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1. Introduction

In this paper we discuss some extensions of works of Katsura and Oort [5], and
of Li and Oort [8] on the supersingular locus of a modp Siegel modular variety.
Let p be a rational prime number, N | 3 a prime-to-p positive integer. We
choose a primitive N -th root of unity 3y in Q ¥ C and an embeddingQ |
ﬁp. Let Ag.1;n be the moduli space overZ i,y [3n ] of g-dimensional principally
polarized abelian varieties @;,;” ) with a symplectic level-N structure (See
Subsection 2.1).

Let A.1n; (ny be the cover of Ay 1y which parametrizes isomorphism classes
of objects (A;,;";H ), where (A;,;” ) is an object in Az.1.n and H Y2 A[p] is
a nite °at subgroup scheme of rank p. It is known that the moduli scheme
Az.1n: (ny has semi-stable reduction and the reductionA ,.1.. (py - Fp modulo p
has two irreducible components. LetS.1.n; oy (resp. Sz;1;n ) denote the super-
singular locus of the moduli spaceA ».1.n: (p) - Fp (resp. Az - Fp). Recall
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that an abelian variety A in characteristic p is called supersingularif it is isoge-
nous to a product of supersingular elliptic curves over an algebraically closed
“eld k; it is called superspecialif it is isomorphic to a product of supersingular
elliptic curves over k.

The supersingular locusS,.;.y of the Siegel 3-fold is studied in Katsura and
Oort [5]. We summarize the main results forS,.1.y (the local results obtained
earlier in Koblitz [7]):

Theorem 1.1
(1) The schemeS,.1.y is equi-dimensional and each irreducible component is
isomorphic to P?.
(2) The schemeS,.;.y has
(P*i 1)
5760

(1.1) 1 Spy(Z=N2)j

irreducible components.
(3) The singular points of Sy.1.y are exactly the superspecial points and there
are
(pi 1)(p*+1)

5760
of them. Moreover, at each singular point there arep+1 irreducible components
passing through and intersecting transversely.

(1.2) I SP4(Z=N2)j

Proof. See Koblitz [7, p.193] and Katsura-Oort [5, Section 2, Theorem 5.1,
Theorem 5.3].

In this paper we extend their results to Sy,1.n. (p). We show

Theorem 1.2

(1) The schemeS; 1.\ (p) is equi-dimensional and each irreducible component
is isomorphic to P,

(2) The schemeS;.;\; (py has

. 13 . l 3(: 3 £ o}
D502 1)+ (pi 1+ 1)
irreducible components, where (s) is the Riemann zeta function.

(3) The schemeS;.q.n; (py has only ordinary double singular points and there
are

(1.3) 1Spa(Z=N2)j ¢

(1.4) iSm(Z=N2z)j¢

w(pi (P* +1)(p+1)

of them.
(4) The natural morphism Sy.1.n: (py ! S 2,18 contracts

15) spy(z=N2)j o LD (o 0y 49

projective lines onto the superspecial points 06;.1.y -
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Remark 1.3. (1) By the basic fact that
il 1
3(: = |_ 3(: - _= -
(i1 12 and 3(j 3) 120

the number (1.5) (of the vertical components) equals the number (1.2) (of
superspecial points), and the number (1.3) (sum of vertical and horizontal
components) equals the sum of the numbers (1.1) (of irreducible components)
and (1.2) (of superspecial points). Thus, the set of horizontal irreducible cm-
ponents of Sy,1:n; (py IS in bijection with the set of irreducible components of
S2;1:N
(2) Theorem 1.2 (4) says that S.1.n; (p) IS @ \desingularization" or a \blow-
up" of Sp.q.n at the singular points. Strictly speaking, the desingularization
of Sp.1.n IS its normalization, which is the (disjoint) union of horizontal com-
ponents of Sy.1.n; (py- The vertical components of Sy.1.n; (py Should be the ex-
ceptional divisors of the blowing up of a suitable ambient surface of5,.1.y at
superspecial points.

In the proof of Theorem 1.2 (Section 4) we see that

2 the set of certain superspecial points (the set & in Subsection 4.1) in
Sopn (classifying degreep? polarized supersingular abelian surfaces)
is in bijection with the set of irreducible components of Sy.1.y , and

2 the set of superspecial points inSy.1.y is in bijection with the set of
irreducible components ofSy.,, , furthermore

2 the supersingular locusS;:q.n; (py Provides the explicit link of this du-
ality as a correspondence that performs simply through the \blowing-
ups" and \blowing-downs".

In the second part of this paper we attempt to generalize a similar picture to
higher (even) dimensions.

Let g = 2D be an even positive integer. LetH be the moduli space oveZ ,)[3n ]
which parametrizes equivalence classes of objects ( A; ! A,), where
2 A, =(A1;,1;71) is an object in Ag; 1N,
A, =(Az2;, 2, 2) is an object in Ag.p0 ., and
2' :A; !l A, is an isogeny of degreg® satisfying' ", , = p,1 and

N

o 1= 2.
The moduli spaceH with natural projections gives the following correspon-

dence:
X H
X
K H#

Ag;l;N Ag;pD;N :

Let S be the supersingular locus oH - F,, which is the reduced closed sub-
scheme consisting of supersingular points (eitheA; or A, is supersingular, or
equivalently both are so).
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In the special case wherg) = 2, H is isomorphic to A.1.n: (p), @A S ' S 2:1:n; ()
under this isomorphism (See Subsection 4.5).
As the second main result of this paper, we obtain

Theorem 1.4. Let C be the number of irreducible components oBg;1.n . Then
(j 1)9@+D=2 " ¥

C= jszg(Z:NZ)j(B > S(Li 2i) OL,;
i=1
where ( Q o 2 .
L. = b (P+(i 1) if gisodd;
P N (LY if g=2D is even.

In the special case whergy = 2, Theorem 1.4 recovers Theorem 1.1 (2).

We give the idea of the proof. Let 7,1,y denote the set of superspecial (geo-
metric) points in Ag.1;n - Fp. For g=2D is even, let n;;pD . denote the set of
superspecial (geometric) points A; ;" )in Agpo . - Fp satisfying ker, = A[F],
whereF : A1 A® is the relative Frobenius morphism onA. These are nite

sets and each member is de ned ove?p. By a result of Li and Oort [8] (also
see Section 5), we know

jgganj if gis odd;

c= oML
jagpo N if gis even.

One can use the geometric mass formula due to Ekedahl [2] and some others
(see Section 3) to computga 1.y j. Therefore, it remains to computeju;;pD N
when g is even. We restrict the correspondences to the product @ 418 £
n;;pD . Of superspecial points, and compute certain special points irs. This
gives us relation between %;pD N and @41y . See Section 6 for details.
Theorem 1.4 tells us how the numberC = C(g;N;p) varies when p varies.
For another application, one can use this result to compute the dimension of
the space of Siegel cusp forms of certain level gi by the expected Jacquet-
Langlands correspondence for symplectic groups. As far as the author knows,
the latter for general g is not available yet in the literature.

The paper is organized as follows. In Section 2, we recall the basic de nitions
and properties of the Siegel moduli spaces and supersingular abelian varieties.
In Section 3, we state the mass formula for superspecial principally polazied
abelian varieties due to Ekedahl (and some others). The proof of Theorem 1.2
is given in Section 4. In Section 5, we describe the results of Li and Oort on
irreducible components of the supersingular locus. In Section 6, we introduce a
correspondence and use this to evaluate the number of irreducible components
of the supersingular locus.

Acknowledgments. The author is grateful to Katsura, Li and Oort for their

inspiring papers on which the present work relies heavily. He also thanks
C.-L. Chai for his encouragements on this subject for years, and thanks
T. Ibukiyama for his interest of the present work. He is indebted to the referee
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for careful reading and helpful comments that improve the presentation of this
paper.

2. Notation and preliminaries

2.1. Throughout this paper we x a rational prime p and a prime-to-p positive
integer N , 3. Let d be a positive integer with (d;N) = 1. We choose a
primitive N -th root of unity 3y in Q % C and an embeddingQ ! Q,. The
element3y gives rise to a trivialization Z=NZ "' *y over any Z,[3n ]-scheme.
For a polarized abelian variety (A;, ) of degreed?, a full symplectic level-N

structure with respect to the choice 3y is an isomorphism

" :(Z=NZ)?9"' A[N]
such that the following diagram commutes

(ZN2)2 £ (22NZ) i)

AIN]E AIN]
? ?

hiiy ey

Z=NZ i N
where h;i is the standard non-degenerate alternating form on Z=NZ)?9 and
e is the Weil pairing induced by the polarization , .
Let Agqn denote the moduli space overZ,[3n] of g-dimensional polarized
abelian varieties (A; ;" ) of degreed? with a full symplectic level N structure
with respect to 3y . Let Syq.n denote the supersingular locus of the reduction
Agan - Fp modulo p, which is the closed reduced subscheme &N - Fp
consisting of supersingular points inAg.gn - ?p. Let @ g4 denote the set of
superspecial (geometric) points inSy.qg.n ; this is a nite set and every member
is dened over Fp.

For a schemeX of "nite type over a eld K, we denote by | o(X) the set of
geometrically irreducible components ofX .
Let k be an algebraically closed "eld of characteristicp.

2.2. Over a ground eld K of characteristic p, denote by ®, the nite group
scheme of rankp that is the kernel of the Frobenius endomorphism from the
additive group G, to itself. One has

®, = SpecK [X]=XP; m(X)= X - 1+1- X;

where m is the group law.
By de nition, an elliptic curve E over K is called supersingularif E [p](K) = 0.
An abelian variety A over K is called supersingular if it is isogenous to a
product of supersingular elliptic curves overK; A is called superspecialif it is
isomorphic to a product of supersingular elliptic curves overk .
For any abelian variety A over K where K is perfect, the a-number of A is
de ned by

a(A) :=dim ¢ Hom(®,; A):
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The following interesting results are well-known; see Subsection 1.6 of [8] f&
detail discussion.

Theorem 2.1 (Oort). If a(A) = g, then A is superspecial.

Theorem 2.2 (Deligne, Ogus, Shioda) For g , 2, there is only one g-
dimensional superspecial abelian variety up to isomorphima over k.

3. The mass formula

Let o4 denote the set of isomorphism classes @-dimensional principally po-
larized superspecial abelian varieties oveF,. Write
X 1
Mo = JAU(A; )]
(A, )27 "
for the mass attached to 1. The following mass formula is due to Ekedahl [2,
p.159] and Hashimoto-Ibukiyama [3, Proposition 9].

Theorem 3.1. Notation as aleove. One has)

© 1)9(@+D=2 = ¥ © a
U Ve 6 (D

(3.1) Mg -
k=1 k=1
Similarly, we set
X 1
Mo = AT A -
(AL )2Ng 1w JAUt(A; ;" )i

Lemma 3.2 We haveMg.1n = jPgan] = ] Spyg(Z=NZ)j ¢My:

Proof. The “rst equality follows from a basic fact that ( A;,;” ) has no
non-trivial automorphism. The proof of the second equality is elementary; see
Subsection 4.6 of [11].

Corollary 3.3. One has

jaon | = ]Sy (Z=N2Z)j ¢

(i 1)3(i41)3(i Do DEE+1):

4. Proof of Theorem 1.2
4.1. In this section we consider the case wherg = 2. Let
= f(A;,;" )2Sopn; ker, ' @ £ ®Q:

Note that every member A of = is superspecial (becausé\ ¥ ®, £ ®,), that is,
a Yoo,y . For a point » in &, consider the spaceS,, which parametrizes the
isogenies of degree

' :(A»;,»;,»)! A:(A,,,,)
which preserve the polarizations and level structures. Let
A» : S» 'S 2;1;N
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The Supersingular Loci and Mass ... 455

be the morphism which sends'( : »! A)to A. Let V, ¥ S,.1.n be the image
of S, under A,
The following theorem is due to Katsura and Oort [5, Theorem 2.1 and Theorem
5.1]:
Theorem 4.1 (Katsura-Oort). Notation as above. The map» 7! V, gives rise
to a bijection & ' | ¢(S2:1.n ) and one has

joj = [Spy(Z=N2)j(p* i 1)=5760
We will give a di®erent way of evaluatingjaj that is based on the geometric
mass formula (see Corollary 4.6).
4.2. Dually we can consider the spac&? for each» 2 @ that parametrizes the
isogenies of degree

IO:A:(AL;')! »:(A»;,»;,»);
with A2 AN - Fp,suchthat' 3" =", and' % ,=p,. Let
AY:S)IS aun

be the morphism which sends'(°: A! »)to A. Let V’% S,y be the image
of SO under A?.
For a degreep isogeny ( : A; ! A,) with A, in Azin, "%, 2 = ,1 and
"o"1=",, we dene

( tALL A)T=(" AR A);
where' °= 't and

AJ= (AL, LY, 2% 2);
A = (AP, it aE )
Note that ' "9 = “$ as we have the commutative diagram:
(ZaN2)* i * AN T AYN]

2

2 % 5

y= ? y!

(Z=NZ)* § * ALNTd ' AYNT:

If A, 2 o, then AYis also in @. Therefore, the map» 7! V.° also gives rise to a
bijection & ' | o(Sz1n )-

4.3. We use the classical contravariant Dieudonn§ theory. We refer the reader
to Demazure [1] for a basic account of this theory. LetK be a perfect eld
of characteristic p, W := W(K) the ring of Witt vectors over K, B(K) the
fraction "eld of W(K). Let % be the Frobenius map onB(K). A quasi-
polarization on a Dieudonng§ moduleM here is a non-degenerate (meaning of
non-zero discriminant) alternating pairing

hyi:MEM! B(K);

such that FFx;yi = hx;Vyi*for x;y 2 M and M ;M ti % W. Here we regard
the dual Mt of M as a Dieudonn® submodule itM - B (K ) using the pairing. A
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quasi-polarization is calledseparableif M' = M. Any polarized abelian variety
(A;, ) over K naturally gives rise to a quasi-polarized Dieudonng module. The
induced quasi-polarization is separable if and only if p;deg, ) = 1.

Recall (Subsection 2.1) thatk denotes an algebraically closed “eld of charac-
teristic p.

Lemma 4.2
(1) Let M be a separably quasi-polarized superspecial Dieudonn$ nudel over k
of rank 4. Then there exists a basid ;;f,;f3;f4 for M over W := W (k) such
that
Fflzfg;Ff3: pfl; Ffo=1f4Ffs= pfz

and the non-zero pairings are

Wi fai = ihfaifai = 15 Hofai = ihfafai= 4
where ™1 2 W(Fp2)® with 774 =j 1.
(2) Let » be a point ina, and let M,, be the Dieudonn® module o$. Then there
is a W-basise;; e; e3;e4 for M,, such that

Fei=e3 Fex=es Fez=pe; Fes=pe;

and the non-zero pairings are
. .1 . .
he;; e = jh ey e = o hes;eqi = jhes;e3i =1:

Proof. (1) This is a special case of Proposition 6.1 of [8].

(2) By Proposition 6.1 of [8], (M; h;i) either is indecomposable or decomposes
into a product of two quasi-polarized supersingular Dieudonng modules of rank
2. In the indecomposable case, one can choose such a basigor M,,. Hence
it remains to show that (M,,; h;i) is indecomposable. Let &, [p' ];. ) be the
associated polarizedp-divisible group. Suppose it decomposes intoH;, 1) £
(Hz2;, 2). Then the kernel of | is isomorphic to E[p] for a supersingular elliptic
curve E. SinceE|[p] is a nontrivial extension of ®, by ®,, one gets contradiction.
This completes the proof. R

4.4. Let (Ao;, 0) be a superspecial principally polarized abelian surface and
(Mo; h;ip) be the associated Dieudonn® module. Let %: (Ag;.0) ! (A;,)
be an isogeny of degre@ with ' °° = p_ . Write (M; h;i) for the Dieudonn§
module of (A;, ). Choose a basisf1;f,;f3;f4 for Mg as in Lemma 4.2. We
have the inclusions

(F;V)Mg¥2M Y2 My:
Modulo (F;V )My, a module M corresponds a one-dimensional subspadé in
Mg := Mo=(F;V)Mg. AsMg = k<fq;f,>, M is of the form

M = k<af 1+ bf; > [a:b2 Pk):
The following result is due to Moret-Bailly [9, p.138-9]. We include a proof fa
the reader's convenience.
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Lemma 4.3. Notation as aboveker, ' ®,£ ®, if and only if the corresponding
point [a : b satis'es a*! + BP*1 = 0. Consequently, there arep+ 1 isogenies
' Oso thatker, ' @ £ ®,.

Proof. As '% = p o, we haveh;i = %h;io. The Dieudonn® module

M (ker , ) of the subgroup ker, is equal toM=M!. Hence the condition ker,
®, £ ®, is equivalent to that F and V vanish onM (ker, )= M=M*.
Sinceh;i is a perfect pairing onFMy, that is, (FMg)' = FMg, we have
PMo M %2 FMo %2 M % Mg:
Changing the notation, put Mo := Mo=pM, and let
h;io :mo£ Vo' k:

be the induced perfect pairing. In My, the subspaceM?t is equal to M.
Indeed,

Mt=fm 2 Mg;hm;xip 2 pW 8x 2 Mg;
(4.1) - . o
Mi=fm2 Mo hmxio=08x2Mg=M :
From this we see that the condition ker, * ®,£ ®, is equivalent to lM; F M i
hM;V Mi = 0. Since FMg = k < f 3;f4 >, one hasM = k < f {f3;f,
where f? = af; + bf,. The condition hM;F Mi = hM;VMi = 0, same as
HOFfd = & VED =0, gives the equation a®™! + bP*1 = 0. This completes
the proof. B

AV

Conversely, x a polarized superspecial abelian surfaceX , ) such that ker ,
®, £ ®,. Then there are p? + 1 degreep isogenies' °: (Ao;,0) ! (A;,) such
that A is superspecial and %, = p . Indeed, each isogeny ° always has the
property ' % = p_, for a principal polarization | o, and there arejPl(sz)j
isogenies withAq superspecial.

4.5. We denote byAg;l;N; © the moduli space which parametrizes equivalence
classes of isogenies £: Ay ! A,;) of degreep, where A, is an object in Az
and A, is an object in A1, suchthat' % ;= p gand' 9 9= ";.

There is a natural isomorphism from Az.1.n; () t0 AS.,.\. (). Given an object
(A; ;7 H ) in Az gy, 16t Ag = A, Ay == A=H and ' °: Ag ! A; be the
natural projection. The polarization p,o descends to one, denoted by ;, on
A;. Put "3 = "9 gand A; = (Ag;,1;71). Then (" %: Ay ! A)) lies in
AS.1n: (py @nd the morphism

O A2in e A Saniy (AGH )T %Al Ay
is an isomorphism.

We denote by S9, . ) the supersingular locus ofAS, . ) - Fp. Thus we
0 ' i 0 0

have S;.1.\. () S. 21N; (p)- It is clear that S) %2 S, () for each» 2 g,

and S%\ S% = ; if »6 »°% For each® 2 ©,q.y, let S®be the subspace of

SYin: (y that consists of objects ( 0:Ay! A)) with Ay = A.. One also has
SO0 S¥=: jf° 6 °0
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Lemma 4.4. (1) Let (Mg;h;ig) be a separably quasi-polarized supersingular
Dieudonn® module of rank4 and supposea(Mg) = 1. Let M; = (F;V)Myg
and N be the unique Dieudonn® module containinglo with N=Mg = k. Let
h;ii:= %h; i o be the quasi-polarization forM ;. Then one hasa(N) = a(M1) =

2, VN = My, and M;=M}!" k©k as Dieudonn® modules.

(2) Let (Mq;h;i1) be a quasi-polarized supersingular Dieudonn§ module of rin
4. Suppose thatM =M is of length 2, that is, the quasi-polarization has degree
pe.

@) If a(M;) =1, then letting M, := (F;V)My, one has thata(M;) = 2
and h; i, is a separable quasi-polarization orM ,.

(i) Suppose(My;h;i1) decomposes as the product of two quasi-polarized
Dieudonn§ submodules of rankR. Then there are a unique Dieudonn$
submoduleM , of M1 with M;=M, = k and a unique Dieudonn§ module
Mg containing M; with Mg=M; = k so that h;i; (resp. ph;i;) is a
separable quasi-polarization orM, (resp. My).

(iii) SupposeM=Mi ' k © k as Dieudonng modules. LetM; ¥ Mi be
any Dieudonn§ submodule withM;=M, = k, and My % M1 be any
Dieudonn§ overmodule withM =M = k. Then h;i; (resp. ph;i1) is a
separable quasi-polarization orM, (resp. My).

This is well-known; the proof is elementary and omitted.

Proposition 4.5, Notation as above.

(1) One has 0 1 0 1
a a
Sg;l;N: ® = @ SA[ @ SOA -
»2 N\ ° 221N
(2) The schemesS$ . ., has ordinary double singular points and
o 0 1 0
. a a
(Sg;l;N; (p))SIng =@ SSA \ @ SOA -
»2 N\ 02/\2;1;N

Moreover, one has

i(S2am; ()" = 192N i(P+1) = jRj(P° +1):
Proof. (1) Let (" °:Ag! A;) be a point of 3. . If a(Ao) = 1, then
ker' Cis the unique ®-subgroup of Ag[p] and thus A; 2 @. Hence this point lies
in SO for some». Suppose thatA; is not in g, then there is a unique lifting
(' 9:A3! Ay)in SY,.  and the sourceAq is superspecial. Hencé, = Ag
is superspecial and the point (%: A, ! A;) lies in SPfor some®°.
(2) It is clear that the singularities only occur at the intersection of S%'s and
S, as SV and SPare smooth. Letx = (' %:A. 1 A)) 2 SO\ S? We know
that the projection pr  : Sg;l;N; @ 'S 2un induces an isomorphism fromS? to
\_/»0. Therefore, pr, maps the one-dimensional subspacg (S?) of Ty (A_g;l;N; "
Fp) onto the one-dimensional subspac&pr, (x)(V,) of Tor, ) (A2;1n - Fp), where
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The Supersingular Loci and Mass ... 459

Tx(X) denotes the tangent space of a varietyX at a point x. On the other
hand, pr, maps the subspaceTy (S% to zero. This showsTx(S?%) 6 T« (S% in

Tx (A 1\ ®" Fp); particularly S2.,.,. @ has ordinary double singularity at x.
Since every singular point lies in bothS? and S®%or some»; °, by Subsection 4.4
each SO has p? + 1 singular points and each S?°has p + 1 singular points. We
get

j(Sg;l;N; (p))smgj = jezinj(p+1); and j(Sg;l;N; (p))smgj = jaj(p® +1):
This completes the proof. R

Corollary 4.6. We have
1(S91n: )% = [ SP,(Z=NZ)j ¢

and

A DD 1 202+ 1(p+ 1)

(P*i 1)

Proof. This follows from Corollary 3.3 and (2) of Proposition 4.5. R

joj = jSp4(Z=NZ)j¢L41)3(i3)

Note that the evaluation of joj here is di®erent from that given in Katsura-Oort

[5]. Their method does not rely on the mass formula but the computation is
more complicated.

SinceSy.1n; (py ' S g;l;N; © (Subsection 4.5), Theorem 1.2 follows from Propo-
sition 4.5 and Corollary 4.6.

As a byproduct, we obtain the description of the supersingular locusS;.. .

Theorem 4.7.

(1) The schemeSy,n is equi-dimensional and each irreducible component is
isomorphic to P1.

(2) The schemeSy,,n hasjry.qn j irreducible components.

(3) The singular locus of Sy;p.y  consists of superspecial pointA;,;” ) with
ker, ' ®£ ®, and thusjS; %, j = jmj. Moreover, at each singular point there
are p?+1 irreducible components passing through and intersectingansversely.
(4) The natural morphism pry : Sy.1:n: oy ! S 2;p;n CONtracts joj projective lines
onto the singular locus ofSy;;\ -

5. The class numbers H,(p;1) and Hn(1;p)

In this section we describe the arithmetic part of the results in Li and Oort
[8]. Our references are Ibukiyama-Katsura-Oort [4, Section 2] and Li-Oort [8,
Section 4].

Let B be the de nite quaternion algebra over Q with discriminant p, and O
be a maximal order of B. Lep,V = B©", regarded as a leftB-module of
row vectors, and let A(x;y) = i”:lxiyi be the standard hermitian form on
V, wherey; 7! ¥; is the canonical involution on B. Let G be the group of
A-similitudes over Q; its group of Q-points is

G(Q):= fh2 M, (B)jhh! = rl, for somer 2 Qf g:

Documenta Mathematica 11 (2006) 449{468



460 Chia-Fu Yu

Two O-lattices L and L° in B®" are called globally equivalent(denoted by
L» LYif LO= Lh for someh 2 G(Q). For a nite place v of Q, we write
By =B- Q,0,:=0- Z,andLy = L- Z,. Two O-lattices L and L%in
B©" are calledlocally equivalent atv (denoted by L, » LO)if LS = L,h, for
someh, 2 G(Q,). A genusof O-lattices is a set of (global) O-lattices in B©"
which are equivalent to each other locally at every nite placev.
— ©n r
Np B Op ¢ O ]/4Ini r

wherer is the integer [n=2], Y4is a uniformizer in O,, and » is an element in
GL (Bp) such that

¢» % BF(?”;

»» = anti-diag(1;1;:::;1):
Definition 5.1 (1) Let L,(p;1) denote the set of global equivalence classes
of O-lattices L in B®" such that L, » O ©" at every nite place v. The genus
Ln(p;1) is called the principal genus and let H, (p;1) := jL,(p; 1))
(2) Let Ln(1; p) denote the set of global equivalence classes @f-lattices L in
B©" such that L, » N, and L, » O " at every Tnite place v 6 p. The genus
Ln(p;1) is called the non-principal genus and let H, (1;p) := jLn(1;p)j.

Recall (Section 3) that @y is the set of isomorphism classes af-dimensional
principally polarized superspecial abelian varieties ovef,. When g=2D > 0
is even, we denote by !g.p[, the set of isomorphism classes of-dimensional

polarized superspecial abelian varietiesA; , ) of degreep?® over F, satisfying

ker, = A[F].

Let Ay;1 be the coarse moduli schemeof g-dimensional principally polarized

abelian varieties, and letSy.; be the supersingular locus ofA g, - F,. Recall

(Subsection 2.1) that | o(Sg:1) denotes the set of irreducible components of

Sg;]_.

Theorem 5.2 (Li-Oort). We rzave

. . jggl if g is odd;

it o(Sg1)i= . 8 C .
jogpol if g=2D is even.

The arithmetic part for | (Sg:1) is given by the following

Proposition  5.3.
(1) For any positive integer g, one hasjagj = Hg(p;1).
(2) For any even positive integerg = 2D, one hasju;;ij = Hg(1;p).

Proof. (1) See [4, Theorem 2.10]. (2) See [8, Proposition 4.7].

6. Correspondence computation
6.1. Let Mg be a superspecial Dieudonng module oves of rank 2g, and call
Mo := fx 2 Mo;F2x = pxg;
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the skeleton of Mg (cf. [8, 5.7]). We know that My is a Dieudonn§ module
over F. and N - W (F,2) W (k) = Mg. The vector spaceN=VNM, de nes an
Fo2-structure of the k-vector spaceM o=V Mo.
Let Gr(n;m) be the Grassmannian variety of n-dimensional subspaces in an
m-dimensional vector space. Suppos®l; is a Dieudonn® submodule ofMq
such that

VMg¥Mq1¥%Mpo;, dimgMi=VMg=r;
for some integer 0- r - g. As dimMy=V My = g, the subspaceM; :=
M 1=V My corresponds to a point in Gr(r; g)(k).

Lemma 6.1. Notation as above. ThenM is superspecial (i.e. FZM1 = pM,)
if and only if M1 2 Gr(r; g)(Fp2).

Proof. If M1 is generated byV N and x1;X2;:::;Xr, Xi 2 Nfg over W.
Then NI, generatesM; and thus F2M 4 = pM;. Therefore, M, is superspecial.
Conversely if M1 is superspecial, then we have

VMo Y2 M1 Y% M.
Therefore, N1 gives rise to an element in Gr¢; g)(Fp2). B

6.2. LetL(n;2n) %2 Gr(n; 2n) be the Lagrangian variety of maximal isotropic
subspaces in a 2-dimensional vector space with a non-degenerate alternating
form.

From now on g = 2D is an even positive integer. Recall (in Introduction
and Section 5) that n;;pD . denotes the set of superspecial (geometric) points

(A;,;" )in Agpo . - Fp satisfying ker, = A[F].

Lemma 6.2, Let (Ag;,2;72) 2 n;;pD N and (Mg;h;i,) be the associated
Dieudonn® module. There is aW-basis e;;:::;eyg for M such that for
1-i-g

Fe = eg+i; Feg+i = pe;
and the non-zero pairings are

he;ep+iio = jhep+i;giz=

Tl

reg+i;eg+D+ii2: ih eg+D+i;eg+ii2:l;
forl. i- D.

Proof. Use the same argument of Lemma 4.2 (2).

6.3. LetH be the moduli space overZ ) [3n ] which parametrizes equivalence
classes of objects’'(: A; ! A,), where

2 A, =(A1;,1;71) is an object in Ag.1.n

2 A, =(Az2;,2; 2)is an object in Ag.,o .y, and

2' 1 A; !l A, is an isogeny of degreg@® satisfying' ", , = p,1 and

a 1= 2.
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The moduli spaceH with two natural projections gives the following corre-

spondence:
H
pri o0 %
X
K #

Ag1N Agpo N

Let S be the supersingular locus oM - Fp, which is the reduced closed sub-
scheme consisting of supersingular points (eitheA; or A, is supersingular, or
equivalently both are supersingular). Restricting the natural projections on S,
we have the following correspondence

S
Pry yyyy
W
)1 #
Sy;1N Sg;po N -
Suppose thatA, 2 n;;pD N- Let (" At Ay) 2 S(k) be a point in the
pre-image pi, (A,), and let (My;h;i;) be the Dieudonn® module associated
to A;. We have
Mi¥aMs; ph;izz h;i;; FMy= Mé
Since A, is superspecial andh;i; is a perfect pairing onM, we get
FM,= VM= M} MI%Mi=My:
Therefore, we have
FM,=VM,%¥%M;¥2Mjy; dimij_:VMz:D:

Put h;i := ph;i,. The pairing

h,l MyE Mo ! W
induces a pairing

h;i: Mo=VM; £ M=V My ! k

which is perfect (by Lemma 6.2). Furthermore,M 1=V M, is a maximal isotropic
subspace for the pairingh;i. This is becauseh;i; is a perfect pairing on M,
and dimM =V M, = D is the maximal dimension of isotropic subspaces. We
conclude that the point (" : A; ! A),) lies in pri *(A,) if and only if VM, %

M; ¥ M, and M=V M, is a maximal isotropic subspace of the symplectic
space M2=V Mg;h;i). By Lemma 6.1, we have proved

o

Proposition 6.3 Let A, be a point in B 0p0 N -

(1) The pre-image pr}, 1(A2) is naturally isomorphic to the projective variety
L(D; 2D) over k.

(2) The setpri *(mg.1:n)\ prs*(A,) is in bijection with L(D; 2D)(Fy:), where
the W (Fp2)-structure of M is given by the skeletoriVr,.
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6.4. We compute pi *(Ay)\ prbi(a? ) for a point A; in ey . Let T
be the closed subscheme @& consisting of the points ( : A; ! A,) such that
ker, » = Az[F]. We compute the closed subvariety pk HAD\T Trst.
Let Ay 2 agyn, andlet (' : Ay ! A,) 2 S(k) be a point in the pre-image
pri 1(A1)- Let (My; h;i;) and (M2;h;i2) be the Dieudonng modules associated
to A; and A,, respectively.
One has
Mi=M;%M)=FMy;
and thus has
FM, %M1 %M, Y% pi 1V My:
Since M is superspecial,p' *VM; = p' 1FM;. Put My = p' 'VM; and
h;i := ph;i,. We have
pMonM;: FMZJ/ZM:]_: VMOJ/Zle/ZMo
and that h;i is a perfect pairing onM . By Proposition 6.1 of [8] (cf. Lemma 4.2
(1)), there is a W-basisfy:::;fyq for Mg such thatfor 1- i - g
Ffi=fgvi; Ffgei = pfi;
and the non-zero pairings are
Wi fgeil = jhfgei;fii= 1, 81-i- g
where ™1 2 W (Fp2)® with “7*= | 71: In the vector spaceM o := Mo=pMo, M,
is a vector subspace ovek of dimensiong+ D with
M, %VMg=k<fgeiiiifag> and Mo FM,i =0:

_ - xo
Mso=k<vyiii;vp > +V Mg, v = aj fr:
r=1
One computes
) xXe xe ) X
r=1 =1 r=1 g=1 r=1

This computation leads us to the following de nition.

6.5. LetV := FSQ. Forany eld K % Fp2, we put Vx = V - F,2 K and de ne
a pairing on Vg

Xn

hii%: Ve £ Vk ! K Ka);(h)i%:= a

i=1
Let X(n;2n) %2 Gr(n;2n) be the subvariety over F,. which parametrizes n-
dimensional (maximal) isotropic subspaces inV with respect to the pairing
h;iC
With the computation in Subsection 6.4 and Lemma 6.1, we have proved
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Proposition 6.4 Let A; be a pointinay .y andg=2D.

(1) The intersection prj Y(A))\T is naturally isomorphic to the projective
variety X (n; 2n) over k.

(2) The setpri *(Ay)\ pry*(=?. o ) is in bijection with X (D; 2D)(Fp2).

When g = 2, Proposition 6.4 (2) is a result of Moret-Bailly (Lemma 4.3).

6.6. To compute X (n; 2n)(F,2), we show that it is the set of rational points

of a homogeneous space under the quasi-split groug(n; n).

etV = F27 and let x 7! x be the involution of Fy. over Fy. Let A((xi); (vi)) =
i Xi¥i be the standard hermitian form on V. For any eld K % F,, we put

Vk = V- g K and extend A to a from

AV - W ! Fpe- K
by K -linearity.
Let U(n;n) be the group of automorphisms ofV that preserve the hermitian
form A. Let LU (n; 2n)(K) be the space ofn-dimensional (maximal) isotropic
K -subspaces invVk with respect to A. We know that LU (n; 2n) is a projective
scheme overf, of nite type, and this is a homogeneous space undet(n;n).
It follows from the de nition that

LU (n; 2n)(Fp) = X (n; 2n)(Fp2):
However, the spacelU (n; 2n) is not isomorphic to the spaceX (n; 2n) over k.
Let & be the subset of S consisting of elements ( : A; ! A,) such that

A, 2 u;;pD N and A, 2 a41,n . We have natural projections
e
pry {{{{ I
{{{
H "
BgLN P gipo N

By Propositions 6.3 and 6.4, and Subsection 6.6, we have proved
Proposition  6.5. Notation as above, one has
j8) = JL(D; 2D)(Fp2)j ¢ P g.po . § = JLU(D; 2D)(Fp)j ¢ P

Theorem 6.6. We have )

L
S(1j 2) ¢ (p¥i 2§ 1)
i=1 i=1

(j 1)9@+D=2 ( Yo

jn;;pD ;Nj = J Sng(Z:NZ)] ¢ 29

Proof. = We compute in Section 7 that

. . @ H
jL(D; 2D)(Fp2)j = (p* +1);
i=1

JLU(D; D)(Fp)j = (P*1 1+1):
i=1
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Using Proposition 6.5, Theorem 3.1 and Lemma 3.2, we get the value of
oo 1

6.7. Proof of Theorem 1.4. By a theorem of Li and Oort (Theorem 5.2),
we know (

jggnj if gis odd;

J'D;;po ;Nj if g=2D is even.

Note that the result of Li and Oort is formulated for the coarse moduli space
Sg:1- However, it is clear that adding the levelN structure yields a modi ca-
tion as above. Theorem 1.4 then follows from Theorem 3.1, Lemma 3.2 and
Theorem 6.6. B

It o(Sgun )i =

7. L(n; 2n)(Fq) and LU (n; 2n)(Fq)

Let L(n;2n) be the Lagrangian variety of maximal isotropic subspaces in a
2n-dimensional vector spacevy with a non-degenerate alternating form Ag.

Lemma 7.1 jL(n;2n)(Fq)j = Qinzl(qi +1):

Proof. Let e;;:::; e be the standard symplectic basis forVy. The group
Spon (Fq) acts transitively on the space L(n; 2n)(Fq). For h 2 Sp,, (Fg), the
map h 7! f hey;:::hey,g induces a bijection between Sp,(Fq) and the set

™" i 1 choices. The rst companion vectorv,+1 has @" i o®"i H=(qj 1)
choices as it does not lie in the hyperplane and we requireAg(vy; Va+1) = 1.
The remaining ordered symplectic basis can be chosen from the complement
Fq<Vi1;Vph+1> ? . Therefore, we have proved the recursive formula

1 SPon (FQ)i = (0P i 1)™ 1 Spyy, 2(Fo)it
From this, we get
Y oo
iSpon (F)i= o (i 1):

i=1
Let P be the stabilizer of the standard maximal isotropic subspaceF; <

€;:::;e, >. Itis easy to see that
1/ZIJA B.IT 7
— . t — . t — t
P = 0 D ;AD' = 1,; BA"= AB

The matrix BA'! is symmetric and the space ofn £ n symmetric matrices has
dimension (n? + n)=2. This yields
. . n2+ n . . n2 Y‘ j
jPi=q 72 jGLn(Fg)j=q (@i 1)
i=1

as one has
n2i n

JGLn(Fg)i= a2

(g i 1)

i=1
SinceL (n; 2n)(Fq) ' Spun (Fq)=P, we getjL (n; 2n)(Fq)j = Qinzl(qi +1): 1
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7.1. LetV = E20 and let x 7! %X = x9 be the involution of Fy over Fq. Let
A(xi); (yi)) = i Xi¥; be the standard her[nitian form on V. For any "eld
K %Fq, we put Vg := V - ¢, K and extend A to a from

A:Vk - V! Fg-gK
by K -linearity.
Let U(n;n) be the group of automorphisms ofV that preserve the hermitian
form A. Let LU (n; 2n)(K) be the set ofn-dimensional (maximal) isotropic K -

subspaces invk with respect to A. We know that LU (n; 2n) is a homogeneous
space underU(n;n). Let

Im = fa=(a;::jam) 2 Fg; Q@ =0g;
whereQ(a) = al™ + ¢¢¢ all.
Lemma 7.2. We havejly,j= ™ 1+ (i 1)™g™ +(j )™ gmi L,

Proof. For m > 1, consider the projectionp : I ! Fg‘zi 1 which sends

If X 2 Iy, 1, then the pre-image p' (x) consists of one element. Ifx 2 I 1
then the pre-imagep’ 1(x) consists of solutions of the equatiorad = | Q(x) 2
Fg and thus p' 1(x) hasg+1 elements. Therefore,jlmj = jlm; 1j+(a+1)jl 5, 1.
From this we get the recursive formula
i = (q+ ) ™M D gl 4j:
We show the lemma by induction. Whenm =1, jl,j =1 and the statement
holds. Suppose the statement holds fom = k, i.e. jlj = ¢ 1+ (j kgt +
(i DK 1gki . Whenm = k+1,
leeai = (q+ ) dlg®H+ (i 1+ (i D g7
— q2k+1 +(i 1)k+1qk+1 +(i 1)qu:

This completes the proof. R

Proposition  7.3. jLU (n; 2n)(Fq)j = Qinzl(qui 1+1):
Proof. We can choose a new basie;;:::; e, for V such that the non-zero
pairings are
A(e;en+i) = A(en+ize)=1; 81- i- n
The representing matrix for A with respect to fe;;:::;engis
M
J= 0 Iy
T 1, 0
Let P be the stabilizer of the standard maximal isotropic subspaceFq. <
€;:::;6, >. Itis easy to see that
1/sz Bﬂ Ya
P= 0 D ;AD" = I; BA"+ AB® =0
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The matrix BA® is skew-symmetric hermitian. The space ofn £ n skew-
symmetric hermitian matrices has dimensionn? over Fq. Indeed, the diagonal
consists of entries in the kernel of the trace; this gives dimension. The upper
triangular has (n?j n)=2 entries in Fqe, this gives dimensionn?j n. Hence,

D nZ: ; 2n%j n Y 2i
jPj=d" jGLa(Fg)j= g™ (@i 1)
i=1
We compute jU(n; n)(Fg)j. For h 2 U(n;n)(Fg), the map

fanji 1= e g™ M 1= (g (N T+
choices (Lemma 7.2). For the choices of the companion vectov,.; with
A(Vn+1;Vn+1) =0 and A(vi;Vh41) = 1, consider the set

Y = fv2 V;A(vi;v)=1g:

Clearly, jYj = ¢*"i 2. The additive group Fq acts onY by a¢v = v+ av; for
a2 Fg,v2Y. Itfollows from

A(v+ avy;v+ avy) = A(v;v)+la+ a
that every orbit O(v) contains an isotropic vector vo and any isotropic vector
in O(v) has the form vp + av; with '+ a =0. Hence, the vector v,+; has
]Zéq - q4ni 3
choices. In conclusion, we have proved the recursive formula
JUMn)(Fei = (o i (@ *+ 1) g™ 3jU(ni Lnj 1)(Fy)i:
It follows that

SN L -
jUmn)(Fei= ™" (g i 1) *+1):
i=1
SinceLU (n; 2n)(Fq) * U(n;n)(Fq)=P, we getjLU (n; 2n)(Fq)j = Qinzl(qzii 14
1).
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