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Abstract. W e deal with a certain observ ation mapping de�ned b y

means of w eigh ted measurmen ts on a dynamical system and giv e nec-

essary and su�cien t conditions, under whic h this mapping is generi-

cally an injectiv e immersion.
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1 Introduction

The observ abilit y problem of nonlinear dynamical systems has b een an in ter-

esting sub ject and activ e �eld of researc h throughout the last decades. In the

presen t w ork w e consider time in v arian t systems of the form

�

_x = f (x)

y = h(x) .

The �rst equation describ es a real dynamic pro cess. Its state x(t) at time t
is assumed to b e elemen t of a smo oth second coun table (hence paracompact)

n-dimensional manifold M called state space. The dynamics of the system

is giv en b y the v ector �eld f on M . The output function h is a mapping

from the state space in to the reals and stands for a measuring device. The

second equation describ es the output, whic h con tains partial information

of the state. The output y is the only measurable quan tit y . There is a

v ery broad v ariet y of systems, whic h can b e describ ed in this w a y . W e call

the triple (M; f; h ) or simply the pair (f; h ) a system. The system is called

�
W e use the customary abbreviations: Time t denotes the natural co ordinate on R and

the �rst equation is iden ti�ed with its lo cal represen tativ e.
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Cr
i� M , f and h are Cr

. W e denote the set of Cr
v ector �elds on M b y Xr (M ) .

In man y applications it is of essen tial imp ortance to kno w the state of the

system at an y time t . But measuremen t of the en tire state (e.g. all its

co ordinates) is often imp ossible or v ery di�cult. F or instance b ecause of high

costs or tec hnical reasons. In most cases one has only partial information from

measuremen t of the output y , mathematically b eing describ ed b y the second

equation. So the issue is to get the state (as w ell as distinguish di�eren t states)

b y using only output measuremen t

�
. If this is p ossible, then the system is

said to b e observ able. Hence, the issue of the observ abilit y problem is the

follo wing. Find criteria on the system, suc h that b y means of information

from the output tra jectory , it is p ossible to distinguish di�eren t states as w ell

as to reconstruct the states. There is no uniform or canonical de�nition of

observ abilit y in the literature. The w eak est and most natural de�nition is the

follo wing.

Definition 1.1 The system (f; h ) is said to b e observ able (or distinguishable)

if for eac h (x; x 0) 2 M � M with x 6= x0
there exists a time t0 = t0(x; x 0) suc h

that h(� t 0 (x)) 6= h(� t 0 (x0)) .

Ho w ev er, the ab o v e de�nition is not w ell-suited for the treatmen t of the

observ abilit y problem. Therefore one seeks to establish a stonger notion of ob-

serv abilit y as follo ws. Consider a mapping � (in the sequel called observ ation

mapping), whic h maps the state space in to some �nite dimensional Euclidian

space, assigning states to data deriv ed from the output tra jectories on some

observ ation time in terv al J . Then decide the observ abilit y of the system b y

means of injectivit y of � . Moreo v er the follo wing natural question arises. Is

observ abilit y in this sense (, i.e. with resp ect to � ) generic? The latter is the

main issue of the presen t w ork. In the con trol theory the noatation of observ er

is generally standing for another system ha ving the output (and input in the

con trolled case) of the original system as input and generating an output whic h

is an asymptotic estimate of the original system state.

Beside the task of reconstruction of the state, observ abilit y has also applica-

tion in the theory of c haos and turbulence in the follo wing sense. Supp ose an

observ able system has a global attractor. Then using an observ ation mapping

one can get a homeomorphic picture of the attractor or at least information

ab out some of its c haracteristic prop erties. Examples can b e found in [R T]

and [T]. W e consider a certain observ ation mapping in tro duced in [KE] and

[E ]. W e deriv e necessary and su�cien t conditions for genericit y of observ abilit y

and lo cal observ abilit y with resp ect to this mapping. Basically , there are t w o

other w ell-kn w on approac hes to the observ abilit y task: sampling and high-gain

approac h. In his classical w ork [T], T ak ens pro v ed genericit y results similar to

�
It is w orth to men tion that often the information b y output measuremen ts underly some

errors leading to the problem of stabiliy .
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ours for these approac hes. Ab out the same time A ey els [A y] ac hiev ed sharp er

results concerning the sampling approac h. F urther results on high-gain ap-

proac h can b e found in [GK], [GHK] and [J]. P articularly , for a comrehensiv e

and in tensiv e in v estigation of deterministic observ ation theory and applica-

tions including man y deep results concerning high-gain approac h w e refer to

[GK]. Our approac h has the disadv an tage that a suitable linear �lter has to

b e constructed. On the other side in con trast to high-gain approac h w e do not

need to restrict ourselv es to smo oth systems. F or more on our approac h with

applications w e refer to [N ].

2 Main Results

Definition 2.1 Let 0 < � < 1 , (A; b) b e a stable and con trollable m -

dimensional linear �lter and (M; f; h ) a Cr
-system with �o w � . W e call the

mapping M 3 x 7! � f;h :=
R0

� � e� At bh(� t (x))dt 2 Rm
the observ ation map-

ping and the n um b er m observ ation dimension. If � f;h is injectiv e w e call the

system (M; f; h ) � -observ able or simply observ able.

F urthermore w e call the system lo cally observ able if � f;h is an immersion.

The indistinguishable subset of M � M is giv en b y


 f;h := f (x; x 0) 2 M � M n � M : � f;h (x) = � f;h (x0)g.

The time in terv al I := [ � �; 0] has the ph ysical in terpretation of observ ation

in terv al. W e treat for simplicit y of notation and in view of the ph ysical

in terpretation of the observ ation data as history of the output mapping, the

case I � R� 0 , 0 2 I . F or un b ounded in terv als mo di�cations are needed, whic h

w e giv e explicitly for the case I = R� 0 .

The k ey p oin t in the pro of of the follo wing genericit y results is to sho w that

zero is a regular v alue of the observ ation mapping. Pro ving this w e then apply

transv ersalit y densit y and op enness theorems to get lo cally our statemen ts,

whic h then will b e globalized to the whole state space. A Baire argumen t then

yields the �nal results. P articularly for � < 1 in an y Cr
neigh b orho o d of the

system there is a system whic h is b oth observ able and lo cally observ able with

resp ect to � . An appropriate statemen t is also v alid for � = 1 in the C1

top ology .

If the state space is not compact, it is more suitable to consider the so called

strong or Whitney ( Cr
-)top ology on Cr (M; R) and Xr (M ) . The reason is that

in this top ology one has more con trol on the b eha vior of the functions and v ec-

tor �elds at in�nit y . Note that densit y in this top ology is a stronger prop ert y

than in the compact-op en (also called w eak) top ology . F or instance, roughly

sp eaking, a sequence of output functions hj con v erges in Whitney top ology to

h i� there exists a compact set K suc h that hj = h outside of K except for

�nitely man y j and all the deriv ativ es up to order k con v erge uniformly on K .
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The case of smo oth v ector �elds is similar. The w ell kno wn fact that Cr (M; R)
and Xr (M ) are Baire spaces in the Whitney top ology (pro ofs can b e found in

in [H, 2.4.4] and [P ]) is of basic imp ortance for our results. A residual subset of

Cr (M; R) or Xr (M ) is dense. F r om now on the sp ac es of Cr
functions as wel l

as ve ctor �elds on M ar e e quipp e d with their Cr
Whitney top olo gy, unless oth-

erwise indic ate d. If the state space M is compact and r < 1 , then Cr (M; Rk )
and Xr (M ) endo w ed with the compact-op en top ology are Banac h spaces (while

in general F réc het spaces), their Whitney and compact-op en top ology coin-

cide and the �o w � of eac h v ector �eld f 2 Xr (M ) is de�ned globally on M � R.

F or some pairs in Xr (M ) � Cr (M; R) there is no p ossibilit y to distin-

guish or lo cally distinguish the states. F or genericit y results it is an es-

sen tial fact that the complemen t of the set of suc h pairs is residual. Let

Sing(f ) := f x 2 M : f (x) = 0 x 2 Tx M g denote the set of singularities of

the v ector �eld f (equilibria of the system), where 0x is the zero of Tx M . In

the sequel w e shall often omit the subscript x and write simply f (x) = 0 for

x 2 Sing(f ) .

Recall that a singularit y x0 2 Sing(f ) is called simple i� the principial part

of the linearization of f at x0 , i.e. the linear mapping dx 0 f : Tx 0 M ! Tx 0 M ,

do es not ha v e zero as an eigen v alue.

W e denote the set of Cr
v ector �elds, whose singularities are all simple, b y

Xr
0(M ) . It is w ell kno wn that a simple singularit y is isolated and Xr

0(M ) is an

op en and dense subset of Xr (M ) (for a pro of w e refer to [PD , 3.3]).

Definition 2.2 W e call x0 2 M a � -simple singularit y i� there exists a

cotangen t v ector v 2 T �
x 0

M suc h that the linear system (Tx 0 M; dx 0 f; v T ) is

observ able, i.e., the linear mapping

Z 0

� �
e� tA bvetd x 0 f dt : Tx 0 M ! Rm

is injectiv e. In this case w e sa y that vT
is a � -co cyclic co v ector of dx 0 f .

W e denote b y Xr
1(M ) the set of Cr

v ector �elds on M , whose singularities are

� -simple. Moreo v er w e set Xr
0;1(M ) := Xr

0(M ) \ Xr
1(M ) .

In the limiting case � = 1 dense orbits as w ell as non trivial recurrence cause

di�culties and sp ecial considerations are necessary . W e in v estigate this case

under the assumption that M is compact. Appropriate results in the noncom-

pact case can b e similarly deriv en if w e further restrict (in order to ac hiev e

w ell-de�nedness of the observ ation mapping) the systems to b e globally Lip-

sc hitzian. F urthermore, in order to ensure di�eren tiabilit y of the observ ation

mapping, if � = 1 w e restrict the v ector �elds to the op en set

Xr (M; a) := f f 2 Xr (M ) : sup
x 2 M

kdj
x f k < a for all j = 1 ; :::; r g

Denoting the set of critical elemen ts (equilibria and closed orbits) of a v ector
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�eld f b y C(f ) and the union of the negativ e limit sets b y L � (f ) , w e set

Xr
� (M ) := f f 2 Xr (M ) : L � (f ) � C(f )g.

W e denote that some ineteresting classes of v ector �elds lik e Morse-Smale �elds

�

are con tained in Xr
� (M ) . P articularly , since the set consisting of Morse-Smale

v ector �elds is op en and nonempt y in X r (M ) , the in terior int (Xr
� (M )) of

Xr
� (M ) is a Baire space (in the induced top ology). F urthermore note that the

limit set of a gradien t �eld consists only of the critical p oin ts of the p oten tial

function. Therefore Xr
� (M ) also con tains the set of gradien t �elds. Moreo v er

w e set

Xr
2(M ) := Xr (M; a) \ int (Xr

� (M )) .

It is w ell kno wn that on a compact manifold C1
-generically the non w ander-

ing set of a smo oth v ector �eld coincides with the closure of the set of its

p erio dic p oin ts. This statemen t called general densit y theorem is a conse-

quence of Pugh's closing lemma, whic h ensures that a non w andering p oin t

can b e made p erio dic b y a small C1
-p etrubation in a neigh b ourho o d of the

p oin t. See also [Pu ], [AR, 7.3.6] and the references giv en there

�
. P articularly

f f 2 X1(M ) : L � (f ) � C(f )g is a residual subset of X1(M ) .

W e set for y 2 E r
a;� := f y 2 Cr ([� �; 0]; R) :

R0
� � eat jy(t)jdt < 1g

P� y :=
Z 0

� �
e� At by(t)dt

and for �xed � simply write P instead of P� .

Lemma 2.1 Let r; � � 1 .F urthermore let q0 2 Rm
and T; � > 0. Then

the follo wings hold.

a) There exists a function y 2 Cr (R; R) b eing compactly supp orted in ] � �; 0[
and satisfying P� y = q0 .

b) There exists a T -p erio dic function y 2 Cr (R; R) with P� y = q0 and

supp(yj[� (k+1) T;0]) � ] � (k + 1) �; 0[ for all k 2 Z .

Proof: A d a) Let � := min f �; � g. The mapping L 1([� �; 0]) 3 y 7! K (y) :=R0
� � e� At by(t)dt 2 Rm

is linear, con tin uous and b ecause of the con trollabilit y

of (A; b) surjectiv e. Cr
� is a dense linear subspace of L 1([� �; 0]). Therefore

R := K (Cr
� ) is a dense linear subspace of Rm

and consequen tly R = Rm
.

Therefore there exists a function y0 2 Cr
� ha ving the prop ert y K (y0) = q0 .

The trivial extension of y0 on R is ob viously the desired function.

A d b) If � � T , the assertion follo ws directly from part a). W e pro v e

the result for � > T using sampling. Assume �rst � < 1 and let

N := maxf k 2 N : NT � � g. Due to the stabilit y of A the series

P 1
k=0 ekT A

�
Recall that Morse-Smale v ector �elds are structurally stable.

�
It is still unkno wn whether the Ck

-closing lemma with k � 2 fails in general.
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con v erges to (I � eT A )� 1
and SN :=

P N
k=0 ekT A = ( I � eT A )� 1(I � e(N +1) T A )

is in v ertible. Let us write � := min f � � T; � g. A ccording to part a) there exists

~y0 2 Cr
� with PT ~y0 = S� 1

N q0 (as w ell as (I � eT A )q0 in case � = 1 ). Let y0

denote the trivial extension of ~y0 on [� T; 0]. Then w e ha v e PT y0 = S� 1
N q0 .

Let y denote the T -p erio dic extension of y0 on R. Consequen tly

Z 0

� �
e� At by(t)dt =

NX

k=0

Z � kT

� (1+ k)T
e� At by0(t + kT )dt

=
NX

k=0

ekT A
Z 0

� T
e� At by0(t)dt

= q0;

whic h yields immediately the desired conclusion. �

Let � denote the canonical pro jection of the tangen t bundle T M :

� : T M ! M; � (v) := x for v 2 Tx M:

Let M b e endo w ed with a Riemannian metric. Denoting the induced norm on

the tangen t spaces b y j:j , the unit tangen t bundle T1M is giv en b y

T1M := [
x 2 M

f v 2 Tx M : jvj = 1 g.

Recall that T1M is a (2n � 1)-dimensional Cr � 1
submanifold of T M . It is

compact, if M is compact.

Let K b e a subset of M . W e set T0K := K � K n� K and denote the restriction

of T1M to K with T1K , i.e., T1K := f v 2 T1M : � (v) 2 K g. Recall that if K
is an s-dimensional submanifold, then T1K has dimension n + s � 1.

Definition 2.3 W e de�ne the � -history of K b y the �o w � of the v ec-

tor �eld f to b e the closure of

�( K ; � ) := f � t (x) : � � < t � 0; x 2 K g.

W e denote

�� f;h (x; x 0) := � f;h (x) � � f;h (x0) for x; x 0 2 M .

Let V b e an op en subset of M con taining the � -history of K and L b e the

closure of V . Then w e denote

H 0(L ; K ) := f h 2 Cr (L; R) : zero is a regular v alue of �� f;h j� 0K g,

and

H 1(L ; K ) := f h 2 Cr +1 (L; R) : zero is a regular v alue of d� f;h j� 1K g.
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In the sequel w e set i = 0 ; 1 as w ell as H i (K ) := H i (M ; K ) and H i := H i (M ) .

If K 0 � K and for an output function h , zero is a regular v alue of the

mapping �� f;h on � 0K , then it is also a regular v alue of the restricted map-

ping �� f;h j � 0 K 0
, that is, H 0(K ) � H 0(K 0) . Similarly H 1(K ) � H 1(K 0) holds.

In the follo wing, if f 2 Xr
0;1(M ) , then H0(L ) stands for the set of output

functions h 2 Cr (L; R) suc h that

h(x0) 6= h(x0
0) for all (x0; x0

0) 2 � 0(L \ Sing(f )) ,

and H1(L ) for those h 2 Cr +1 (L; R) suc h that

dx 0 h is a � -co cyclic co v ector of dx 0 f for all x0 2 L \ Sing(f ) .

Note that if L is compact, then the n um b er of singularities of f in L is �nite

and for �nite r , as an immediate application of the transv ersalit y op enness

and densit y theorems, it follo ws that H i (L ) is an op en and dense subset of the

Banac h space Cr + i (L; R) .

Lemma 2.2 Assume that i < r < 1 and f 2 Xr
0;1(M ) is complete. Let

S b e a Cr
submanifold of M suc h that the � -history of S is con tained in an

op en subset V of M with compact closure L := �V . Consider the mappings

F i : H i (L ) � � i S ! Rm
de�ned b y

F 0(h; x; x 0) := �� f;h (x; x 0)

and

F 1(h; v) := d� (v) � f;h (v) .

Then the follo wing holds.

a) Zero is a regular v alue of F 0
.

b) Zero is a regular v alue of F 1
.

Supp ose moreo v er that f 2 X r
2 (M ) . Then the assertions also hold for � = 1 .

Proof: A d a) Let W0 := f (h; x; x 0) 2 H0(L ) � T0S : F 0(h; x; x 0) = 0 g.

W e ha v e to sho w that the function F 0
is submersiv e on W0 . Since

Rm
is �nite dimensional, it su�cies to pro v e that the linear mapping

d(h;x;x 0) F 0 : T(h;x;x 0) (H0(L ) � T0S) ! Rm
is surjectiv e for all (h; x; x 0) 2 W0 .

Fix (h; x; x 0) 2 W0 and q0 2 Rm
. A ccording to the condition h 2 H0(L ) w e see

that x and x0
cannot b e b oth equilibrium p oin ts. Therefore w e assume without

loss of generalit y that x is not an equilibrium p oin t. Since H0(L ) is op en and

d
ds js=0 F 0(h + sg; x; x0) = �� f;g (x; x 0) = F 0(g; x; x0) , it is su�cien t to sho w

the existence of an output function g 2 Cr (L; R) satisfying F 0(g; x; x0) = q0 .

W e use the fact that the �o w through a p oin t of the state space M maps eac h

closed �nite time in terv al on a closed subset of M and de�ne a suitable mapping

g on an appropriate closed subset of the state space and then extend it to L .
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Let 
 and 
 0
denote the � -histories of the p oin ts x and x0

resp ectiv ely and

Z := 
 [ 
 0
. W e de�ne g on Z . W e �rst treat the case � < 1 .

Case 1: Both orbits are critical elemen ts. Let T denote the p erio d of x . In view

of lemma 2.1 there exists a T -p erio dic function y 2 Ck (R; R) , whic h satis�es

the condition P� y = q0 . W e set g(� t + kT (x)) = y(t) for 0 � t � T; k 2 Z and

g = 0 else.

Case 2: One of the in tegral curv es, sa y �( x) , is injectiv e and the other one is

p erio dic or an equilibrium p oin t. A ccording to Lemma 2.1 there is a function

y 2 Ck ([� �; 0]; R) with compact supp ort suc h that P� y = q0 . W e de�ne g on 

b y g(� t (x)) = y(t) for � � � t � 0 and g = 0 else. If �( x0) is injectiv e and x is

p erio dic, w e just set g = 0 on 
 and de�ne g on 
 0
suc h that P� (g � �( x0))) =

� q0 .

Case 3: Both in tegral curv es are injectiv e. In this case w e de�ne g on 
 as in

case 2 and on 
 0
b y g = 0 .

If � = 1 , then b ecause of ev en tual presence of dense orbits g cannot b e simply

de�ned on a part of Z and then trivially extended. Hence the construction

of g b ecomes a little more delicate. Assuming f 2 X 2 ensures then that the

recurrence is trivial and the previous pro cedure also w orks. If b oth orbits

are critical elemen ts, i.e. in case 1, then ev erything remains the same as for

�nite observ ation time. Problems could arise in case 2 or 3 if at least one

of the in tegral curv es is injectiv e and the past half of one of the orbits, sa y

the one through x0
, b elongs to the negativ e limit set of the other orbit or

itself, i.e., f � t (x0) : t � 0g � � (x) [ � (x0) . But this can according to the

assumption f 2 Xr
2(M ) only o ccur if x0

is p erio dic or an equilibrium p oin t. W e

pro ceed as in case 2 of �nite � and �nd again in view of Lemma 2.1 a function

y 2 Cr (R; R) compactly supp orted in an in terv al [� �; 0] with � > 0 and set

g(� t (x)) := y(t) for all t and g = 0 else.

In all cases w e ha v e de�ned a Cr
function on the closed subset Z of the state

space M with the prop ert y that Z � L and P� (g � �( x) � g � �( x0)) = q0 .

A ccording to the smo oth Tietze extension theorem, there exists a Cr
extension

of the function g to L . This function denoted again b y g is ob viously the

desired function, whic h satis�es F 0(g; x; x0) = q0 .

A d b) Denote W1 := f (h; v) 2 H1(L ) � T1S : F 1(h; v) = 0 g. W e �x

(h; v) 2 W1 , set x0 := � (v) and sho w that F 1
is submersiv e at (h; v) . Fix

q0 2 Rm
. Since

d
ds js=0 F 1(h + sg; v) = F 1(g; v) for arbitrary g 2 Cr (M; R) , it

su�ces to pro v e the existence of a function g 2 Cr (L; R) with F 1(g; v) = q0

lo cally and extend it L . If x0 w ould b e an equilibrium p oin t, then in view

of the assumption h 2 H1(L ) , the linear system (Tx 0 M; dx 0 f; d x 0 h) w ould b e

� -observ able and consequen tly F 1(h; v) 6= 0 in con tradiction to the assumption

(h; v) 2 W1 . Therefore w e ma y assume that x0 is not an equilibrium p oin t.

Hence, in view of the straigh tening-out theorem there is a lo cal c hart (U;  )
at x0 suc h that  (U) = U0� ] � �; � � [ with � > 0, U0

an op en subset of Rn � 1
,

 (x0) = 0 and the v ector �eld f has the lo cal represen tativ e (z; t) 7! en . Here

en denotes the n th standard base v ector in Rn
. Denote the induced co ordinate
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function on T1M at v b y

b . Since v 6= 0 w e can and do assume that v has

the lo cal represen tativ e � = ( � 1; � 2)T
with � 1 2 Rn � 1

, � 2 2 R, � 6= 0 , i.e.

v = @
@z(x0)� 1 + @

@t(x0)� 2 . F urthermore for t 2 ] � �; � � [, the lo cal represen tativ e

of dx 0 � t reads as

�
Id 0
0 1

�
and subsequen tly that of dx 0 h � � t v as r h(0; t)� .

By shrinking U if necessary , w e can (in the case � = 1 on accoun t of the

assumption that f 2 Xr
2(M ) if the p oin t x0 is recurren t, then it is p erio dic)

and do assume that the in tersection of U and the � -history of x0 is connected.

A ccording to lemma 2.1 there exists a function ŷ 2 Cr +1 (R; R) with deriv ativ e

y b eing supp orted (on eac h p erio d, if x0 has p erio d > � ) in [� �; 0] suc h

that P� y(t)dt = q0 . Ob viously there exists a function g 2 Cr (U0� ] � �; � [; R)
b eing compactly supp orted, with r g(0; t)� = y(t) . F or instance de�ne

~g(z; t) = j� j � 2(zT � 1y(t) + � 2ŷ(t)) . The trivial extension of ~g �  to L is the

desired function g. �

Sometimes in applications one is in terested in or limited to observ ation re-

stricted to a subset of the state space. It can b e for instance b ecause of tec hnical

or ph ysical reasons, or if it happ ens that all the information needed can b e ev al-

uated from measuremen ts on a certain subset. The latter case b eing p erhaps

the most imp ortan t one, o ccurs if the subset under observ ation is an attractor.

Other subsets in v arian t under the �o w can also b e of in terest. Therefore w e

state our genericit y results for observ ations of subsets of the state space as w ell.

Lemma 2.3 Supp ose that K is a subset of an s-dimensional Cr
submani-

fold of M denoted b y S , � < 1 and f 2 Xr
0;1(M ) is complete. Then the

follo wing holds.

a) Assume that m � n + s � r and r � 2. Then H 1(K ) is residual. If K is

closed, then H 1(K ) is also op en.

b) Assume that m � n + s + 1 � r . Then H 0(K ) is residual. If K is closed,

then H 0(K ) con tains an op en set.

Supp ose moreo v er that M is compact and f 2 Xr
2(M ) . Then the assertions

hold also in the case � = 1 .

Proof: Assume �rst r < 1 , K is compact, U is a c hart domain of S ,

whic h con tains K and has compact closure. By compactness of U and �nite-

ness of � in case of �nite observ ation time and b ecause of compactness of M
in case � = 1 , the � -history of U is compact. By lo cal compactness there is

an op en set V � M with compact closure L := V suc h that V con tains the

� -history of U .

Lo cal densit y: W e pro v e residualit y with resp ect to H i (L ) . Since the latter

is op en and dense in Cr (L; R) , densit y of H i (L ; U) is also then sho wn with

resp ect to Cr (L; R) .

A ccording to the previous lemma zero is a regular v alue of the ev aluation map-
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ping F i : H i (L ) � Ti U ! Rm
de�ned b y

F 0(h; x; x 0) := �� f;h (x; x 0)

and

F 1(h; v) := d� (v) � f;h (v) .

Therefore according to the transv ersalit y densit y theorem (see for instance [AR ,

19.1]) H i (L ; U) is a residual subset of H i (L ) , and hence dense in Cr (L; R) .

Lo cal Op enness: Compactness of K implies that T1K is also compact in T1U .

A ccording to the transv ersalit y op enness theorem H 1(L ; K ) is op en (with re-

sp ect to the compact-op en and b y compactness of L also with resp ect to the

Whitney top ology) in Cr (L; R) . These conclusions do not w ork for H 0(L ; K ) .

Instead let � b e a compact subset of T0U . Then in view of transv ersalit y

op enness theorem

H 0
0(L ; �) := f h 2 Cr (L; R) : zero is a regular v alue of �� f;h on � g

is op en in Cr (L; R) .

Since the assertions are pro v ed for r �nite and su�cien tly large, they also hold

for r = 1 . Hence w e assume from no w on that r � 1 .

Globalization: This part of the pro of is basicly standard. Therefore w e

giv e an outline and refer to [H, 2.2] for details. Since K � U , w e ha v e

H 1(L ; U) � H 1(L ; K ) . Hence H 1(L ; K ) is also dense in Cr (L; R) . Lik ewise one

gets densit y of H 0
0(L ; �) in Cr (L; R) from densit y of H 0(L ; U) , since � � T0U

and subsequen tly H 0(L ; U) � H 0
0(L ; �) . Using a bump function w e no w pro v e

that H 1(K ) is dense in Cr (M; R) . Fix g0 2 Cr (M; R) . Since H 1(L ; K ) is dense

in Cr (L; R) , there is a sequence f hj g in H 1(L ; K ) con v erging in the compact-

op en top ology to g0jL . Since K � U , there is a Cr
-function � : M ! [0; 1] with

compact supp ort in L , suc h that � = 1 on an op en neigh b orho o d of K . The

sequence �h j + (1 � � )g0 con v erges to g0 with resp ect to the Whitney top ology .

Therefore H 1(K ) is a dense subset of Cr (M; R) . A similar argumen t sho ws

that H 0
0(�) is a dense subset of Cr (M; R) .

W e no w drop the assumption that K � U . Let J b e a coun table indexing set,

f Uj g with j 2 J b e a co v ering of S with c hart domains Uj . F urthermore let

f K j g b e a sub ordinate family of compact sets suc h that K = [
J

K j and K j � Uj .

W e can and do assume that there is a compact co v ering of M denoted b y f L j g
suc h that the in terior of L j con tains the � -history of Uj .

Op enness statemen ts: Supp ose that K is closed. Then it is also paracompact

and the co v ering can b e assumed to b e lo cally �nite. Since f L j g co v ers M , it

holds that H 1(K ) = f h 2 Cr (M; R) : hjL j 2 H 1(L j ; K j ) for all j 2 J g. Hence

lo cal �niteness of the co v ering implies that H 1(K ) is op en. Simliarily it follo ws

that the set f h 2 Cr (M; R) : zero is a regular v alue of �� f;h on K � K g is

op en. The latter is con tained in H 0(K ) .

Residualit y statemen ts: W e no w drop the assumption that K is closed. By the

preceding argumen ts H 1(K j ) is op en and dense. Therefore H 1(K ) = \
j
H 1(K j )
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is residual (and in view of the Baire prop ert y of Cr (M; R) also dense). T aking

a compact co v ering f � j g of T0K a similar argumen t yields the results on

H0(K ) . �

The op enness results in the preceding lemma can also b e pro v ed (without

applying the transv ersalit y op enness theorem) as follo ws. F or instance, b y

compactness of L the mapping H0(U) 3 h 7! F 0(h; :)) 2 Cr (T0U;Rm ) is con tin-

uous in the Whitney top ology . This fact and op enness of f F 2 Cr (T0U;Rm ) :
zero is a regular v alue of F g (this fact follo ws, for instance, from the lo w er

semicon tin uit y of the mapping Cr (L; R) � T0U 3 (h; x; x 0) 7! rank (d(h;x;x 0) F 0)
and compactness of L ) in the Whitney top ology implies that H 0(L ; U) is

op en in the Whitney top ology and b y compactness of L also op en in the

compact-op en top ology of Cr (L; R) . Other parts follo w lik ewise.

In ligh t of the preceding lemmas w e can no w pro v e the genericit y results on

output functions just b y comparing dimensions.

Theorem 2.1 Supp ose that K is con tained in an s-dimensional Cr
sub-

manifold of M and f 2 Xr
0;1(M ) is complete. Then the follo wing assertions

hold.

a) Assume that r � 2 and m � n + s. Then functions h b elonging to Cr (M; R)
suc h that � f;h is immersiv e at eac h p oin t of K , constitute a residual set. This

set is also op en, if K is closed.

b) Assume that m � 2s+1 . Then the set of functions h b elonging to Cr (M; R)
suc h that � f;h is injectiv e (resp ectiv ely an injectiv e immersion) on K , is

residual (resp ectiv ely , if r � 2). It con tains an op en set, if K is closed.

Supp osing m � 2s and r > 2s� m the same results hold for the set of functions

h b elonging to Cr (M; R) suc h that the � -unobserv able p oin ts of K � K b elong

to a submanifold of dimension 2s � m .

Supp ose moreo v er that M is compact and f 2 Xr
2(M ) . Then the assertions

also hold for � = 1 .

Proof: A d a) Since m � n + s, the set of functions h b elonging to

Cr (M; R) suc h that � f;h is an immersion at eac h p oin t of K , coincides with

H 1(K ) , i.e., d� f;h jT1 K is transv ersal to f 0g 2 Rm
. Therefore the assertion

follo ws immediately from the previous lemma.

A d b) A ccording to the previous lemma H 0(K ) is residual and con tains an

op en set, if K is closed. If m � 2s + 1 , then the set of functions h b elonging

to Cr (M; R) suc h that the restriction of � f;h to K is injectiv e (resp ectiv ely an

injectiv e immersion), is precisely H 0(K ) (resp ectiv ely H 0(K ) \ H 1(K ) ). The

statemen t on the indistinguishable set follo ws from the preimage theorem. �

Remark 2.2 As it can easily b e seen from the pro of of lemma 2.2, the

dimension condition m � n + s in part a) of the preceding theorem can b e

w eak end to m � 2s, if immersivit y is replaced b y immersivit y on T S.
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If the state space is compact, w e get sharp er results. In particular the follo wing

theorem is imp ortan t, since em b edding of the state space giv es information on

limit b eha vior of the system.

Theorem 2.2 Supp ose that m � 2n + 1 , f 2 Xr
0;1(M ) and M is com-

pact. Then output functions h 2 Cr (M; R) suc h that � f;h is an em b edding

constitute an op en and dense set.

If w e further assume that f 2 Xr
2(M ) , then the assertion remains true in the

case � = 1 .

Proof: Recall that b y compactness of M an injectiv e immersion is also

an em b edding (case 2 � r � 1 in Theorem 2.1) and an injectiv e mapping

is also a top ological em b edding (case r = 1 ). Hence densit y follo ws from

Theorem 2.1. Op enness is a consequence of the fact that b y compactness of M
the mapping Cr (M; R) � T0M 3 h 7! �� f;h 2 Cr (M; Rm ) is con tin uous and

the set of em b eddings Embr (M; Rm ) := f F 2 Cr (M; Rm ) : F is em b edding g
is op en. �

Next w e shall pro v e residualit y of Xr
0;1(M ) b y using the c haracterization of sim-

plicit y and � -simplicit y of a singularit y , in terms of transv ersal nonin tersection.

Lemma 2.4 Assume that m � n . Then Xr
0;1(M ) is op en and dense in

Xr (M ) . Moreo v er, the assertion holds also for � = 1 , if w e restrict the v ector

�elds to X r (M; a) .

Proof: W e giv e a pro of for � < 1 . The argumen ts for � = 1 are

similar. It su�cies to sho w that Xr
1(M ) is op en and dense. Let O resp.

U denote the set of n -dimensional � -observ able resp. unobserv able linear

systems. Let f 2 Xr
1(M ) , x0 2 Sing(f ) and dx 0 f denote the principial part of

the linearization of f .

Note that f 2 Xr
1(M ) if and only if there exists a v 2 Tx 0 M suc h that the

system (dx 0 f; v ) a v oids the set of � -unobserv able linear systems on Tx 0 M .

W e no w giv e a lo cal c haracterization. Let  : U ! Rn
b e a lo cal c hart

suc h that U has compact closure and  (x0) = 0 . The tangen t mapping

d : T U ! Rn � Rn
de�ned b y d (v) = (  (x); dx  v ) with x = � (v) is a lo cal

c hart for T M . Let P r 2 denote the pro jection Rn � Rn 3 (x; w) 7! w . Consider

the mapping � f := P r 2 d f �  � 1
on  (U) . Hence d0� f = dx 0  d x 0 fd 0 � 1

. The

singularit y x0 is � -simple if and only if (d0� f ; dx 0 v) =2 U for some v 2 Tx 0 M .

Ob viously U is closed, analytic and 6= End(Rn ) � Rn
, hence �nite union of

closed p ositiv e co dimensional real analytic submanifold of End(Rn ) � Rn
.

Giv en a pair (G; w) 2 O, ob viously there exists a v ector �eld g 2 Xr (M ) suc h

that g and f coincide on M n U , x0 2 Sing(g) and dx 0 � g = G . An immediate

application (details are similar to those in the pro of of lemma 2.3) of the

transv ersalit y densit y and op enness theorems completes the pro of. �
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W e can no w pro v e the main result on generic observ abilit y with resp ect to the

mapping � .

Theorem 2.3 Supp ose that m � 2n + 1 and M is compact. Then pairs

(f; h ) in Xr (M ) � Cr (M; R) suc h that � f;h is an em b edding constitute an

op en and dense subset of Xr (M ) � Cr (M; R) . Restricing the v ector �elds to

Xr
2(M ) , the assertion remains v alid for � = 1 as w ell.

Proof: Recall that Xr
0;1(M ) is op en and dense. F urthermore Xr

2(M ) is

op en in Xr (M; a) . The assertions follo w immediately from this facts and

theorem 2.2. �

Similarily , genericit y results for noncompact state spaces can b e deriv en, if w e

restrict ourself to the set of complete v ector �elds, replace op en and dense b y

residual and em b edding b y injectiv e immersion. W e remark also that consid-

ering the observ ation mapping

� g;h (x) :=
0X

k= � N

e� kA bh(gk (x))

for x 2 M and (g; h) 2 Dif f r (M ) � Cr (M; R) with gk := g� gk � 1
, corresp ond-

ing results for discrete dynamical systems can b e pro v ed lik ewise.

3 Concluding Remarks

Remark 3.1 Since the set of m -dimensional con trollable linear �lters is op en

and dense in End(Rm ) � Rm
, all genericit y results of the last section hold also

generically with resp ect to the linear �lters.

The follo wing examples sho w that the conditions on the observ ation dimension

are also necessary , th us m � 2n for generic lo cal observ abilit y and m � 2n + 1
for generic observ abilit y can not b e w eak end.

Example 3.1 Let M = S1
and f (' ) = 1 , where ' denotes the standard

angular co ordinate of the circle. F urthermore consider the pair (�; b ) with

� < 0 and b 6= 0 . T aking � = 2 � and the output function h(' ) = cos ' leads to

� f;h (' ) = 1� e2��

1+ � 2 (�cos ' � sin ' ) , whic h is not an immersion. Moreo v er the

zero of d� f;h at ' 0 = � arctan 1
� is transv ersal. Hence the nonimmersivit y of

� f;h is preserv ed under small p erturbations of the output function, the v ector

�eld and the linear �lter.

Example 3.2 Let M , f , ' and � b e as in the preceding example. F urthermore

let A = diag(� 1; � 2), b = (1 � e� 2� )� 1(1; 1)T
and h(' ) = 2 cos ' + 5 cos2' .
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Then a straigh tforw ard computation yields

� f;h (' ) =
�

cos ' + sin ' + cos2' + 2 sin 2'
(e� 2� + 1)( 2

5 (2cos ' + sin ' ) + 5
4 (cos2' + sin 2' ))

�
.

The follo wing �gure sho ws the image of S1
b y � f;h .

-3 -2 -1 0 1 2 3 4
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

X

Y

Image of S1
b y the con tin uous linear �lter mapping giv en b y

' 7! (cos' + sin' + cos2' +2 sin 2'; (e� 2� +1)( 2
5 (2cos' + sin' )+ 5

4 (cos2' + sin 2' )) T

in the XY -plane

The sel�n tersection of the image is transv ersal. Hence the noninjectiv eness of

� f;h is p ersisten t under small p erturbations of the output function, the v ector

�eld and the linear �lter.

F or instance, small p erturbations of h do not result in injectivit y , i.e., there is

an � > 0 suc h that for eac h output function

~h , whic h is Cr
near to h within � ,

the mapping � f; ~h is not injectiv e.

Note that the considered system is also unobserv able with resp ect to the high-

gain mapping giv en b y ' 7! (2cos ' + 5 cos2'; 2sin ' � 10sin 2' )T
as w ell as

sampling mapping ' 7! (2cos(' + t1) + 5 cos(2' + 2 t1; 2cos(' + t2) + 5 cos(2' +
2t2))T

with sampling times t1; t2 . The follo wing �gure sho ws the image of the

state space b y the sampling mapping with sampling times 0 and

�
2 .
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Image of S1
b y the sampling mapping giv en b y

' 7! (2cos ' + 5 cos2'; � 2sin ' � 5cos2' )T

in the XY -plane
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