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1 Introduction

1.1 Preliminaries

The Landau Hamiltonian describes a charged particle con ned to a plane in a
constant magnetic eld. The Landau Hamiltonian is one of the earliest explic-
itly solvable quantum mechanical models. Its spectrum consists of the Landau
levels! in nitely degenerate eigenvalues placed at the points of an arithmetic
progression.

In [7], the Landau Hamiltonian was considered in the exterior of a compact
obstacle. Introducing the obstacle produces clusters of eigenvalues of nite
multiplicity around the Landau levels. Various asymptotics (high energy, semi-
classical) of these eigenvalue clusters were studied in [7]. In this paper we focus

it is a little known fact that this was worked out by Fock two ye ars before Landau; see
[4, 9].
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570 Pushnitski and Rozenblum

on a di erent aspect of the spectral analysis of this model: for a xed eigen-
value cluster, we consider the rate of accumulation of eigenvalues in this cluster
to the Landau level. We describe this rate of accumulation rather precisely in
terms of the logarithmic capacity of the obstacle.

Our construction is motivated by the recent progress in the study of the Landau
Hamiltonian on the whole plane perturbed by a compactly supported or fast
decaying electric or magnetic eld, see [15, 13, 3, 16]. In particular, we use
some operator theoretic constructions from [15] and [13] and some concrete
analysis (related to logarithmic capacity) from [3].

1.2 The Landau Hamiltonian

We will write x = (X1;X2) 2 R? and identify R? with C in the standard way,
setting z = x; + ixy, 2 C. The Lebesgue measure irR? will be denoted by
dx and in C by dm(z). The derivatives with respect to X3, X, are denoted by
@= @ ;weset,asusual@=(@+ i@)=2, @ (@ Ii@)=2.

We denote by B > 0 the magnitude of the constant magnetic eld in R2. We
choose the gaugeA(x) = (A1(x);Az(x)) = ( 3Bxp; 2Bx1) for the magnetic
vector potential associated with this eld. The magnetic Hamiltonian on the
whole plane is de ned as

Xo= (r iA)?2 inL?%(R?): 1)
More precisely, foru 2 C§ (R?) we set
4
kuka}\ = szir u(x) + A(X)u(x)j? dx )

and de ne X, as the selfadjoint operator which corresponds to the closure of
the quadratic form kuk?,, u 2 C} (R?).

H1s
It is well known (see [4, 9] or [10]) that the spectrum of X consists of the
eigenvalues ¢ =(29+1)B, g=0;1;:::, of in nite multiplicity. In particular,
we have

kukﬁ& Bkuk?;; u2 C§ (R?): )

We will denote by L4 the eigenspace oK corresponding to ¢ and by Pq the
operator of orthogonal projection onto L4 in L?(R?). Later on, we will need
an explicit description of L ; this will be discussed in section 4.2.

Let R? be an open set. In order to de ne the magnetic Hamiltonian in
, it is convenient to consider the associated quadratic form. Following [12],
we denote byH 2 () the closure of C} () with respect to the norm kuky s .

The quadratic form kuk2, is closed inL?() and (by (3)) positively de nite.
A
This form de nes a self-adjoint operator in R? which we denote by X (). If
is bounded by a smooth curve, then the usual computations show that this
de nition of X () corresponds to setting the Dirichlet boundary condition on
@. The operator Xg corresponds to taking = R? in the above de nitions.
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Eigenvalue Clusters 571

Note that for a bounded , the norm in H32 () is equivalent to the standard
Sobolev normH 1(); in particular, in this case the embedding HX()  L?()
is compact.

1.3 Main results

Let K R?be acompact set and € its complement. Our main results concern
the spectrum of the operator X (K €). First we state a preliminary result which

gives a general description of the spectrum oK (K ¢). This result is already

known (see [7]) but as part of our construction, we provide a simple proof in
Section 1.4.

Proposition 1.1 Let K R? be a compact set. Then
ess(X(K9) = ess(Xo) = [clpof a9 q=(2q+1)B:

Moreover, for all gand all 2 ( 4 1; ) the number of eigenvalues oX (K ©)
in (; g)is nite.

In other words, the last statement means that the eigenvalues oX (K ©) can
accumulate to the Landau levels only from above.
Forall g O, we enumerate the eigenvalues oK (K ) in ( ¢; g+1):

g g
1 2
Proposition 1.1 ensures that 1! gasn!1l . Below we describe the rate
of this convergence. Roughly speaking, we will see that for larga,
a’ o}
nooa 4)

n! n!

with some a; b depending onK . In order to discuss the dependence aof; b on
the domain K, let us introduce the following notation:

q(K) =limsup [n!( ¢ 1
n'l

®)

q(K) =liminf [ni( { )

The estimates for these spectral characteristics will be given in terms ofhe

logarithmic capacity of K, which is denoted by Cap K ). Below we recall the

de nition and basic properties of logarithmic capacity; for the details, see e.g

[11] or [18]. For a measure 0 in R?, its logarithmic energy is de ned by
ZZ

()= log

iz tjd (2)d (t):
For a compact setK  R?, its logarithmic capacity is de ned by

Cap(K)=e V()
V(K)=inf fI1( )] 0 is a measure inR?,  supp K; (K)=1g
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572 Pushnitski and Rozenblum

The logarithmic capacity of compact sets inR? has the following properties:
() if Ki KythenCapK; CapKpy;

(ii) the logarithmic capacity of a disc of radius r isr;

(ii)if Ko=fx jx2Kig, > 0,thenCapK,= CapKy;

(iv) Cap K coincides with the logarithmic capacity of the polynomial convex
hull Pc (K) of K (=the complement of the unbounded connected component
of K€).

(v) Continuity of capacity: if K- = fx 2 R?jdist(x;K) "g, then Cap K- !
CapK as"! +0.

To extend the notion of capacity to arbitrary Borel sets E, one de nes the
inner and outer capacities

Cap,(E) =supfCap(K)jK E; K compacty
Cap,(E)=inffCap;(U)jE U; U operg:

Then every Borel setE is capacitable in the sense that Cap(E) = Cap ,(E)
and one can simply write Cap €) for this common value. We will also need
another version of inner capacity, which we denote by Cap (K ) and de ne by

supfCapSj S K is a compact set with a Lipschitz boundaryg:

Theorem 1.2 Let K R? be a compact set; then for allf 0 one has

oK) S(Cap(K))?
oK) S(Cap (Pe(K))?

In particular, if K is a compact set with a Lipschitz boundary, then 4(K) =
a(K)= S (Cap(K))2 forall g O.

The lower bound in the above theorem is strictly positive if and only if Pc (K)
has a non-empty interior. In particular, for such compacts the number of
eigenvalues {, 3, ...is innite for each g. However, even for some compacts
without interior points, lower spectral bounds can be obtained. In particular,
this can be done for the compactK being a smooth (not necessarily closed)
curve.

Theorem 1.3. Let K R? be aC! smooth simple curve of a nite length.
Then for all g 0, one has

B
a(K)= ¢(K)= E(Cap(K))Z:
Remark. 1. One can prove that
if Cap(K) =0, then C§ (K©) is dense inH; (R?). (6)
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It follows that for K of zero capacity, HA (K ¢) = H 2 (R?) and therefore
X(K® = Xg. Thus, for such K the spectrum of X (K ¢) consists of
Landau levels .

The statement (6) seems to be well known to the experts in the eld
although it is di cult to pinpoint the exact reference. One can use the
argument of [1], Theorem 9.9.1; this argument applies to the usuaH *
Sobolev norm, but it is very easy to modify it for the norm Hz. In this
theorem the Bessel capacity rather than the logarithmic capacity is used;
however, the Bessel capacity of a compact set vanishes if and only if its
logarithmic capacity vanishes. In order to prove the latter fact (again,
well known to experts) one has to combine Theorem 2.2.7 in [1] and
Sect.ll.4 in [11].

2. We do not know whether it possible for  to remain eigenvalues o (K ©)
of in nite multiplicity if Cap( K) > 0.

3. Following the proof of Theorem 1.2 and using the results of [3], it is easy
to show that for g =0, the lower bound in this theorem can be replaced
by the following one:

oK) S(Cap(K )7
ogm(PCK)\ D.(@) _ .

K =fz2Cjli
z "r"ﬂsfép logr

whereD,(2)=f 2 Cjj zj rg, and m() is the Lebesgue measure.

4. Analysing the proof of Theorem 1.3, it is easy to see that if we are only
interested in its statement for nitely many g, it su ces to require some
nite smoothness of the curveK .

1.4 Outline of the proof

Let us write L?(R?) = L?(K°) L?(K). (If the Lebesgue measure oK vanishes
then, of course,L?(K ) = f0g.) With respect to this decomposition, let us de ne

R(KS)= X(K®% 1 0inL?3R?=L%K® L3K): )
Clearly, for any 6 0 we have
2 (X(K?), 2 (R(K?) 8

with the same multiplicity. Thus, it suces for our purposes to study the
spectrum of the operator R(K ©).

First note that in the \free" case K = ; we have R(R?) = X, 1 and the
spectrum of X, ! consists of the eigenvalues q L of in nite multiplicity and
their point of accumulation, zero.
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574 Pushnitski and Rozenblum

Next, it turns out (see section 3) that
R(K®) = X, W, whereW 0 is compact. 9)

Thus, the Weyl's theorem on the invariance of the essential spectrum under
compact perturbations ensures that ess(R(K°) =  ess(X 1). Moreover, a
simple operator theoretic argument (see e.g. [2, Theorem 9.4.7]) shows théte
eigenvalues oR(K ©) do not accumulate to the inverse Landau levels L from
above. Thus, the spectrum ofR(K €) consists of zero and the eigenvalue clusters
f(H 59 %9 with the eigenvalues in the g'th cluster accumulating to
o' In section 2.3 we show that the rate of accumulation of (3) *to ,*
can be described in terms of the spectral asymptotics of the Toeplitz type
operator P4W Pq; here W is de ned by (9) and Py is the projection onto Ly =
Ker(Xo g =Ker(Xo' 4.
The spectrum of P4W Py is studied in sections 4 and 5, using the results of [3].
The fact that the logarithmic capacity of the domain appears in this problem
probably deserves some explanation. In [3], the spectral asymptotics &fqW Pq
was related to the asymptotics of the singular numbers of the embedding of
the Segal-Bargmann spaceF? (see section 4.2 below) into anL? space with
the weight related to W. Following the technique of [14], in [3] the analysis of
this asymptotics is then reduced to the analysis of the sequence of polynomials
of a complex variable, orthogonal with respect to the relevant weight. After
this, the results of [18] ensure that the asymptotics of these polynomials is
determined by the logarithmic capacity of the support of the weight.
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2 Some abstract results

Here we collect some general operator theoretic statements that are used in
the proof. The statements themselves, with the exception of the last one, are
almost obvious, but spelling them out explicitly helps explain the main ideas
of our construction.

2.1 Quadratic forms

Our arguments can be stated most succinctly if we are allowed to deal with
guadratic forms whose domains are not necessarily dense in the Hilbert space.
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Here is the corresponding abstract framework; related constructions appeared
before in the literature; see e.g. [17].
Let a be a closed positive de nite quadratic form in a Hilbert spaceH with
the domain d[a]. Let the closure ofd[a] in H be H,. Then the form a de nes
a self-adjoint operator A in H,. Let J; : Hy ! H be the natural embedding
operator; its adjoint J, : H! H , acts as the orthogonal projection onto the
subspaceH , of H. The operator J,A 1J, in H can be considered as the direct
sum

JaA 13, = A 1 0inthe decompositionH = Hy H 7;
here we have in mind (7). Now letb be another closed positive de nite form
in H and let B, d[b], Hy,, Jp be the corresponding objects constructed for this
form.

Proposition 2.1, Suppose thatd[b] d[a] and b[x;y] = a[x;y] for all x;y 2
d[b]. Then:

() JbB 13, JaA 13, onH;

(ii) if x 2 dlb]\ Dom(A), then x 2 Dom(B), Bx = Ax, and JpB 1J Ax =
JaA 1], Ax.

Proof. It su ces to consider the case H; = H.
(i) The hypothesis implies

bx; x] = a[Jpx;Jpx] for all x 2 d[h]:

This can be recast askB1™2xk = kA'™2Jpxk, x 2 d[b]. It follows that the
operator A¥*2J,B =2 is an isometry onHy, and therefore A=2J,B 1727, is a
contraction on H. By conjugation, we get that kJ,B 723, A'*2zk k zk for
all z 2 d[a]. The last statement is equivalent to kJ,B *2J, uk k A =2uk for
alu2H,andsoJyB 1J, A !asrequired.
(i) Let y 2 d[b]; then

bx;y] = alx;yl = (Axy);
and sox 2 Dom(B) and Bx = Ax. Next, J,A 1J,Ax = A lAx = x, and

JpB 1 Ax = JpB 1J,Bx = JpB Bx = Jpx = Xx;

which proves the required statement. O

2.2 Shift in enumeration

The asymptotics of the type discussed in Theorems 1.2 and 1.3 is independent
of a shift in the enumeration of eigenvalues. This is a consequence of the
following elementary fact. Letb; b, ::: be a sequence of positive numbers
such that limsup,,; [n'B,]*" < 1. Then forall ~ 2 Z,

: SUP b qiEn - g Sup o qi=n.
nl!lfn inf o] r!lEﬂ inf WS (10)
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576 Pushnitski and Rozenblum

2.3 Accumulation of eigenvalues

Having in mind (9), let us consider the following general situation. Let T
be a self-adjoint operator and let be an isolated eigenvalue ofT of in nite
multiplicity with the corresponding eigenprojection P . Let > 0 be such that

(C 2; +2 )nf g\ (T)=;:

Next, let W 0 be a compact operator; consider the spectrum off W.
The Weyl's theorem on the invariance of the essential spectrum under compact
perturbations ensures that

(( 2; +2 )nf g\ (T W)=

Moreover, a simple argument (see e.g. [2, Theorem 9.4.7]) shows that the
eigenvalues ofT W do not accumulate to from above (ie. ( ; + )\
(T W)= for some > 0).

We will need a description of the eigenvalues off W below in terms of
the eigenvalues of the Toeplitz operatorP WP . Let ; 2 be the
eigenvalues o WP ; in order to exclude degenerate cases, let us assume that
this operator has in nite rank. Let 1 2 be the eigenvalues of W

in the interval ( )

Proposition 2.2, Under the above assumptions, for any > 0 there exists
* 2 Z such that for all su ciently large n, one has

T ) ne no (I+ )

The proof borrows its key element from [8, Lemma 1.1]. An alternative preof
can be found in [15, Proposition 4.1].

Proof. 1. We denoteS=T W andQ =1 P and consider the operators
R:PWP+}QWQ (P WQ +Q WP ):

and 1
S =P(T @ WP +Q (T (1 >SW)Q :

We have

S=S+R =58 Rs:

2. SinceW is compact, the operatorsR are also compact. SinceR can be
represented as

p- 1 p- 1
R =(CP p=Q)W( P p=Q)
and W 0, we see thatR 0.
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3. Let us discuss the spectrum ofS in ( ; ). Clearly, the spectrum
of P(T (1 )YW)P = P (1 )P WP consists of the eigenvalues

1 ) n- Next, since by assumption, T jRanQ has no spectrum in
( 2; +2 )andW is compact, we see thatQ (T (1 1)W)Q jRanQ
has only nitely many eigenvalues in the interval ( ; + ). Since the
operatorsP (T (1 )W)P andQ (T (1 21)W)Q act in orthogonal
subspaces of our Hilbert space, the spectrum d& is the union of the spectra
of these operators.

So we arrive at the following conclusion. Let ; 5 denote the
eigenvalues ofS in ( ;). Then
n = A+ )ni; o= @ )i (11)

for some integersi;j and all su ciently large n.
4. Let us prove that | n+ for some integerk and all su ciently large n.

Denote =( 1 + )=2andletuswriteR; = RE}) + R(f) , where 0 Rf,l)
I and rankR® < 1 . Denote by Ns(; ) the number of eigenvalues ofS in
the interval ( ; ). Writing S=S Rf,l) RS,Z), we get forany 2 ( 1;):

Ns( ; )= Ns(1 2;)

Ng R(})(l 2; ) rank R® Ns (1 ;) rank R@:

The second inequality above follows from (Ril)) [0; 1 (see [2,
Lemma 9.4.3]). These inequalities for the eigenvalue counting functions
can be rewriten as , |, With some integerk.

In the same way, one proves that , »  for large n and some integerk.
Taken together with (11), this yields the required result. O

3 Preliminaries and reduction to Toeplitz operators

Let K R? be a compact set; we return to the discussion of the spectrum of
X (K €) and start with some general remarks.

First we would like to point out that the spectral asymptotics that we ar e
interested in is independent of the \holes" in the domainK :

a(K) = o(PaK));  q(K)= q(PK)): (12)

Indeed, let us write K¢ = [ , where is the unbounded connected compo-
nent of K€ and and are disjoint. With respect to the direct sum decom-
position L?2(K®) = L2()  L?(), we have X (K¢ = X()  X(). By the
compactness of the embeddingd 2 () L2(), the operator X () has a com-
pact resolvent. Thus, on any bounded interval of the real line the spectrum of
X (K ©) di ers from the spectrum of X () by at most nitely many eigenvalues.
By (10), this yields (12).
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Next, we apply the abstract reasoning of section 2.1 to the quadratic form

afu] = kukﬁ;(Kc) with domain dfa] = Hz(K°®), considering L?(R?) as the

main Hilbert space H. We consider the operatorR(K ¢) (see (7)) and write
R(K® = X,* W. Proposition 2.2 suggests that in order to nd the rate
of accumulation of the eigenvalues ofR(K ¢) to ql, one should study the
spectrum of the Toeplitz type operators P(WPy. This is done in the next
section. Denote by { J ::: the eigenvalues ofPqW P,. We will prove

Proposition 3.1 Let K R2? be a compact set andj 0. Then

jimsup(n! 9 > (Cap (K)?;
ni1 2
_ B
i 1 9y1=n = 2.
Immf(n. n) 2(Cap (K))“:
If K isaC! smooth curve, then one has

Tim (0t )™= = 2 (Cap(K))*

Now we can prove our main statements.

Proof of Theorem 1.1 and Theorem 1.2. Combining Proposition 3.1, Proposi-
tion 2.2 and (12), we get the estimates for the quantities

i - B
Jmosuph!( ot (7)) DI S(Cap(K)?
. -n B
Jimoinflni( o (7)) DI S (Cap (PAK))?
for any compactK . If K is aC! smooth curve, we get
_ .. B
dim i ot () D= E(CaD(K))Z:

An elementary argument shows that

; sup | 1 qy 1y1l=n — j; sup I a 1=n.
Smo St () DT = dime ST ] gl
This yields the required statements. O

Proof of (9). Let D be a disc such thatK  D. By Proposition 2.1(i), we get
D¢ K¢ R?) R(D® R(K® X,?!

and so
0 Xo' R(K® X,* R(D: (13)

Thus, W = X, 1 R(K°) is non-negative; let us address compactness.
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Itiswell knownthatifO Vi V; are self-adjoint operators andV; is compact,
then V; is also compact. Thus, by (13), in order to prove the compactness of
W, it su ces to check that X 1 R(D®) is compact.

Let = @D Employing the same arguments as in the proof of (12), we see
that X ( ¢©) ! R(D®) is the inverse of the magnetic operator on the disc and
hence a compact operator. Thus, it su ces to prove that the di erence

Xob X( 9 '=(Xo' R(DY) (X( 9 ' R(DY)

is compact.
Let us compute the quadratic form of this dierence. Let f;g 2 L2?(R?),
Xof =u, X( ©) 'g=v. We have

(Xo* X(© HEg)=(uX( )v) (Xou;v):

Integrating by parts and noting that v 2 Dom (X ( €)) vanishes on , we get
z
(U X (S)V)  (Xou;v) = (nav(s)™ + nav(s) )u(s)ds (14)

where nav(s) = (r  iA(S))v n(s), n(s) is the exterior normal to at the
point s and the superscripts + and indicate that the limits of the functions
are taken on the circle by approaching it from the outside or inside.

Take a smooth cut-o function ! 2 C3 (R?) such that ! (x) = 1 in the neigh-
borhood of D. Then we can replaceu;v by u; = 'u, v; = Iv in the r.h.s. of
(14). By the local elliptic regularity we have u; 2 H?(R?), vi 2 H?( ©), and
the corresponding Sobolev norms ofi;, v can be estimated via theL 2-norms
of f;g. Now it remains to notice that the trace mapping u; 7! u;j is com-
pact as considered fromH?(R?) to L?(), and the mappings vi 7! (navi)
are compact as considered frontH (' ¢) to L2(). It follows that the di erence
X, 1 X( % 'is compact, as required. O

4 The spectrum of Toeplitz operators

4.1 Restriction operators and the associated Toeplitz oper ators

Let bea nite measure in R? with a compact support. Consider the restriction
operator

0:C3 (RH3UT! Ujsypp( 12 L2():

We are interested in two special cases, namely when is the restriction of
the Lebesgue measure to a set with Lipschitz boundary and when is the arc
length measure on a simple smooth curve. In both cases, can be extended
by continuity to a bounded and compact operator :HA(R?)! L2( ).

Next, let J : HX(R?) ! L?(R?) be the embedding operator,J : u 7! u. Then
the adjoint J :L2(R?) ! Hi(R? actsas) :u7! X, u.
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For g 0, consider the operatorsTy( ) in L2(R?) de ned by the quadratic
form Z

(Ta( U U)L2(Re) = j(Pqu)(x)j*d (x); u2 L*(R?):
supp
This operator can be represented as
Ta( )=( 3 Xo'™2Pg) (I Xo'™Pg)= 4(J Pg) (I Py):

Since is compact by assumption, the operatorTy( ) is also compact.
Fix g O;lets] s3 ::: be the eigenvalues offq( ) in L%(R?).

Proposition 4.1, (i) Let  be the restriction of the Lebesgue measure onto a
bounded domaink  R? with a Lipschitz boundary. Then

im (nisd)t=n = %(Cap(K))z:

(i) Let  be the arc length measure of &£ smooth simple curve of a nite
length. Then

- B
H qyl=n — = 2.
Jim (ntsp)™" = - (Cap(supp )™
Before proving this proposition, we need to recall the description of the sub-
spacesl .
4.2 The structure of subspaces Lq
Denote ( z) = %szjz. Let us de ne the creation and annihilation operators

(‘rst introduced in this context by Fock [5])

Q= 2ie @e= 2@ %iz
Q = 2e @e = 2@+ %ij;

The Landau Hamiltonian can be expressed as

Xo=QQ+B=QQ B (15)

The spectrum and spectral subspaces oKy can be described in the following
way. The equation (Xo B)u =0 is equivalent to

Qu= 2ie @e u)=0:

This means thatf = e uis an entire analytic function suchthate f 2 L?(C).
The space of such functiond is called Fock or Segal-Bargmann spacg ? (see
[6] for an extensive discussion). Sd.o = e F2. Further eigenspacesL g,
g=1,;2;:::; are obtained asLq = (Q )9L,. The operators Q ;Q act between
the subspaced_q as

Q :Lq7'Lgs; Q:Lg7'Lg 1; Q:Lo7!fO0g; (16)
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and are, up to constant factors, isometries orL 4. In particular, the substitution
p
Lq3u=C, Q)% f; f 2F?% Cq= ¢(2B)d (17)

gives a unitary equivalence of spacek and F 2.

4.3 Proof of Proposition 4.1

(i) The proof is given in [3, Lemma 3.1] forq= 0 and [3, Lemma 3.2] forq O.
(ii) For g = 0O the result again follows from Lemma 3.1 in [3]. Although the
reasoning there concerns the operator$,(v) = ( vPq) (vPg) where the function
v is separated from zero on a compact, it goes through foifg( ). Only nota-
tional changes are required; one simply has to replace the measuwéz)dm(z)
by d (2).
For g 1 below we apply the reduction to the lowest Landau level similar to
the proof of Lemma 3.2 in [3].
Denote d~(z) = e ( 2d (z). Applying the unitary equivalence (17), we get
foru2lgy

(Tq( Ju;u)L2(re) = Cq °k(@ B2)% kP2 (18)

In particular, for q=0
(To( Ju;u)Lo(rey = Co 2kF K2y (19)

Below we separately prove the upper and lower bound for the quadratic form
(18).

1. Upper bound. Consider the open -neighborhood U C! of the curve .
As it follows from the Cauchy integral formula, for some constantC;(q; ), the

inequality 7
k@Ko Caulai) if (DiPdm(2):
u

holds for all functions f 2 F 2. Thus, we have the estimate
Z

k2@ BZ)% k2., Ca(q;) o (2)j*dm(2):

Using (18), (19), we arrive at the estimate
Tqo( ) CTo( , (x)dx); (20)
where |, is the characteristic function of the set U . Now we can again

apply the estimate of [3, Lemma 3.1] to the eigenvalues;( ) sx( ) ::: of
To( , (X)dx). This estimate together with (20) yields

im (n!sy)¥™" im (nis, ( ))L=n %(Cap(u )2
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Finally, by the continuity of capacity, Cap( U )! Cap()as ! 0, and this
proves the upper bound.

2. Lower bound. The lower bound for the spectrum of T4( ) requires a little
more work. Let :[0;s]! C be the parameterization of by the arc length.
Sincef is analytic, we have

(@ (1) = (t)%f( (1) (21)

with some smooth factor (t), j (t)j = 1.
Next, due to the compactness of the embeddindd1(0;s)  L?(0;s), for any
> 0 there exists a subspace ofl 1(0;s) of a nite codimension such that for
any u in this subspace,
Z Z

S S
i ju(jzdt 2 i judt)j2dt: (22)

It follows from (21) and (22) that for any > O there exists a subspace of 2
of a nite codimension such that for any f in this subspace
z z

if@ifd~(2) ? j@12)j*d~(2):

Arguing by induction, we obtain that for any > 0 there exists a subspace
N =N(;q) F 2of nite codimension such that forall f 2 N(;q)
z z

j@f (2)j?d~(2) 2 j@f(2)j?d~(z); 8k=0:;1;::::q 1 (23)

Using (23) and choosing su ciently small, we can estimate the form (18)
from below as follows:

& 1
k2@ BZ)% ki) (k@M kiz( Cqrk@f ki 2(-y)?
k=0
X 1
k 2@% kZ.(,(1 Cak )? = Cik@f kP, Cokfkis .,
k=0

forall f 2 N(;q). Using (18) and (19), we arrive at the lower bound
Tq( ) CTo( )+ F

where F is a nite rank operator. For the eigenvalues of To( ) the required
lower estimates are already obtained by reference to [3, Lemma 3.1]; this com-
pletes the proof of the lower bound. O

5 Proof of Proposition 3.1

We will prove separately upper and lower bounds.
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5.1 Proof of the upper bound

1. Let U R? be an open bounded set with a Lipschitz boundary,K U,
and let! 2 C} (R?) besuchthat!jc =1and!jyc =0. Denote ~=1 !
Note that for any 2 H, the function ¥? ; belongs both to Dom (X,) and
to the form domain of X (K €). Thus, by Proposition 2.1(ii) (with A = X, and
B = X(K€)), we have WXoH ¢ =0. Thus, we have

1
(WPq ;P g )= —(WXoPq ;X oPq )
q
1 1
= —(WXo(! ++)Pq ;X o(! ++)Pq )= —(WXo!Pq;X o!Pq ):
q q

SinceW = X, ' R(K®) X,*!, we have
(WXo!P qiX o!lPq ) (Xo™Xo!Pq;X o!Pgq )= KPgq ki;:
Using (15), we get
KIPq ki; =kQ !Pq k* BKkPq k¥ k Q IPq K
=klQ Py 2(@)Pq K 2kQ Py kZo(yy + C1kPq KZ:(yy:

2. Due to the compactness of the embeddingd}(U) L2(U), forany > 0
there exists a subspace oH3(U) of a nite codimension such that for all
elementsu of this subspace,

Z Z Z

UJ'U(X)J'zdx ? Uir u()jcdx = UJ'Z@(IX)JZdXZ

Taking su ciently small, we obtain
B _ B .
KQ uk_z(uy Kk 2@UL2(y) ikzuk,_zw) kK 2@¥ 2 () ESLLJ,ijijUkLz(U)

B . 1 1
(1 —+ supzpk2@U 2(yy Sk2@U 2y S—Kukp 2oy
2y 2 2

for all u in our subspace. It follows that on a subspace of 2 L?(R?) of a nite
codimension,

(WPq ;P g )izrey 2kQ Py kfz(u)+4 ’kQ Pq kfz(u) CkPgi1 kﬁz(u);

the last inequality holds true by (16).
Thus, we have
PqWPq C3Pq+1 UPq+1 + F,

where  is the characteristic function of U, and F is a nite rank operator.
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584 Pushnitski and Rozenblum

3. From Proposition 4.1 we get
H 1=n 1 2.
limsup(n! ) B (Cap U)~:
ni1 2

SinceU can be chosen such that CapJ is arbitrarily close to Cap K, by the
continuity property of capacity, we get the required upper bound.
5.2 Proof of the lower bound

1. Let ,J, be asin section 4.1. Consider the quadratic form in_?(R?)
Z
KUK, 1 g2y + supp JUC)iPd (x) = kKXo 2uk?o ey + k3 Xo 2uk?s(ge

de ned for u 2 H(R?). This form is closed and positively de ned on L?(R?).
Denote by X the corresponding self-adjoint operator inL?(R?). We have

X=Xo+ Xg2d 3 Xp2=X20+3 3 )X5?
and therefore
Xol X 1=X,3 3 (1+3 J3) Yx, "

Since is compact by assumption, we havel J | on a subspace of a
nite codimension. Thus,

1 - -
Xo! x ! éxo =23 xol_z

on a subspace of nite codimension, and so
1 1 1
Pg(Xq X H)Pq > (J Pg) (J P+ F (24)
q

where F is a nite rank operator.

2. Now let K  R? be a compact with a non-empty interior. Let K; K be a
set with a Lipschitz boundary. Let be the restriction of the Lebesgue measure
on K 1. By Proposition 2.1(i), we have X 1 x 1 R(K®). It follows that

PoXo! R(K))Pg Pg(Xo' X HPg: (25)
From here, using (24) and Proposition 4.1(i), we get the required lower boundn
the rst part of Proposition 3.1. Finally, consider the case of K being a smooth

curve. Let be the arc measure of the curve. Then, again by (24) and (25),
and applying Proposition 4.1(ii), we get the second part of Proposition3.1.
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