The technical heart
of the proof is the Pure Braid Lemma, which asserts that certain
elements of the parametrized braid group commute with the pure
braid group. This rst part treats the case of the root system A, ; in
the second part we prove a similar theorem for the root systenD,,.
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1 Introduction
Suppose that the strands of a braid are painted and that the paint from a strand

spills onto the strand beneath it, modifying the color of the lower strand asin
the picture below.

@' a= coexcient of spilling

Figure 1
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392 Jean-Louis Loday and Michael R. Stein

This gives rise, for any ring A, to the parametrized braid groupBr , (A), which
is generated by elements/?, wherei is an integer, 1- i - nj 1, andais an
element of A, subject to the relations

(A1) y2ylyP = yPylyath
(AL£ A1) yayP = yPy? ifjiijj, 2
(A2) VYR YE = Yo Y YR,

for any a;b;c2 A

A variation of this group “rst appeared in [L]. The choice of names for these
relations will be explained in section 2 below. The derivation of these relatins
from the painted braid model can be seen in Figures 2 and 3 below.)

Observe that when A = f0g (the zero ring), one obtains the classical Artin

braid group Br,, whose presentation is by generators;,, 1- i - nj 1, and
relations
(ALE A1) ViV = ¥, itjiiji. 2
(A2) YiYiar ¥i = YierYiVYia

A question immediately comes to mind: does Figure 1 correctly re°ect the
elements of the parametrized braid group? Up to equivalence, a picture would
be completely determined by a braid and a linear transformation of the set of
colors. This linear transformation lies in the subgroup E, (A) of elementary
matrices. Hence if the elements of the parametrized braid group correspond
exactly to the pictures, then the group should be the semi-direct product of
En(A) by Br,. We will show that this is almost the case: we only need to
replaceE, (A) by the Steinberg group St, (A) (cf. [St] [Stb]).

Theorem. For any ring A there is an isomorphism
Brn(A) 2 St,(A)o Bry, ;

where the action ofBr, is via the symmetric group S, .

The quotient of Br,(A) by the relation y%y® = 1 is the group studied by

Kassel and Reutenauer [K-R] (in this quotient group, our relation (A1) becomes
y2yQyb = ya* b which is exactly the relation used in [K-R] in place of (Al)).

They show that this quotient is naturally isomorphic to the semi-direct product

Stp(A) o S, of the Steinberg group with the symmetric group. So our theorem
is a lifting of theirs.

The proof consists in constructing maps both ways. The key point about their
existence is a technical result called the Pure Braid Lemma (cf. 2.2.1). It says
that a certain type of parametrized braid commute with the pure braid group.

Documenta Mathematica 10 (2005) 391{416



Parametrized Braid Groups 393

In the rst part of the paper we give a proof of the above theorem which
corresponds to the family of Coxeter groupsA,. In the second part we prove
a similar theorem for the family D, cf. section 3. The Pure Braid Lemma in
the D, case is based on a family of generators of the pure braid group found
by Digne and Gomi [D-G]. We expect to prove similar theorems for the other
Coxeter groups.

A related result has been announced in [Bon].

2 The parametrized braid group

We introduce the parametrized braid group of the family of Coxeter groups
Ani 1-

Definition  2.0.1 Let A be a ring (not necessarily unital nor commutative).
The parametrized braid groupBr , (A) is generated by the elementg?, wherei

is aninteger,1- i - nj 1, and ais an element ofA, subject to the relations
(A1) yeyoyP = yPyPyt®
(ALE A1) ey = ypye if jii i, 2
(A2) YEVPa YE = Vi Y2y

for any a;b;c2 A.

The geometric motivation for the de ning relations of this group, and its con-
nection with braids, can be seen in the following “gures in whichu;v;w (the
colors) are elements ofA, and a;b; care the coexcients of spilling. Relation
(A1) comes from Figure 2.

Relation (A1£ A1) arises because the actions of* and of yjb on the strands of
the braid are disjoint when ji i jj, 2, so thatthese two elements commute.
Relation (A2) derives from Figure 3.
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394 Jean-Louis Loday and Michael R. Stein

v+(a+ bu

v+(a+ bu

Figure 2
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u % w u % w
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Figure 3

2.1 Technical lemmas

Let © be the root systemA, or D, and let A be a ring (not necessarily unital)
which is supposed to be commutative in theD, case. Let ¢ be a simple
subsystem of the root system ©. Elements of ¢ are denoted by or ®. The
image ofb 2 Br (©) in the Weyl group W (©) is denoted b. The parametrized
braid group Br (D,;A) is de ned in 3.1.1.

Lemma 2.1.1 The following relations in Br (©; A) are consequences of relation
(AL):

(Yayo)ye = Ya(Yaye):
yaye) 'y = va't
yb? = Ya(ya)' 've:

Proof. Replacingbby 0 in (A1) shows thatyJy? commutes with y3. From this
follows ) .

(yoye)' 'ya(vaya)(ya)' 'va

(Yoye)' ‘yayays

(yoye) 'ydydya'®

ya'P

ya(yd)i tyd
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396 Jean-Louis Loday and Michael R. Stein
Putting b= j ain the second relation yields the third relation. O

Lemma 2.1.2 Assume that the Pure Braid Lemma holds for the root systen®.
Suppose that® 2 ¢ and b2 Br (©) are such thath(®) 2 ¢ (where b2 W(©)
denotes the image ob). Then for any a2 A one has

bYE(Ye)' 10 = Yie Vi)' * in Br(©;A):

Proof. First let us show that there exists b’ 2 Br (©) such that By * = Y-

The two roots ® and b(®) have the same length, hence they are connected, in
the Dynkin diagram, by a "nite sequence of edges withm = 3 (cf. [Car, Lemma
3.6.3]). Therefore it is sutcient to prove the existence oft® when ® and b(®)
are adjacent. In that case® and b(®) generate a subsystem of typeA,; we
may assume® = ®; and b(®) = ® 2 A,; and we can use the particular case
of relation (A2), namely

yo,Yo,Ya, = Ya3,ve. Ve,
to show that
yo,¥o, ¥3 (v9,) H(yd,)i T = ya :

(HereP=y3 y3 , ®= ® = j 21+ 2,; (@) = ®, = | 2, + 23.)
To conclude the proof of the Lemma it is sutcient to show that

byB(y9)' *h T = ya(yd)it

wheneverb(®) = ®. According to [H, Theorem, p. 22],bis a product of simple
re°ections ¥, for ® 2 ¢ which are not connected to ® in the Dynkin diagram
of ¢. Hence we can write b as the product of an element in the pure braid
group and generatorsye, Which commute with y§ by relation (A1£ Al). Since
we have assumed that the Pure Braid Lemma holds for ©, we can thus conclude
that bygd(y2)' b 1 = y3(y2)i ! as desired. O

2.2 Braid group and pure braid group

The group Br,(0) = Bry is the classical Artin braid group with generators
yi;l- i- nj 1; and relations

Yivi = VYiVi; jiiji, 2
YiYi#r Yi = VYi+1 YiVYi+ -
The quotient of Br, by the relations yjy; =1;1- i - nj 1isthe symmetric

group S, the image ofb 2 Br, in S, is denoted by b. The kernel of the
surjective homomorphismBr, |' S , is the pure braid group denoted PBr .
It is generated by the elements

i =YY 1CCRmY CCY Y,
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Parametrized Braid Groups 397

forn, j, i, 1, ([Bir]; see Figure 4 below).

5

/

H

™

Figure 4: the pure braid aj;

Lemma 2.2.1 (Pure Braid Lemma for An; 1). Let y2 be a generator of
Br,(A) and let! 2 PBr, = PBr,(0). Then there exists! °2 Br,, indepen-
dent of a, such that

ye ! =10
Hence for any integer k and any elementa 2 A, the elementy2(yd)i ! 2
PBr,(A) commutes with every element of the pure braid group Br .

Notation. Before beginning the proof of Lemma 2.2.1, we want to simplify
our notation. We will abbreviate

Y = Kk
(it = kit
Yo = Kk?
Note that ki * doesnot meank? for a= j 1.
If there exist | ®and ! %2 Br, such that k2! = ! §21 % we will write

kal » ja1 o0
Observe that » is not an equivalence relation, but it is compatible with multi-
plication on the right by elements of Br,: if © 2 Bry,,
kal » jal oo, Kal =1 (ia! oo’ Kar =1 (ia! 00 LKA » Al 00
For instance

kakk » k@ by Lemma 2.1.%,
ka (ki D)k » (kj 1)? by relation (A2) ;
ka (ki 1) » (ki 1)*k by relation (A2):

Documenta Mathematica 10 (2005) 391{416



398 Jean-Louis Loday and Michael R. Stein

Proof of Lemma 2.2.1. It is clear that the rst assertion implies the second
one: since! °is independent ofa, we can seta = 0 to determine that ! ° =
yo ! (yQ)i . Substituting this value of ! % in the expressiony? ! = 10y2
completes the proof.

To prove the “rst assertion, we must show, in the notation just introduced,
that k2! » k2 for every! 2 PBry,, and it sutces to show this when! is one
of the generatorsa;; = j (ji 1) ¢¢iti ¢¢¢j i 1) j above. Sinceyl commutes
with yi0 forall i & ki 1,k k+1,it commutes with a;; wheneverk <i j 1 or
wheneverk > + 1. So we are left with the following 3 cases:

(1a) (+1%; » (+1)°

(1b) e » j°

(1C) kaaj;i » k2 i i 1- k- j i 1

Our proof of case (1a) is by induction on the half-length of! = a;; . When

i=kij 1,! =(kj 1) (kj 1), and we have

ka (ki 1) (ki 1) ka (ki 1) kilk (ki 1)

(ki )%k (ki 1)
k2 :

M

and more generally,

k* (ki 1) (ki 2)¢etki 2) (ki 1)

(ki )%k (ki 2)¢eeki 2)(ki 1)
(ki 1% (kj 2)¢etki 2)k (ki 1)
(ki D*k(kj 1) (by induction) ;

»  k?:

I v

M

The proof of case (1b) is also by induction on the half-length ol = a;; . When
i =k,! = kk, and we have

k?k k » k? by Lemma 2.1.1

Then

K%k (ki 1)¢e@ki 1)k
= kP (ki D)kkit (kj2)eeeki 2)(ki 1)k
» k3ki 1)k(kil(kj2)eetki 2)ki (ki 1)k
» (ki D%ki 1) (ki 2)eetki 2) (ki Dk(ki1'!
» (ki 1)*k(kj 1)it (by induction)

» k@:

For case (1c) it is suxcient to check the cases

) ! = (k+1(k+1
2b) ' = (k+1)kk (k+1)
(2c) ! = (k+1k(kj1)ce; 1)k (k+1)
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Parametrized Braid Groups 399

which are proved as follows:
ka(k + 1) (k + 1) k3(k+ 1) kilk (k+ 1)

» (k+1)%k (k+ 1)

» k2 Case (2a)

ka(k + 1)kk (k + 1) » (k+ 1)%k (k + 1)
» k2 Case (2b)

k?(k+ 1) k (kj 1)¢egki 1)k (k+ 1)

» (k+1)%ki 1)¢eeki 1)k (k+1)
> (k+ 1)%k (k + 1)
» k? Case (2¢)

v

O

Proposition  2.2.2 For any ! 2 Br,(0) the elemently 2(y0)i 1! i 1 depends
only on the class! of ! in S,. Moreover if *(j)= kand*(j +1)= k+1,

thenly R(yQ) 1+ 1= yr(y)) '

Proof. The rst statement is a consequence of Lemma 2.2.1 since the Weyl
group W (A, 1) = Sy is the quotient of Br, by PBrj,.

The second part is a consequence of relationA(L £ Al) and the following
computation:

122 t1i12i112

12311 t2i11i112

1811t

2it1iloagp

2.3 The Steinberg group and an action of the Weyl group

When © = A,; 1, the Steinberg group of the ringA is well-known and custom-
arily denoted St,(A). In that case it is customary to write x&,; = Xii+1 ()
for the element xeg(a);® = 2 j %4+ 2 ¢, and, more generally, xfj‘ when
®: Zi i 2j 2 Ani 1-

Definition  2.3.1([Stb]). The Steinberg group of the ringA, denotedSt,, (A),

is presented by the generatorsxi'j-l ;1 - 0 - nji 6 jja 2 A subject to the
relations

(St0) X3 xp = x;’}‘*b

(St1) X3 Xg = X X5 i61j6k

(St2) X3 X[ = X[ XEXE i 6 k:
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400 Jean-Louis Loday and Michael R. Stein

We should make two observations about this de nition. First, it follows fr om
(St0) that xﬁ-’ = 1. Second, relation (St2) is given in a perhaps unfamiliar
form. We have chosen this form, which is easily seen to be equivalent tdR2),
because of its geometric signi cancedf. [K-S] for the relationship with the
Stashe® polytope), and for the simpli cation it brings in computation.

The Weyl group W (A, 1) is the symmetric group S, . Its action on the Stein-
berg group is induced by the formula

(3) %¢X,'°J‘ = Xg‘/@)%{])' %2 Sn,a2 A

2.4 The main result

Theorem 2.4.1 For any (not necessarily unital) ring A the map
A:Br,(A)! St,(A)o Br,

from the parametrized braid group to the semi-direct productof the Artin braid
group with the Steinberg group induced by(y?) = x3 ., i is a group isomor-
phism.

Proof. Step (a). We show that A is a well-de ned group homomorphism.
2 Relation (Al):

A(y;ayPyF) = || +1 yl Yi X || +1 Yis since Xioi +1 = l;
= VYiXhaXiayoosince ¥iyr=12Sn;
= VYiyiX || +1 Yi by (St0);
AyPyPyR*P):

2 Relation (A1£ A1) follows immediately from (St1).
2 Relation (A2) is proved by using the relations of Br, and the 3 relations
(St0); (St1); (St2) as follows:

A(ylayll)+1y|(2) ||+1yl |+1|+2 i+1 X||+]}yl
a - xP
X|a| +1 Yi i(|c+1 |-{%b
= X Y—)EE ﬁXH—l i+2 Yi+1 Vi
||+1X+1|+ i) i+ Yi+1 Vi
312% xR
M%Y p Ry

+b
= X{i1 42 X||+2 X||+ J} YiVYi+1

||+% Yi+1 Yis

X|+1 i+2 X||+2 i(||+]{

: XP41 42 I||+% Y|+J} |||+2 Yi Y|+]}; |
- i<|+1 |{+£ yI+J} | {-2_} i<|+1 |{r£ Y|+]},

= A(y|+1 yb+ & y| +1 )
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Parametrized Braid Groups 401

Step (b). This is the Pure Braid Lemma 2.2.1 for A,.

Step (c). We construct a homomorphismA : St,(A) o Br, ! Br,(A). We
“rst construct A : St,(A) ! Ker ¥4 where %is the surjection Br,(A) ! Br,
by setting

Ax3) = lypy)itrit
where ! is an element of Br, such that *(k) = i and t(k +1) = j (for
instance, A(x3,) = y2(y9)' 1 and A(x3;) = y3(y3(y?)! 1)(y2)' 1). Observe that
this de nition does not depend on the choice ofl 1 (by Lemma 2.1.2), and does
not depend on how we choose a liftind of * (by the Pure Braid Lemma 2.2.1).
In order to show that A is a homomorphism, we must demonstrate that the
Steinberg relations are preserved.

2 Relation (St0): it su+ces to show that A(x%,x2,) = A(x2; "),

A(x3x%,) = ya(yD) yR(yD) T = ya(yD) 2yPyR(yD)i t

= (yi’)i YEVIVI(YD)!' by 2.2.1
=yt by (A1);
= A(xg” by:

2 Relation (Stl): it sutces to show that A(x3,x3,) = A(x§,x%,) and that
A(x3,x%3) = A(xB3x%,). The Trst case is an immediate consequence of the
Pure Braid Lemma 2.2.1 and of relation A1£ A1l). Let us prove the second
case, which relies on the Pure Braid Lemma 2.2.1 and relationX2):

A(x§pxPs) = Yi’(){;)‘ T YOYR(YD)T H(y9)i !
(y9) Zyi‘y y"yb(y?)' Yyt
(y9) 2Y1¥§Y¥ YO(Y1){Z(Y2)' ;
(yD)' 2y3y? PY0R)! (yl)'{l(yz)' }%yl

(YD) 2y8yR0R) "(¥8)' *¥iys

(YD) *y3yitya) () "D vy
A(xR3)A(x5,):

2 Relation (St2): it sutces to show that A(x$,x5;) = A(x33x55x3,).

A(x3,x35) yi(y9)it I{é)} (y9)i !

= vipd) lyé’yi’(y (T

= Y'i‘gy;’ fyz)' o) TRy

= ¥ |{z} y3° iz} Y3ty HyD) !

= y3(y9) LYy (yD)! 1Y1y2(y1%' Yy3)! ;(Y1)' !
= ?’2(){% )! Yzy?b(yle' Yy3)! }Yl(¥i)l :

= A(X23)A(Xl3)A(X12)
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as a consequence of relationA2).

From 2.2.2 it follows that the action of an element of Br, by conjugation on
Ker Yadepends only on its class inS,. The de nition of A on St,(A) makes
clear that it is an Sp-equivariant map.

De ning A on Br, by A(ye) = y8 2 Br,(0) yields a group homomorphism

A:St,(A)o Br, ! Ker %o Br, = Bry(A):

The group homomorphismsA and A are clearly inverse to each other since they
interchange y3 and x3ye. Hence they are both isomorphisms, as asserted.o

Corollary 2.4.2 (Kassel-Reutenauer [K-R]). The group presented by
generatorsy?, 1- i- nj 1, a2 A, and relations
()2 =1

YE(yD) tyP = yarP
yayP = ypyd o fji i, 2

b+ ac

VYR YE = Yo Y YR,

a;b;c2 A, is isomorphic to the semi-direct productSt,(A) o S,.

Observe that when the “rst relation in this Corollary is deleted, the second
relation has several possible non-equivalent liftings. The one we have chosen,
(A1), is what allows us to prove Theorem 2.4.1.

3 The parametrized braid group in the D, case

In this section we discuss the parametrized braid grou®Br (D, ;A) for a com-
mutative ring A and prove that it is isomorphic to the semi-direct product of
the Steinberg group St(D;A) by the braid group Br (Dpy;0).

3.1 The braid group and the parametrized braid group for Dn

type Dn;n , 3. We adopt the notation of [D-G] in which the simple roots
on the fork of D, are labeled ®,;®,.. The system D, contains 2 subsys-
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2
2
@
@ 3 4 n
(@ 2 2 2 2
i
2

Dynkin diagram of D,

The Weyl group W (D) is generated by the simple re°ectionsf % = ¥, |® 2
¢ g, with de ning relations

1
[

%
(%))

|
=

m(i:j) = 2 if &;® are not connected in the Dynkin diagram,
& 3 if ®;® are connected in the Dynkin diagram

Since the only values form(®; ) are 1;2 and 3, the groupBr (D, ; A) involves
only relations (Al); (A1£ A1) and (A2).

Definition  3.1.1 The parametrized braid group of typeD, with parameters
in the commutative ring A, denoted Br (D, ;A), is generated by the elements
y3, where®2 ¢ and a2 A. The relations are, for ;b2 A and®; 2 ¢

a+b

(A1) y3ydye = yoyoya
(AL£ Al) yay2 = yPy3 if m(®;7)=2
(A2)  y3yPyg = yCypracya if Mm@ )=3 and® <"

Note that the simple roots in D, are ordered so that® < ®3.

3.2 The Steinberg group of D, and the main result

The roots of D, are f§ 2, § %4j1 - i 6 j - ng, [Car],[H]. The Weyl group
W(D,) 2 (Z=2)"i 10 S, [Bour, p. 257, (X)] acts on the roots by permuting
the indices (action of S,) and changing the signs (action of Z=2)"i 1). For the

simple subsystem ¢ we take® = j 2;; 1+ 2; fori =2;¢¢ ¢n, and ®o = 21+ 2,.
If u and v are positive integers and®;  two roots, the linear combination
u+ v isarootifandonlyifu=1= v, ®= 8§%82; " 2 § 3 and

§2; § 2, 8 0. In this case the de nition of the Steinberg group is as follows.
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Definition  3.2.1([Stb][St]). The Steinberg group of typedD,, with parameters
in the commutative ring A, denoted St(Dn;A), is generated by elementx3,
where®2 © and a2 A, subject to the relations (fora;b2 A and ®; 2 ©)

(St0) x3x2 = xarb
(St1) x3x2 = xBx3 if ®+ ~ 62D, and ®+ ~ 60;
(St2) x3x2 = xBx@ —y3 if ®+ ~ 2 Dy:

The Weyl group W(Dp) acts on St(D,;A) by ¥%¢xg = x§}<®), and we can
construct the semi-direct product St(D,;A) o Br(D,) with respect to this
action.

Theorem 3.2.2 For any commutative ring A the map
A:Br(D,;A)! St(D,;A)o0 Br(Dy)
induced byA(y3) = x3 ye is a group isomorphism.

Corollary 3.2.3 The group presented by generatory?, i = 2%2;3;¢¢¢n,
a2 A and relations

)?=1
YA P = yite
YY) = YPYE it jiijj, 2 ori=2;j=2%
VYR Y = Yo Y Y wherei +1=3 wheni =2°

for a;b;c2 A, is isomorphic to the semi-direct productSt(Dn;A) o W (D).

Proof of Corollary. For each simple root® 2 Dy, write y for y§, . O
Proof of Theorem 3.2.2.
Step (a). Since the relations involved in the denitions of

Br(Dn;A) and St(D,;A) are the same as the relations in the case of\,; 1,
the map A is well-de ned (cf. Theorem 2.4.1).

Step (b). The proof of the Pure Braid Lemma in the D, case will be given
below in 3.3.

Step (c). Let %: Br(Dn;A) ! Br(Dy) be the projection which sends each
a2 A to 0 (as usual we identify Br (Dy;0) with Br(D,)). We de ne

A:St(Dy;A)o Br(D,)! Br(D,;A) 2 Ker %0 Br(Dy)

on the rst component by A(x3) = y3(y3)i ! 2 Ker Yufor ® 2 ¢. For any
® 2 Dy there exists %2 W (D) such that ¥(®) 2 ¢. Let 342 Br(Dy) be a
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Parametrized Braid Groups 405

lifting of ¥ and de'ne A(x3) = ¥ 'A(x3,4))%2 Ker ¥a This element is well-
de ned since it does not depend on the lifting of¥%by the Pure Braid Lemma
for D, (Lemma 3.3.2), and does not depend on the choice ékby Lemma 2.1.2.
In order to show that A is a well-de'ned group homomorphism, it su+ces to
show that the Steinberg relations are preserved. But this is the same veri cation
as in the A,; 1 case, €f. Theorem 2.4.1.)

The group homomorphismsA and A are inverse to each other since they inter-
changey§ and x§ye. Hence they are both isomorphisms. o

3.3 The Pure Braid Lemma for Dy
3.3.1 Generators for the Pure Braid Group of Dy

In principle, the method of Reidemeister-Schreier [M-K-S] is available to deduce
a presentation of P Br (D) from that of Br (D). The details have been worked
out by Digne and Gomi [D-G], although not in the speci city we need here.
From their work we can deduce that the groupPBr (D) is generated by the
elementsy3;® 2 ¢, together with a very small set of their conjugates. For
example, PBr (D,) is generated by the 12 elements

22.9®.32.392.35@. 322032. 42-432.43 9. 43 52. 4322 032. 4322 0342

where a pre’xed exponent indicates conjugation: "g = hghi . Here (and
throughout) we use the simpli'ed notations k? = y3 and k = yg_ similar to
those of 2.2.

Proposition  3.3.1 For n, 4, PBr(D,) is generated by the elements

2 oa =00 Do+ i+ )G isn, j, 0, 2 and

2 by = (i 1):::322%(q i 1):::32%23(G i Vj;n, j, i, 3
wherei +1 =3 wheni =20

Note. Since the notation can be confusing, let us be clear about the de nition
of these generators in certain special cases:

2 Wheni=j;a; =i2

2 Wheni=3;b;3=j(ji 1):::322932%2:::(j i 1)j.

Proof of (3.3.1). We work in the case whereW = W (D) in the notation of
[D-G]. In the proof of [D-G, Corollary 2.7], we see thatPy = U, o PWIni .
taking I, = fs1;S2;S00;:::;8y; 10; n, 4, as on [D-G, p. 10], we see that their
Pw is equal to (our) PBr(Dy) and their PWIni , is equal to (our) PBr(Dn; 1).
It follows that a set of generators for PBr (D) can be obtained as the union
of a set of generators fol® Br (D,; 1) with a set of generators forU,. This sets
the stage for an inductive argument, sinceD3 = Az (with f®;;®3; ®00 %2 D3
identi ed with f®y;®,; ®g %2 Az). BecauseW (D, ) is a nite Weyl group, it
follows from [D-G, Proposition 3.6], that U, is generated (not just normally
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generated) by the elementsa,.s, and a list of these generators in our case is
given on [D-G, p. 10].

The calculations necessary to prove the Pure Braid Lemma foD, are simpler
if we replace the Digne-Gomi generators by the equivalent set in which conju-
gation is replaced byre°ection; that is, we replace a generator"g = hghi * by
hgh®, where ifh = vy, :::yi,, h°=vy;, :::yi,. (We already used this trick in the
case ofA,; 1.) For Dy, this procedure yields as generators oP Br (D 4) the set

22,2®,32,3223;32%3;322%322923; 42, 4324, 432234, 432%34;
432203220234, 4322%34232%34;

and, more generally,PBr(D,);n , 4 is generated by the elements stated in
the Proposition. O

Lemma 3.3.2 (Pure Braid Lemma for Dpn). Let ®& 2 Dy; lety? be a
generator of Br (D,;A), and let! 2 PBr(D,). Then there exists! °2 Br (D),
independent ofa, such that

ye ! = 1%y

Hence for any integer k and any elementa 2 A, the elementy2(y?)i ! 2
Br(Dn;A) commutes with every element of the pure braid group Br (D).

Proof. Let us show that the “rst assertion implies the second one. Let! 2
PBr(D,) % PBr(Dy;A). By the rst assertion of the Lemma we have

yal =192

for some! °2 Br(D,;0), independent ofa. Setting a = 0 tells us that ! =
yor (y2)i L. Thus
YRR =y Ry

as desired.

Before beginning the proof of the “rst assertion, we recall some notation into-
duced in 2.2. We abbreviateyg, by k* and y%k by k. Whenever there exist
1 %and ! 992 Br(D,) such that k3! = ! 421 % we will write k3! » ja! 9 This
is not an equivalence relation, but it is compatible with multiplication on the

right by elements of Br (D,,): if © 2 Br(Dy),

k&L » j21 00 K = 192100 gar =1G2 0 - gar o, jay 0o

From de ning relations (Al);(A1£ Al), and (A2) of 2, we can deduce the
following:
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(4a) k2kk » k2@

(4b) k¥ (ki 1)k » (ki 1)

(4c) k* (ki Dkt » (ki 1)?

(4d) ka(k + Dk » (k+ 1)

(4e) (k + l)ak(k +1) » k2

(4f)  (k+ 1)%k(k+ 1)t » k2

(49) k3(k + D)kit » (k+1)?

(4h) K3k + 1) kil » (k+ 1)

4i) (k+ 1%k Y(k+ 1)t » k2

(4j) kak(ki 1) » (ki 1)k kit

Proof, continued. In the notation just introduced, we must show, for every
! 2 PBr(Dy), that k?! » k&, and it sutces to show this when! is one of the
generatorsa;; or bj; of 3.3.1. That is, we must show

(5a) k%% » k* n,j,i,2 1-k-n
(5b) k¥ » k® n,j,i,3 1-k-n

B B

The proofs of (5a) fori , 3 are exactly the same as the corresponding proofs
for An; 1 (see section 2); the additional casé = 2° presents no new issues.
Thus we shall concentrate on proving (5b); the proof proceeds by induction on
n.

The casen = 3 is the case of the root systemD3 = Agz, which is part of the
Pure Braid Lemma 2.2.1 forA,; 1. Hence we may assume , 4, and that (5b)
holds wheneverj;k - nj 1. That is, we must prove (5b) in these cases:

k=n;j-nj1, k- njlj=n k=nj=n

which further subdivide into the cases

(6) k=n; j-nij2
(7) k=n; j=nil
(8) kK- nj2 j=n
(9) k=nj 1 j=n

(20) k=n; j=n
2 Case(6) k =nandj - nj 2. Sincei - j - nj 2, it follows from
relation (A1£ A1l) that n® commutes with every generator which occurs in the
expression forbj; ; hence
n2bj; N3j(ji 1):::3229:::(ij Dii(ij 1):::32%3(; 1)j
= bj;i n2

» n?
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as desired.
2 Case(7)k=nandj=nj 1

Ifi- nj 2,then

nabni 1;i

ne(ni 1)(nj 2):::322%:::(ij L)ii(ij 1):::32%23:::(nj 2)(nj 1)
Pa(n i{zl)ni;n(ni 2):::322% (i Diii 1):::32%3:::(nj 2)(ni 1)

(ni 1)%n(nj 2):::322%:::(ij L)ii(i 1):::32%23:::(nj 2)(nj 1)
(Ini 1%(n j 2):::32203:::(i{71)ii(ii 1):::32%3:::(nj Z;n(ni 1)

M

» (nj 1%n(ni 1)
» n?

as desired.
The casek = n;i = j = nj 1, is considerably more complicated. We “rst prove
some preliminary lemmas.

Lemma 3.3.3
nd(nj 1)(nj 2):::322% 2332%:::(nj 2)(ni 1)n

Proof.
nd(nj 1)(nj 2):::322°

nd(ni Lni*n(nj 2):::322°
(ni 1)*n(nj 2):::322°
= (nj 1)%mnj 2):::322%

M

» 3322%:::(nj 2)(nj 1)n
= 3%231132%:::(nj 2)(nj 1)n
» 2332%:::(nj 2)(nj 1)n

Lemma 3.3.4
32%354:::(nj 3)(nj 1)(ni 2)nn=345:::(nj 1)nn2%B4:::(nj 2)
Proof.
32%354:::(nj 3)(nj 1)(ni 2)nn

32%354:::(nj 3)(nj 1)nn(ni 2)
32%354:::(nj L)nn(ni 3)(ni 2)

é45:::(ni 1)nn2%B4:::(nj 2)
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We now complete the cas&k = n;i = j = nj 1.

a
n bni 1nj 1

»

»

ne(ni 1)(nj 2):::322%:::(nj 2)(nj 1)(nj L)(nj 2):::
:::32%3:::(nj 2)(ni 1)

2232%:::(nj 2)(nj 1n3:::(nj 2)(nj 1)(nj 1)(nj 2):::
:::32023:::(ni 2)(nij 1) (by Lemma 3.3.3)

2a32°4:::(ni 2)(nj 1)3:::(nj Z)Pﬂ{zlﬁ;n(ni I)(nj 2):::

:::32%3:::(nj 2)(ni 1)
2232%:::(n; 2)?1{12)2}:(ni 2)(ni 1) *n(ni Dn(nj 1)(nij 2):::

1032923 (ni 2)(ni 1)
2a32°4:::(ni 2)3:::fni 1)(ni{72)(ni 1)‘;n(ni Dn(nj 1)(nj 2):::

10:32%3::(ni 2)(ni 1)
2232%:::(n; 2)3::ani 2) 1(r}7i 1)(n Z}n(ni Dn(nj 1)(nj 2):::

1:32%3::(ni 2)(ni 1)

2a32°f1_3&i_i 54:::(nj 1)(nj 2)n(nij )n(nj 1)(nj 2):::
::32%3::(nj 2)(ni 1)

2aF3E§Li4354:::(ni 1)(ni 2)n(nj 1)n(nj 1)(nj 2):::
1:32%3::(ni 2)(ni 1)

2?2 I’Zi{lz3_2}°4354 i(ni V(i 2nni Dn(nj 1)(nj 2):::
:::32%23:::(nj 2)(nj 1)

2°32%354 :::(nj 1)(n 2)nfni 1)&([’1] 12(ni 2):::

1:32%23::(ni 2)(ni 1)

2a32°4354:::(ni 1)(n j 2)nr|1(n{'Z 1)?(n1 2):::
10:32%3::(ni 2)(ni 1)

2%345:::(nj 1)nn2%4:::(nj 2)(nj L)n(nj 2):::
:::32%3:::(nj 2)(nj 1) (by Lemma 3.3.4)

We now manipulate part of this expression so that we can apply induction.

2%345:::(nj 1)nn2°

= 2%345:::(nj 1)nn fni 1):::5433i1?7‘15i1:::(ni 1)i;20

» 2331 l4il5ilng 1) 120
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(by the case ofA,; 1 = T®;;®3;:::;®,Q). Hence
nabnjl;nil

= 2831145 t(n 1)PT2%4:i(n 2)(ni Dn(ni 2)(nj 3):::
:::32%3:::(nj 2)(ni 1)

= 2231415 n 1)P12%4:i(ng 2)(nj 1)(nj 2)n(nj 3):::
::32%23: (i 2)(ni 1)

= 223114151t (n 1)1 2%4:i(n 1)(ng 2)(ni n(nj 3):::
1:32%3::(nj 2)(ni 1)

= 2231451 tng 2)i12%4 i (n 2)(ni Dn(ni 3):::
:::32%3:::(nj 2)(nj 1)

= 2%83112%4:::(nj 2)(ni 1)n2°23:::(nj 2)(ni 1)
= 223112%2%:::(nj 2)(ni L)n23:::(ni 2)(ni 1)
= 2231132%4:::(nj 2)(nj 1)n23:::(nj 2)(nj 1)
= 2a2°34:::(n i 2)(nj Dn23:::(nj 2)(nj 1)

» 2%34:::(nj 2)(nj Dn23:::(nj 2)(nj 1)

= 2%324:::(nj 2)(nj n3:::(nj 2)(nj 1)

» 3%4:::(nj 2)(ni Dn3:::(nj 2)(nj 1)

» (nj 1)%n(ni 1)

» na
as desired. o
2 Case(8) k- nj 2andj = n.

kabn;i
= k®n(nj 1):::322%:::(ij Dii(ij 1):::32%3:::(nj 1)n
» ra(k+1):::322°3:::(ii ]{yi(ii 1):::32023:::(k+1g(k+2):::(ni 1)n

» k¥ + 2):::n (by induction)

» k2
as desired.
2Case(9) k=nj landj = n.
(nj 1)abn:i
=(nj 1)%n(nj 1):::322%::: (i Dii(ij 1):::32%3:::(nj 1)n
=(|nj 1)?2([1] 1;:::32203:::05 ii(ij 1):::32°223:::(nj 1)n
) » n?(nj 2):::322% (i )i 1):::32%3:::(nj 1)n
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Suppose rstthati - nj 2. Then
(y) = n?nj 2):::322%:::( 2)ii(ii 1):::32%3:::(nj 1)n
= (nj 2):::322%:::(ij i@ 1):::32%23:::(ni 2)n?(nj 1)n
» n?(nij 1)n

» (nj 1)*
as desired.
Ifi=nj 1
(y) = n®(ni 2):::322%:::(nj 2)(nj 1)(nj 1)(nj 2):::

::32%23:::(ni 1)n
» Pa(ni {9(ni 1;(ni 2):::32%3:::(nj 1)n
» n?(nj 2):::32°23:::(nj 1)n (by the case A, = f®; 1;®Q)
» n¥ni 1)n (by relation (A1£ A1)

» (nj 1)?
as desired.
Ifi=n
(y) = n?mnj 2):::322%:::(nj 1)nn(nj 1):::32%3:::(nj 1)n
» n¥(nj 1nn(ni L)(nj 2):::32%3:::(nj 1)n
» (ni %n(nj 1)(nj 2):::32%3:::(nj 1)n
» n¥(nj 2):::32%23:::(nj 1)n
» n?(nj 1)n
» (nj 1)?
as desired.
2 Case(l0)k=nandj = n.
nabn;i

=n?n(ni 1)(nj 2):::322%:::(i§ )i 1):::32%3:::(nj 1)n
(y) » (i D 1n" i 2):::322%:::(i i 1):::32%3:::(nj 1)n

Ifi- nj 2, then

)
=(nj i 1)(nj 2):::322%::: (0 )ii(i 1):::32023:::P‘1(r12ii)?

:(Ini 1)%(nj 1)(nj 2):::32203::{'7(ii L)ii(i 1):::32%3:::(n 1gn(n1 1)t

» (nj 1)*n(nj 1)' ' (by induction)

» n?
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as desired.

Ifi=

v

n

»

»

»

i 1, then

(ni D¥ni 1)(nj 2):::
1:322% (g 20t Hnj D(ni 1)(nj 2):::32%3:::(nj 1)n

3°322%1 '351 '4:::
cing DY 2)ni Yni 1)(nj 1)(nj 2):::32%23:::(nj 1)n
32322%1 1351 Y4 (nj 1)F Y(nj 2)[1i 1('12‘ 1)rﬂni Yni 1)(nj 2):::

:::32%3:::(nj n

3%322% 1351 14 ::

:::fni 1)i l(r}7i 2)(n i 1anni 1)i 1{1; Yn i 1g(ni 2)::
:::32%3:::(nj 1)n
3%322%1 1351 14 ::
i(n 3)?ni 2)(nj
:::32%3:::(ni )n
3°322%1 '351 14:::
i(ni (i 2)(ni Dnn(ni 2) X ni 1) nitng 2):::
:::32%3:::(nj 1)n

1)(n i 2)i 1nn(l

ul i{ziln‘l(ni 2):::

}

{

33322°f1l{123ﬁ:::(n i 2)(nj 1)nn4iltsit:::

oni DY Y ng 2):::32%3:::(nj 1)n

2a2i3‘_{1£_01}%43‘ 5iii(n Dnnd' 5 ti(ng 1) tnf Y 2)
::32%3:::(nj 1)n

2222%32% 4 (nj Dnn3i 45 t(ng )i tni Y 2):::
::32%3:::(ni 1)n

2222%4:::(nj 1)nn2% 131 4l tsitong 1) tni Y(nj 2)
:::32%3:::(nj 1)n

2%234:::(nj 1)nn2% 31 T4l t5i g 1) tnf Y 2)::
::32%3:::(nj )n

28234 :::

2:(ni 1)nn fni 1):::4322‘1§;14‘1:::(n1 1)‘;20‘13i tgiltgil...

oni DY Yng o2):
:::32%3:::(nj 1)n
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» 28211311411
ci(ng 1) 12% 13 4ttt teong 1) tni Y(nj 2):::32%3:::(nj 1)n
(by the case of An; 1 = f®;®s;:::;®,Q)
» 2221131141 1
cii(n 1)1 120%13i T4l tsi L
s(n 3)‘lfni 2) 1(nj7l)i Yn Z?nil(ni 3):::

:::32%3:::(nj 1)n

= 2202013 M40 ti(ng 1) 2% 13T 4T s i (ng B) T
fni 1)(n Qi Y(ni 1)‘in‘1(ni 3):::
::32%3:::(nj 1)n

- 2a2i 135 l4i1...
co(n P Yng 1)2%13it4itsi T
ing 3) Yng 2) Yni 1) 'ni Y(nj 3):::
:::32%3:::(nj 1)n

= 292013141 ti(n 2)2% 131 14 t5i T
oni 3 27 ng 1) it 3)::
::32%3:::(nj 1)n

= 2821131101131 141 1. ni 1293 (0 1)n
= 2%2it3i!t Eéi2f4il:::ni123:::(ni 1)n
= 28211311320 131 141 1:::ni 123:::(nj 1)n

» 2820131141 tni 123 (ni 1)n

= ZaF‘_1{§‘_1§4‘1:::n‘13:::(nj 1)n

= Fi%g'_i?,' t4it:nt13:::(n 1)n

» 323i14i1:ni3:(n 1)n (by (40))

» (nj 1)*nj 1) 1[1‘ 1(qzii)? (by (49))

= (ni D*ni D'Hnj Dn(nj 1)'*
= (ni D%n(nj 1)'*

a
» n

as desired.

Documenta Mathematica 10 (2005) 391{416



414 Jean-Louis Loday and Michael R. Stein
If i = n, then
(ni D*ni )nY(nj 2):::322%:::(nj )nn(nj 1):::

:::32%3:::(nj 1)n
= (nj D 1)(n; 2):::32203:::Piqzii)?n(ni 1):::

v)

:::32%3:::(nj 1)n
= (nj D% (nj 2):::32203:::(ni 2)(n j 1)nfni l)i{12n(ni 1?:::

:::32%3:::(nj 1)n

= (nj %N 1)(nj 2):::322%:::(nj 2)(nj Lnn(ni )n' Y(ni 2):::
:::32%3:::(nj 1)n

= (ni D%nj 1)(nj 2):::322%:::(nj 2)(nj Dnn(nj 1)(ni 2):::
::32%3:::n Ynj 1)n

= (nj D% (nj 2):::32203:::(ni 2)(ni )nn(nij 1)(nj 2):::
::32%3:::(ni Dn(ni 1) °

> (ni 2)*(ni 2)(ni 1)) (nj 3):::
:::322%:::(nj 2)(ni 1)nn(ni 1)(nj 2):::
:::32%3:::(nj Dn(ni 1)' Y (by (49))

= (ni 2%ni 2)(nji 3):::
003229 (ni DY 2)(ni Dnn(nj 1)(nj 2):::
::32%3:::(ni Dn(nj 1)t

= (ni 2)%ni 2)(ni 3):::
:::32203:::(ni 2)(ni V(i 2 *nn(nj 1)(nj 2):::
::32%3:::(ni Dn(nj 1) °

= (ni 2%(ni 2)(nj 3):::
:::322%:::(nj 2)(ni )nn(ni 2)' Y(ni 1)(nj 2):::
:::32%3:::(nj Dn(nij 1)\t

= (nj 2%(ni 2)(nj 3):::
003229 ::(ni 2)(ni Dnn(n 1)(nj 2)(nj 1)}t
::32%3:::(ni Dn(nj 1)t

= (nj 2% 2)(nj 3):::32203:::(ni 2)(ni D)nn(nij 1)(nj 2):::
0:32%3::(ni 3)(ni DI 2)(ni Dn(ni 1)it

= (ni 2% 2)(nj 3):::322%:::(nj 2)(nj Lnn(nj 1)(ni 2):::
:::32%3:::(nj 3)(ni 2)(nj 1)(nj 2)'n(nj 1)'*!

= (nj 2)2%ni 2)(nj 3):::322%:::(nj 2)(nj Dnn(nj 1)(nj 2):::
:::32%3:::(nj 3)(ni 2)(ni Dn(ni 2) Y(nj 1)t
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» 2222%:::(nj L)nn(nij 1):::
1:32%3::(ni Dn2i 3 ti(n )Y (by (4g))
» ?323:::(nj Lon(n i 1):::3%203:::(ni Hn2i 13itiii(ng 1)t

» 222%:::(nj Ln2' 13 ti(ng 1)t

» 2%83:::(nj Dn2i 3 tii(ng 1)ttt
= 2832 '::(nj N3 tii(ng 1)t
= 3%:::(nj Dn3' tiii(nj 1)t

(ni 1)°n(nj 1)'*
= n?

as desired. o
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