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Abstract.  For many classical moduli spaces of orthogonal type there
are results about the Kodaira dimension. But nothing is known in the
case of dimension greater than 19. In this paper we obtain therst
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1 Modular varieties of orthogonal type

Let L be an integral inde nite lattice of signature (2;n) and ( ;) the associated
bilinear form. By D. we denote a connected component of the homogeneous
type IV complex domain of dimensionn

D.=fw]2P(L C)j(w;w)=0; (w;w)> 0g*:

O* (L) is the index 2 subgroup of the integral orthogonal group O() that
leavesD, invariant. Any subgroup of O *(L) of nite index determines a
modular variety

Fu()=  nDu:

By [BB] this is a quasi-projective variety.
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For some special latticesL and subgroups < O* (L) one obtains in this
way the moduli spaces of polarised abelian or Kummer surfase(n = 3, see
[GH]), the moduli space of Enriques surfacesr( = 10, see [BHPV]), and the
moduli spaces of polarised or lattice-polarised K3 surface (0 < n 19, see
[Nik1, Dol]). Other interesting modular varieties of ortho gonal type include
the period domains of irreducible symplectic manifolds: se [GHS3].

It is natural to ask about the birational type of F (). For many classical
moduli spaces of orthogonal type there are results about th&odaira dimension,
but nothing is known in the case of dimension greater than 19.n this paper we
obtain the rst results in this direction. We determine the K odaira dimension
of many quasi-projective varieties associated with two saes of even lattices.
To explain what these varieties are, we rst introduce the stable orthogonal
group ©(L) of a nondegenerate even latticeL. This is de ned (see [Nik2] for
more details) to be the subgroup of OL) which acts trivially on the discrim-
inant group A, = L-=L, whereL- is the dual lattice. If < O(L) then we
write €=\ ©(L). Note that if L is unimodular then &(L) = O(L).

The rst series of varieties we want to study, which we call the modular varieties
of unimodular type, is

F{™ = 0" (I 28m+2)NDi1 5iqm. : (1)

F,(lm) is of dimension 8n + 2 and arises from the even unimodular lattice of
signature (2;8m + 2)

Il 28m+2 =2U mEg( 1);

where U denotes the hyperbolic plane andEg( 1) is the negative de nite

lattice associated to the root systemEg. The variety F,(lz) is the moduli space
of elliptically bred K3 surfaces with a section (see e.g. [QV, Section 2]). The
casem = 3 is of particular interest: it arises in the context of the f ake Monster
Lie algebra [B1].

The second series, which we call the modular varieties {3 type, is

+
Fia’ = © (Lig)HnD o )
Féﬂ“) is of dimension 8n + 3 and arises from the lattice

LiM =2U mEg( 1) h 2di;

whereh 2di denotes a lattice generated by a vector of square 2d.
The rst three members of the series Fég“) have interpretations as moduli
spaces. Féﬂ) is the moduli space of polarisedK 3 surfaces of degree® For

m = 1 the 11-dimensional variety Fg,) is the moduli space of lattice-polarised
K3 surfaces, where the polarisation is de ned by the hyperbdtc lattice h2di

Es( 1) (see [Nik1, Dol]). Form =0 and d prime the 3-fold F 0 is the moduli
space of polarised Kummer surfaces (see [GH]).
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Theorem 1.1 The modular varieties of unimodular and K3 type are varieties
of general type if m and d are su ciently large. More precisely:

() If m 5 then the modular varieties F\™ and F{{" (for any d 1) are

of general type.
(i) For m =4 the varieties Fé‘(‘,’ are of general type ifd 3andd64.

(i) For m =3 the varieties Fg) are of general type ifd 1346

(iv) For m =1 the varieties Fg,) are of general type ifd 1537488

Remark. The methods of this paper are also applicable im = 2. Using them,
one can show that the moduli spaceFé? of polarised K3 surfaces of degreed?
is of general type ifd 231000. This case was studied in [GHS2], where, using
a di erent method involving special pull-backs of the Borcherds automorphic
form 1, on the domainDy ,.,, , we proved that Fé? is of general type ifd > 61
or d =46, 50, 54, 57, 58, 60.

The methods of [GHS2] do not appear to be applicable in the othr cases
studied here. Instead, the proof of Theorem 1.1 depends on thexistence of a
good toroidal compacti cation of F (), which was proved in [GHS2], and on
the exact formula for the Hirzebruch-Mumford volume of the orthogonal group
found in [GHS1].

We shall construct pluricanonical forms on a suitable compati cation of the
modular variety F_() by means of modular forms. Let < O*(L) be a
subgroup of nite index, which naturally acts on the ane con e D, overD,.
In what follows we assume that dimD, 3.

Definition 1.2 A modular form of weight k and character : ! C with
respect to the group is a holomorphic function
F:D.! C

which has the two properties

F (tz) t XF(z) 8t2C;
F(a9(2)) (9)F(z) 892

The space of modular forms is denoted by ( ; ). The space of cusp forms,
i.e. modular forms vanishing on the boundary of the Baily{Borel compacti -
cation of nD_, is denoted by Si( ; ). We can reformulate the de nition of
modular forms in geometric terms. LetF 2 My, ( ;det*) be a modular form,
wheren is the dimension ofD_ . Then

F(dz)* 2 HO(FL() 5 ")

where dZ is a holomorphic volume form onD_, is the sheaf of germs of
canonical n-forms on F () and F_() is the open smooth part of F_ ()
such that the projection :D_ ! nD_ is unramied over F ()
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The main question in the proof of Theorem 1.1 is how to extend he form
F(dZ)* to F_ () and to a suitable toroidal compacti cation F_ () © . There
are three possible kinds of obstruction to this, which we cdl(as in [GHS2])
elliptic, re ective and cusp obstructions. Elliptic obstr uctions arise if F ()
has non-canonical singularities arising from xed loci of the action of the group
Re ective obstructions arise because the projection is branched along
divisors whose general point is smooth i (). Cusp obstructions arise when
we extend the form fromF () to F () .
The problem of elliptic obstructions was solved forn 9 in [GHS2].

Theorem 1.3 ([GHS2, Theorem 2.1]) LetL be a lattice of signature (2;n)
with n  9,andlet < O" (L) be a subgroup of nite index. Then there exists
a toroidal compacti cation F_ () " of F ()= nD_ suchthat F| () ° has
canonical singularities and there are no branch divisors irthe boundary. The
branch divisors in F_ () arise from the xed divisors of re ections.

Re ective obstructions, that is branch divisors, are a spedal problem related
to the orthogonal group. They do not appear in the case of modli spaces
of polarised abelian varieties of dimension greater than 2where the modular
group is the symplectic group. There are no quasi-re ectios in the symplectic
group even forg = 3.

The branch divisor is de ned by special re ective vectors in the lattice L. This
description is given in x2. To estimate the re ective obstructions we use the
Hirzebruch-Mumford proportionality principle and the exa ct formula for the
Hirzebruch-Mumford volume of the orthogonal group found in [GHS1]. We do
the numerical estimation in x4.

We treat the cusp obstructions in x3, using special cusp forms of low weight
(the lifting of Jacobi forms) constructed in [G2] and the low-weight cusp form
trick (see [G2] and [GHS2]).

2 The branch divisors

To estimate the obstruction to extending pluricanonical forms to a smooth
projective model of F_ (® (L)) we have to determine the branch divisors of
the projection

:DL!F (® (L))=6 (L)nD.: (3)

According to [GHS2, Corollary 2.13] these divisors are de md by re ections
+ 2 0" (L), where

., 2r)
ORI~

coming from vectorsr 2 L with r?2 < 0 that are stably re ective: by this we
+

mean that r is primitive and , or ; isin ©® (L). By a (k)-vector for k 2 Z

we mean a primitive vector r with r? = k.
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Hirzebruch-Mumford Proportionality and . .. 5

Let D be the exponent of the nite abelian group A, and let the divisor
div(r) of r 2 L be the positive generator of the ideal [L). We note that
r = r=div(r) is a primitive vector in L-. In [GHS2, Propositions 3.1{3.2] we
proved the following.

Lemma 2.1 Let L be an even integral lattice of signature(2; n). If , 2 e (L)
thenr2= 2. If ,26 (L), thenr2= 2D anddiv(r)= D 1mod 2 or
r’= D anddiv(r) = D or D=2.

We need also the following well-known property of the stableorthogonal group.

Lemma 2.2 For any sublattice M of an even lattice L the group ©(M ) can be
considered as a subgroup o®(L).

Proof. Let M? be the orthogonal complement ofM in L. We have as usual
M M? L L- M- (M?)-:

We can extendg2 ®(M)to M M? by putting gjy- id. Itis clear that
g26©&M M?). Forany I- 2 L- we haveg(l-) 2 I-+(M M?). In
particular, g(I) 2 L forany |1 2 L andg2 ©(L). 2

We can describe the components of the branch locus in terms dfomogeneous
domains. Forr a stably re ective vector in L we put

H=fw]2P(L C)j(w;r)=0g;

and let N be the union of all hyperplane sectionsH,; \ D | over all stably
re ective vectors r.

Proposition 2.3  Let r 2 L be a stably re ective vector: suppose thatr and
L do not satisfy D = 4, r?2 = 4, div(r) = 2. Let K, be the orthogonal
complement ofr in L. Then the associated component (H, \D ) of the

branch locusN is of the form ©+ (Ky)nDg, .
Proof. We haveH,\D | = P(K,)\D . = Dk, . Let
k., =26 (L)j" (Ki)= K@ 4)

k, maps to a subgroup of O (K,). The inclusion of &(K;) in ©(L)
(Lemma 2.2) preserves the spinor norm (see [GHS1x3.1]), becauseK, has

signature (2;n 1) and 500" (K+) becomes a subgroup o0 (L).
Therefore the image of «, contains e (K;) for any r. Now we prove that

this image coincides with e (K,) for all r, except perhaps ifD =4, r2= 4
and div(r) = 2.
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Let us consider the inclusions
ri Ky L L- hri- Kr:
By standard arguments (see [GHS2, Proposition 3.6]) we sedat
jdetLj jr?j
div(r)?2

- L e _ :
jdetK,j = and [L:hi K]= div(r)_l or 2:

If the index is 1, then it is clear that the image of g, is e (K¢). Let us
assume that the index is equal to 2. In this case the latticelri— is generated
by r- = r=(r;r)=r =2, wherer = r=div(r) is a primitive vector in L-. In
particular r- represents a non-trivial class intri- K~ modulo L-. Let us
take k- 2 K~ such that k- 62.-. Then k- + r- 2 L- and

"(k=) k- r- '"(r-) modL:
We note that if ' 2 «, then' (r)= r. Hence

0 modL if'(r)=r

(k=) k- .
r modL if'(r)= r
Since' (r ) r modL, we cannot have' (r) = r unless div() =1 or 2.
Therefore we have proved that' (k-) k- modK, (K, = K\ L), except
possibly if D =4, r> = 4, div(r) = 2. 2

The group e (L) acts on N. We need to estimate the number of components

of & (L) nN. This will enable us to estimate the re ective obstructions to
extending pluricanonical forms which arise from these branoh loci.

For the even unimodular lattice 11 2.gm+2 any primitive vector r has div(r) = 1.
Consequentlyr is stably re ective if and only if r? = 2.

For L(Z'Q) the re ections and the corresponding branch divisors arisein two
di erent ways, according to Lemma 2.1. We shall classify theorbits of such
vectors.

Proposition 2.4  Supposed is a positive integer.

(i) Any two ( 2)-vectors in the lattice Il 2.sm+2 are equivalent modulo
O" (Il 2.8m+2 ), and the orthogonal complement of a( 2)-vector r is iso-
metric to

K(M=U mEg( 1) hai:

(i) There is one®" (L{™)-orbit of ( 2)-vectorsr in LS with div(r) = 1. If
d 1mod 4 then there is a second orbit of( 2)-vectors, with div(r) =2.
The orthogonal complement of a( 2)-vector r in L(Z'(';) is isometric to

K{M=U mEg( 1) h2i h 2di
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Hirzebruch-Mumford Proportionality and . .. 7
if div(r)=1, and to
NP =U mEg( 1) 44

if div(r)=2.

(i) The orthogonal complement of a( 2d)-vector r in L(zrg) is isometric to

Il 2.8m+2 =2U mEg( 1)
if div(r) =2d, and to
Kém) =U mEg( l) h2ih 2 or T2;8m+2 =Uu U(2) mES( 1)

if div(r) = d.

m)

(iv) Supposed > 1. The number of ©(L(2d )-orbits of ( 2d)-vectors with
div(r) = 2dis 2 (9. The number of &(L{)-orbits of (2d)-vectors with
div(r) = dis

8

22 ifdisoddor d 4 modS8;
>2(d)+l if d O modS8§;

2@ 1 jf d 2 mod4

Here (d) is the number of prime divisors ofd.

Proof. If the lattice L contains two hyperbolic planes then according to the

well-known result of Eichler (see [E,x10]) the e (L)-orbit of a primitive vector

| 2 L is completely de ned by two invariants: by its length (I;1) and by its
imagel + L in the discriminant group A_, wherel = I=div(l).

i) If uis a primitive vector of an even unimodular lattice 11 2.gm+2 then div(u) =
1 and there is only one O(l 2.sm+2 )-orbit of ( 2)-vectors. Therefore we can
take r to be a ( 2)-vector in U, and the form of the orthogonal complement is
obvious.

i) In the lattice L(Z'(T) we X a generator h of its h 2di-part. Then for any

r2 L(Z'(T) we can writer = u+ xh, whereu 2 |l 2.gm+2 and x 2 Z. It is clear
that div( r) divides r2. If fjdiv(r), wheref =2, d or 2d, then the vector u
is also divisible by f . Therefore the ( 2)-vectors form two possible orbits of
vectors with divisor equal to 1 or 2. If r> = 2 and div(r) = 2 then u = 2ug
with up 2 2U mEg( 1) and we see that in thiscasel 1 mod 4. This gives
us two di erent orbits for such d. In both cases we can nd a ( 2)-vector r
in the sublattice U h 2di. Elementary calculation gives us the orthogonal
complement ofr.

iii) This was proved in [GHS2, Proposition 3.6] for m = 2. For general m the
proof is the same.
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iv) To nd the number of orbits of (  2d)-vectors we have to consider two cases.
a) Let div(r)=2d. Thenr =2du+ xh andr (x=2d)h mod L, whereu 2
Il 2.6m+2 and x is modulo 2d. Moreover (r;r) =4d?(u;u) x?2d= 2d. Thus
x? 1 mod 4d. This congruence has X9 solutions modulo 2d. For any such
x mod 2d we can nd a vector uin 2U mEg( 1) with (u;u) = (x?> 1)=2d.
Then r =2du+ xh is primitive (because u is not divisible by any divisor of x)

and (r;r)=2d.
b) Letdiv(r) = d. Thenr = du+ xh, whereu is primitive, r (x=d)h mod L
and x is modulo d. We have (r ;r ) 2x2=d mod 2Z and x> 1 mod d.

For any solution modulo d we can nd as aboveu 2 2U mEg( 1) such that
r = du+ xh is primitive and (r;r) = 2d. It is easy to see that the number of
solutionsfx moddjx? 1 moddg is as stated. 2

Remark . To calculate the number of the branch divisors arising fromvectors
r with r2 = 2d one has to divide the corresponding number of orbits found
in Proposition 2.4(iv) by 2 if d > 2. This is because r determine di erent
orbits but the same branch divisor. For d = 2 the proof shows that there is
one divisor for each orbit given in Proposition 2.4(iv).

3 Modular forms of low weight

In this section we letL =2U Lo be an even lattice of signature (2n) with
two hyperbolic planes. We choose a primitive isotropic veobr ¢; in L. This
vector determines a 0-dimensional cusp and a tube realisaih of the domain
D_. The tube domain (see the de nition of H(L ;) below) is a complexi cation
of the positive cone of the hyperbolic latticeL; = ¢} =¢. If div(¢;) = 1 we call
this cusp standard (as above, by [E] there is only one standard cusp). In this
caseL; = U Lg. In [GHS2, x4] we proved that any 1-dimensional boundary

component of e (L) n Dy contains the standard 0-dimensional cusp if every
isotropic (with respect to the discriminant form: see [Nik2, x1.3]) subgroup of
AL is cyclic.

Let us x a 1-dimensional cusp by choosing two copies ofJ in L. (One has
to add to c¢; a primitive isotropic vector ¢, 2 L; with div(c;) = 1). Then
L=U L;=U (U Lp)and the construction of the tube domain may be
written down simply in coordinates. We have

H(Ly))=Hn=fZ=(2z,;:::;21) 2 Hy C" 2 Hy; (Im Z;Im 2Z)., > 0g;

whereZ 2 L; Cand (z, 1;:::;22) 2 Lo C. (We representZ as a column
vector.) An isomorphism betweenH, and D_ is given by
p:Hy, ! D | ®)
Z=(2zy;::1,21) 7! %(Z;Z)Ll:zn: 1z1:1:

The action of O" (L R) on H, is given by the usual fractional linear transfor-
mations. A calculation shows that the Jacobian of the transbrmation of H,
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Hirzebruch-Mumford Proportionality and . .. 9

denedby g2 O (L R)is equal to det(g)j (g;Z) ", wherej(g;Z) is the last
((n+2)-nd) coordinate of g p(Z) 2 D_. Using this we de ne the automorphic
factor

J:O"(L R)H o ! C
(9:2) 7' (detg) * j(g;2)™:
The connection with pluricanonical forms is the following. Consider the form
dZ=dz* " dzy 2 "(Hp):
F(dZ)* is a -invariant k-fold pluricanonical form on H,, for a subgroup
of nite index of O * (L), if F g(Z) = J(g;Z)*F(Z) for any g 2 ; in other
words if F 2 My ( ;det’) (see De nition 1.2). To prove Theorem 1.1 we need

cusp forms of weight smaller than the dimension of the corrgsonding modular
variety.

Proposition 3.1  For unimodular type, cusp forms of weight 12 + 4m exist:
that is
dim S1244m (OF (I 2:8m+2)) > O

For K3 type we have the bounds

dim Spream(® (LMY > 0 if d> 1;

dim Sioram(® (LMY > 0if d 1
dimSam(® (LMY > 0if d 4

dim Seram(® (LSM)) > 0 if d=3 or d 5
dim Ssaam(® (LSM)) > 0if d=5 or d 7;
dim Spuam(® (LMY > 0 if d> 180

Proof. For any F(Z) 2 Mk(©+ (L)) we can consider its Fourier-Jacobi expan-
sion at the 1-dimensional cusp xed above

X
F(Z)= fo(z1) + fm(z1;22;:::20 1)exp(2imz p):
m 1

A lifting construction of modular forms F(Z) 2 Mk(é+ (L)) with trivial char-
acter by means of the rst Fourier{Jacobi coe cient is given in [G1], [G2].

the Jacobi forms of weightk and index 1. A more general construction of the
additive lifting was given in [B2] but for our purpose the construction of [G2]
is su cient.
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The dimension ofJy. 1 (L) depends only on the discriminant form and the rank
of Lo (see [G2, Lemma 2.4]). In particular, for the special casesfd. = Il .gm+2

andL = LI we have
Jérdm 1(MEs( 1)) = S(SL2(2)

and
Jlffr‘jpm;l(mEg( 1) h 2d)= Jlf;‘(‘fp;
cusp

where J,;;" is the space of the usual Jacobi cusp forms in two variables of
weight k and index d (see [EZ]) and Sy (SL2(2)) is the space of weightk cusp
forms for SL,(2).

The lifting of a Jacobi cusp form of index one is a cusp form oflhe same weight
with respect to O (I 2.gm+2 ) OF e (L(ZZ‘)) with trivial character. The fact
that we get a cusp form was proved in [G2] for maximal lattices i.e., if d is
square-free. In [GHS2,x4] we extended this to all lattices L for which the
isotropic subgroups of the discriminant A, are all cyclic, which is true in all
cases considered here.

To prove the unimodular type case of Proposition 3.1 we can tke the Jacobi
form corresponding to the cusp form 1>( ). Using the Jacobi lifting construc-
tion we obtain a cusp form of weight 12 + 4m with respect to O" (Il 2:gm+2 ).
For the K3 type case we need the dimension formula for the spacof Jacobi

cusp formsJ ¢ (see [EZ]). For a positive integerl one sets

8
< bisc if | 6 2mod 12
flgo = .

bc 1 ifl 2mod12

i
12

Then if k> 2 is even

B cusp x :
dim J,;4> = fk+2jgi2
j=0
and if k is odd
1 9
dim ch;(‘fp = fk 1+2jgi2 J4—d
j=1
This gives the bounds claimed. Fork = 2, using the results of [SZ] one can
also calculate dimJ;;*: there is an extra term, d o(d)=2e, where (d) denotes

the number of divisors ofd. This gives dimJ;;* > 0 if d > 180 and for some
smaller values ofd. 2

4 Kodaira dimension results

In this section we prove Theorem 1.1. We rst explain the geonetric back-
ground. Let F () " be a toroidal compacti cation as in Theorem 1.3. In
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Hirzebruch-Mumford Proportionality and . .. 11

particular all singularities are canonical and there is no ami cation divisor

which is contained in the boundary. Then the canonical divior (as aQ-divisor)
is given by Kg, (y @ = nM VD whereM is the line bundle of modular
forms of weight 1, n is the dimension ofF (), V is the branch locus (which is
given by re ections) and D is the boundary. Hence in order to constructk-fold
pluricanonical forms we must nd modular forms of weight kn which vanish
of order k along the branch divisor and the boundary. This also su ces snce
FL() ' has canonical singularities.

Our strategy is the following. For e (L) we choose a cusp fornkr, 2 S,()
of low weight a, i.e. a strictly less than the dimension. Then we consider ele-
ments F 2 F;(Mk(n a( -det®): for simplicity we assume that k is even. Such
an F vanishes to order at leastk on the boundary of any toroidal compacti -
cation. Hence ifdZ is the volume element onD_ de ned in x3 it follows that
F(dZ)* extends as ak-fold pluricanonical form to the general point of every
boundary component of F| () . Since we have chosen the toroidal compact-
i cation so that all singularities are canonical and that th ere is no rami cation
divisor which is contained in the boundary the only obstructions to extending
F(dZ)* to a smooth projective model are the re ective obstructions coming
from the rami cation divisor of the quotient map :D_ ! F () studied in
X2,

Let Dk be an irreducible component of this rami cation divisor. Recall from
Proposition 2.3 that Dk = P(K C)\D [ whereK = K, is the orthogonal
complement of a stably re ective vector r. For the lattices chosen in The-
orem 1.1 all irreducible components of the rami cation divisor are given in
Proposition 2.4.

Proposition 4.1  We assume thatk is even and that the dimensionn 9.

For e (L), the obstruction to extending forms F(dZ)X where F 2
FXMyn a() to FL() © lies in the space
M M ki 1 .
B = B(K)= My a2 (\ © (K));
K K =0

where the direct sum is taken over all irreducible componerg Dx of the rami-
cation divisor of the quotientmap :D_ !F () .

Proof. Let 2 be plus or minus a re ection whose xed point locus is Dy .
We can extend the di erential form provided that F vanishes of orderk along
every irreducible componentDg of the rami cation divisor.

If F5 vanishes alongDk then K gives no restriction on the second factor of the
modular form F.

Now let fw = 0g be a local equation forDx. Then (w) = w (this is
independent of whether or is the re ection). For every modular form
F 2 Mg() of even weight we have F (z) = F(z). This implies that if
F(z) 0onDg, then F vanishes to even order oD .
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12 V. Gritsenko, K. Hulek and G. K. Sankaran

We denote by Mp( )( Dk ) the space of modular forms of weight ® which
vanish of order at least along Dx. Since the weight is even we have
Moap()( D k) = Ma()( 2Dk). For F 2 My()( 2 Dg) we consider
(F=w? ) as a function on Dx . From the de nition of modular form (Def-
inition 1.2) it follows that this function is holomorphic, \ -invariant
(see equation (4)) and homogeneous of degred2 2 . Thus (F=w? )jp, 2

Mo+ y( \ k). In Proposition 2.3 we saw that,  contains ©+(K) as sub-
group of e (L)(with equality in almost all cases), so we may replace \ ¢
by \ e (K). In this way we obtain an exact sequence

+
0! Ma()( (2+2 )Dk)! Ma()( 2 Dk)! Mape )( \ & (K));
where the last map is given byF 7! F=w? . This gives the result. 2

Now we proceed with the proof of Theorem 1.1.

Let L be a lattice of signature (Zn) and < e (L): recall that k is even.
According to Proposition 4.1 we can nd pluricanonical di e rential forms on
FL() o if X
Ce()=dim Myn a() dimB(K) > 0; (6)
K
where summation is taken over all irreducible components ofhe rami cation
divisor (see the remark at the end ofx2). It now remains to estimate the
dimension of B (K ) for each of the nitely many components of the rami cation
locus in the cases we are interested in, namely = O (Il 2.gm+2) and =
& (L.
According to the Hirzebruch-Mumford proportionality prin ciple

dim My () = %VOIHM () k" + O(k" 1):

The exact formula for the Hirzebruch-Mumford volume volyy for any indef-
inite orthogonal group was obtained in [GHS1]. It depends maly on the
determinant and on the local densities of the latticeL. Here we simply quote
the estimates of the dimensions of certain spaces of cusp fos.

The case ofll 2.sm+2 is easier because the branch divisor has only one irre-
ducible component de ned by any ( 2)-vector r. According to Proposition 2.4

the orthogonal complementK, is Kl(,m). This lattice diers from the lattice

L(zm), whose Hirzebruch-Mumford volume was calculated in [GHS1x3.5], only
by one copy of the hyperbolic plane. Therefore

Vol © (LS™) = (Bem+s =M +4))volyu © (K ™);
and hence, for everk,

21 4m Bs:::Bgm+2

(8m +1)! (8m +2)!1

dim My (©" (K (™)) = KS™*1 4+ O(KB™);
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where the B; are Bernoulli numbers. Assume thatm 3. Let us take a cusp
form

F 2 S4m+12 (O+ (” 2:8m+2 ))
from Proposition 3.1. In this case the dimension of the obstuction spaceB of
Proposition 4.1 for the pluricanonical forms of orderk = 2k; is given by
Xt "ok (m)
dimMum 10k+2 (€ (Kj)) =
=0

24m+2 B,:::Bgm+2 1 8m+2

1 (4 10)k,)8m+2
@m+2) (@m+2)l 4m 10 ((4m  10)ks)
+O(k8m+1)

In [GHS1, x3.3] we computed the leading term of the dimension of the spac
of modular forms for O" (Il 2:.gm+2 ). Comparing these two we see that the
constant Cg (O™ (Il 2:3m+2 )) in the obstruction inequality (6) is positive if and
only if
Bam+2 5 14 1 8m+2
4m + 2 4m 10

Moreover Fl(,m) is of general type if Cg (O (Il 2.8m+2)) > 0. >From Stirling's
formula
T )™ > Banj> 4 0 L) ®)

1 (7

Using this estimate we easily obtain that (7) holds ifm 5. Therefore we have
proved Theorem 1.1 for the lattice Il 2.gm+2 -
Next we consider the IatticeL(Z'(‘;) of K3 type. For this lattice the branch divisor
of Fég‘) is calculated in Proposition 2.4. It contains one or two (ifd 1 mod 4)
components de ned by ( 2)-vectors and some number of components de ned
by ( 2d)-vectors. To estimate the obstruction constantCg () in (6) we use the
dimension formulae for the space of modular forms with respet to the group
+
© (M), where M is one of the following lattices from Proposition 2.4: L(ZT;)
(the main group); KT and NI (the (- 2)-obstruction); Mo.gm+2, K™ and
T2.sm+2 (the ( 2d)-obstruction). The corresponding dimension formulae wee
found in [GHS1] (seexx3.5, 3.6.1{3.6.2, 3.3 and 3.4). The branch divisor of
( 2d)-type appears only ifd > 1. We note that

Voluy (8 (Taems+2)) > Vol (€ (K{™)): 9

Therefore in order to estimate Cg () we can assume that all (  2d)-divisors de-
ned by stably re ective ( 2d)-vectors r with div( r) = d (see Proposition 2.4)
are of the type To.gm+2 -

We put k =2k;, w=n aandn=8m+3. For the obstruction constant in
(6) we obtain

Ce(® (L)) > dimMo,w(® (L) B( 2 B( 2  (10)
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where
B( 2 =dim B(K{})+dim B(N{);

B( 20y =2 (D (dim B(Maigm+2) + 2" dim B (T2:8m+2 ))

and B (K) is the obstruction space from Proposition 4.1. Byhy we denote the
Sum o4 2.d(4)» Whered(n) is dmod n and is the Kronecker delta (see
Proposition 2.4 and the remark following it).

For any lattice considered above

1 .
dim Mo, w+ ((© (K))

=0
28m+3

(8m + 3)!

B(K)

Ew(8m + 3ol jw (& (K))(kaw)®™*3 + O(k™*?)

whereEy,(8m+3)=(1+ %)8m+3 _
All terms in (10) contain a common factor. First

. + w Bgm+a P—= .
dim Moy, w (© (LY3)) = Cla Bj::z‘ d+ O(k8m*2); (11)

where

kiw _
Cm =

24m+1+ 1d JBZ Bgm+2JJB4m+2Jd4m+3
@Bm+3)l  (Bm+2)!  4m+2

(1 p (4m+2) )(klw)8m+3 :
pid

We note that 24m+1 Bim2 = (4m+2) (4 m +2) (4m +2).
>From [GHS1, (16)] it follows that

volu (8 (KS)) =

B B 4d
21d 44 ﬁd4m+3 (4m+2) @Am+2)L(Am+2; — )

We can use the formula for the volume oﬂ\léé”) in the following form:

voluw (8 (NS)) =

B B d
o 10 (Bm+4) d4m+37(28m+;f)”“+2 @M 4 m+2)L@m+2; =)

(see [GHS1, 3.6.2]). It follows that
B( 2 = Chi"Ew(8M+3)(2°M*3  «wo P (4m+2)+ Py (4m+2))+ O(k§™*?)
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where
L(n; @)Y 1 pn

L(n; o0:4d) i 1+pn"

Pe(m=( 2 ") oo

and
L(n; )Y 1 pn,

L(n; od) nid l+p?"

Pn(n) =

Here ot denotes the principal Dirichlet character modulof .
We note that jPk (n)j < 1 andjPy (n)j < 1 for any d. We conclude that

B( 2 <CMEw(8m+3)b »

whereby ) =28m*3 1.
The ( 2d)-contribution is calculated according to [GHS1, 3.3{3.4] We note

that ©" (T2:8m+2 ) is a subgroup of®" (M2.gm+2 ). We obtain
B( 20y Chld'Ew(Bm+3)by 2

where ford > 2

4am+

[N

2 (d)

b( 20 - 5 4(2hd (1+2 (4m+2) 2 (8m+3))+2 (8m+3) ):

[oNNN

As a result we see that that the obstruction constantCg (©+ (L(ZZ‘))) is positive

if
Bam

(W) _
m;d Bsm

pP_
+iEM%H3XQa+Q2m< d:
.
Using (8) we get
Bam+2 < ) e meg :
Bam+4 4 2 2m+1 28m+4

For m 5 we choose a cusp fornt, of weight a = 4m + 10, i.e. we take
w = 4m 7 in Proposition 4.1. Such a cusp form exists for alld 1 by
Proposition 3.1. Using the factthat ( ,qy ( 4 foranyd 2 and the value

b 4 =2%"*%, we see that

5 e 4m+2 28m+3 +24m+§+1.
8 z 2m+1 28m+3 !

4m 7)
m;d

< (1+ )8m+3

dm 7

which is smaller than 1 if m 5. This proves Theorem 1.1 form 5.
For m = 4 there exists a cusp formF, qf weight 4m +6 if d6 1;2;4, i.e. we
take w =4m 3. To see that 5&3’ < d we need check this only ford = 3

becausely ,q) <b( ¢ ford> 3. One can do it by direct calculation.
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16 V. Gritsenko, K. Hulek and G. K. Sankaran

For m 3 we chooseF, of weight 4m + 2, i.e. we take w = 4m + 1. Such
a cusp form exists ifd > 180 according to Proposition 3.1. For suchd we see

that ( ,q) < 1. Then the obstruction constant Cg (©+ (L(m))) is positive if

Bam+2 . 1

pP_
8m+3 28m+3 +2) < d:
Bgm+2 4m+1) ( )

This inequality gives us the bound ond in Theorem 1.1.
This completes the proof of Theorem 1.1.

In the proof of Theorem 1.1 above we have seen that the (2)-part of the branch
divisor forms the most important re ective obstruction to t he extension of the

+
e (L(m)) invariant di erential forms to a smooth compact model of F(m) Let

us consider the double coveringsF{}) of F{™ for d > 1 determined by the
special orthogonal group:

sFim = &0’ (Lsg)nDy ) ! F 33

Here the branch divisor does not contain the ( 2)-part. Theorem 4.2 below
shows that there are only ve exceptional varieties SFQE“) with m > 0 and
d > 1 that are possibly not of general type.

The variety SFéﬁ) can be interpreted as the moduli space of K3 surfaces of
degree 2 with spin structure: see [GHS2,x5]. The three-fold SFS;) is the
moduli space of (1 t)-polarised abelian surfaces.

Theorem 4.2 The variety SF(m) is of general type foranyd > 1if m 3. If

m =2 then SF% is of general type ifd 3. If m =1 then SF(” is of general
typeifd=5ord 7.

Proof. The casem = 2 is [GHS2, Theorem 5.1], and the result form 5 is
immediate from Theorem 1.1. Form = 1, 3 and 4 we can prove more than
what follows from Theorem 1 1.

The branch divisor of SFZ'Q is de ned by the re ections in vectors r 2 L(m)

such that . 2 §0' (LYM), because the rank ofL{}) is odd. Therefore
r’ = 2d, by Proposition 2.1.

If F 2 Mok (;‘SO+ (L(m))) is a modular form (note that the character det is
trivial), d> 1andz2 DL““) is such that (z;r) = 0, then
2d

F(2)=F( ((@)=F( 2)=( 1*"F(2):

Therefore any modular form of odd weight for ifSO (L(m)) vanishes on the
branch divisor.
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To apply the low-weight cusp form trick used in the proof of Theorem 1.1
one needs a cusp form of weight smaller than dirSF(Z'(‘;) =8m+3. By

Proposition 3.1 there exists a cusp formFi144m 2 811+4m(§0+ (L(ZZ‘))). For

m 3 we have that 11 + 4m < 8m + 3. Therefore the di erential forms

R +

FlieamFam x(d2)%, for arbitrary Fum gi 2 Mam gr(50 (LET), ex-
tend to the toroidal compacti cation of SF(Z'(';) constructed in Theorem 1.3.
This proves the casesn 3 of the theorem.

For the casem =1 we use a cusp form of weight 9 with respect to$0 (L(Zlg)
constructed in Proposition 3.1. 2

We can obtain some information also for some of the remainingases.

Proposition 4.3  The spacesSFél) and SFﬁ) have non-negative Kodaira di-
mension.

Proof. By Proposition 3.1 there are cusp forms of weight 11 l‘or‘fSO+ (Lgl))

and §0' (L(llz)). The weight of these forms is equal to the dimension. By the
well-known observation of Freitag [F, Hilfssatz 2.1, Kap. Ill] these cusp forms

determine canonical di erential forms on the 11-dimensioral varieties SFél)
and SF&’ . 2

These varieties may perhaps have intermediate Kodaira dimesion as it seems
possible that a re ective modular form of canonical weight exists for Lgl) and
LY.

In [GHS2] we used pull-backs of the Borcherds modular form 1, on Dy ., t0
show that many moduli spaces of K3 surfaces are of general tgp We can also
use Borcherds products to prove results in the opposite diretion.

Theorem 4.4 The Kodaira dimension ofFl(,m) is1 form=0,1and2

Proof. For m = 0 we can see immediately that the quotient is rational: a
straightforward calculation gives that F,(lo) = nH; H; whereH; is the usual
upper half plane and is the degree 2 extension of SL(2Z) SL(2;Z) by the
involution which interchanges the two factors. Compactifying this, we obtain
the projective plane P,.
For m =1, 2 we argue di erently. There are modular forms similar to 1, for
the even unimodular lattices Il 2.19 and Il 2.15. They are Borcherds products
252 and 127 of weights 252 and 127 respectively, de ned by the automorplt
functions

() "()Es()?=q ' +504+q(::1)
and
() '()Ea()=q '+254+q(::1);
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18 V. Gritsenko, K. Hulek and G. K. Sankaran

whereg=exp(2i )and ( ) and E4( ) are the Ramanujan delta function
and the Eisenstein series of weight 4 (see [B1]). The diviserof .5, and 127
coincide with the branch divisors ofFl(,l) and Fl(,z) de ned by the ( 2)-vectors.
Moreover .5, and 1,7 each vanishes with order one along the respective divi-
sor. Therefore if F1ox (dZ)¥ (or Figx(dZ)*) de nes a pluricanonical di erential
form on a smooth model of a toroidal compacti cation of Fl(,l) or Fl(,z), then
Fiok (or Figk) is divisible by Kz, (or X,;), since Fiox or Figk must vanish
to order at least k along the branch divisor. This is not possible, because the
quotient would be a holomorphic modular form of negative weght. 2

We have already remarked that the spacd- ,(,2) is the moduli space of K3 sur-
faces with an elliptic bration with a section. Using the Wei erstrass equations
it is then clear that this moduli space is unirational (such K3 surfaces are
parametrised by a linear system in the weighted projective paceP(4; 6; 1; 1)).
In fact it is even rational: see [Le].
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