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Abstract. Let M be a Chow motive over a eld F. Let X be a
smooth projective variety over F and N be a direct summand of the
motive of X . Assume that over the generic point ofX the motives M
and N become isomorphic to a direct sum of twisted Tate motives.
The main result of the paper says that if a morphismf : M ! N
splits over the generic point of X then it splits over F, i.e.,, N is a
direct summand of M. We apply this result to various examples of
motives of projective homogeneous varieties.
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1 Introduction

By a variety X over a eld F we always mean a reduced and irreducible scheme
of nite type over F. By F(X) we denote the function eld of X.

Definition 1.1 Let M be a Chow motive overF. We say M s split over F
if it is a direct sum of twisted Tate motives over F. We say a motive M is
generically split if there exists a smooth projective variety X over F and an
integer | such that M is a direct summand of the twisted motive M (X )f Ig of
X and M is split over F(X). In particular, a smooth projective variety X is
called generically split if its Chow motive M (X)) is split over F (X).

The classical examples of such varieties are Severi-Brauerieties, P ster
quadrics and maximal orthogonal Grassmannians. In the presnt paper we
provide useful technical tool to study motivic decompositions of generically
split varieties (motives). Namely, we prove the following
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82 A. Vishik, K. Zainoulline

Theorem 1.2 Let M be a Chow motive over a eldF. Let X be a smooth
projective variety over F and N be a direct summand of the motive ofX.
Assume thatM and N are split over F(X). Then a morphismM | N splits,
i.e. N is a direct summand of M, if it splits over F(X).

The paper is organized as follows. In section 2 we introducehe category of
Chow motives over a relative base. In section 3 we provide theersion of the
Rost nilpotence theorem for generically split varieties. h section 4 we prove the
main result of this paper (see the above theorem). The last s#ion is devoted
to various applications and examples.

2 Chow motives over a relative base

Let X be a variety over a eld F. We say X is essentially smoothover F
if it is an inverse limit of smooth varieties X; over F taken with respect to
open embeddings. Let CH'(X;)=CH ™(X) z denote the Chow group
of codimensionm cycles onX with coe cients in a commutative ring . If X
is essentially smooth, then CH'(X; ) = lim CH™(X;; ), where the limit is

taken with respect to the pull-backs induced by open embeddigs.

In the present section we introduce the category ofChow motives over an
essentially smooth variety X with -coe cients. Our arguments follow the

paper [9].

I. First, we de ne the category of correspondence€(X ; ). The objects of
C(X; ) are smooth projective maps Y ! X. The morphisms are given by

Hom(Y ! XJ;[Z! X]= CHI™Z2(y 7))

where the sum is taken over all irreducible componentsZ; of Z of relative
dimensions dim;=X). The composition of two morphisms is given by the
usual correspondence product

=(pv.;t) (pviz) () (pz7) ()

where 2 Hom(lY ! X];[z ! X]), 2 Hom(z ! X];[T ! X]) and
Pv:T, Pv:z, Pz are projectionsY xZ xT! Y xT,Y xZ,Z xT.
The category C(X; ) is a tensor additive category, where the direct sum is
givenby [Y! X] [Z2!'" X]:=[Y Z ! X]and the tensor product by
[Y1 X] [Z2z! X]:=[Y xZ! X](cf. [9, x2-4]). As usual we denote by
Y2 CH(Z x Y) the transposition of a cycle 2 CH(Y x Z).
The category of e ective Chow motives Chow® (X ; ) can be de ned as the
pseudo-abelian completion ofC(X ; ). Namely, the objects are pairs (U; ),
where U is an object of C(X; ) and 2 Endgx ;) (U) is a projector, i.e.
= . The morphisms between U;; 1) and (Uz; ») are given by the
group 2 Homgx:y (U1;Uz) 1. The composition of morphisms is induced
by the correspondence product. In the casX = Spec(F) and = Z we obtain
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Motivic Splitting Lemma 83

the usual categoryChow® (F) of e ective Chow motives over F with integral
coe cients (cf. [9, x5]).

Consider the projective line P! over F. The projector = [Spec(F) P! 2
CH(P! P!) de nes an object (P!; ) in Chow® (F) called the Tate motive
over F and denoted by Zf 1g (cf. [9, x6]).

Il.  We have two types of restriction functors.

1) For any morphismf : X; ! X, of essentially smooth varieties we have a
tensor additive functor

resx,=x,: GXz2;) 'C (Xy;)

given on the objects by Y2 ! X2] 7! [Y2 x, X1 ! X3] and on the morphisms
by 7! (Id f) ( ), where id f Z(Yz XZZZ) xle! Y, x222 is the
natural map. It induces a functor on pseudo-abelian compleibns

resy,=x,: Chow® (Xz;) ! Chow® (Xi;) :

2) For any homomorphism of commutative ringsh: !  %we have a tensor
additive functor

res o- : C(X;) IC (X; 9

which is identical on objects and is given by id h: CH(Y x Z;) !
CH(Y x Z; 9 on morphisms. Again, it induces a functor on pseudo-abelia
completions

res oo : Chow® (X:) ! Chow® (X: 9:

Observe that the functor res .- commutes with resy,-x,. We denote by
resy,-x,. o= the compositeresy,-x, res o . To simplify the notation we
omit X, (resp. ), if X, =SpecF (resp. = 2).

Let f: X | Speck and h: Z ! be the structure maps. Then
resx. : Chow® (F) ! Chow® (X;). Given a motive N over F we denote
by Nx. its image resx. (N) in Chow® (X;). The image Zflgx. of the
Tate motive is denoted by T and is called the Tate motive over X. Let M

be a motive from Chow® (X ;) and | 0 be an integer. The tensor product
M T !is denoted by Mflg and is called the twist of M. The trivial Tate
motive T © will be denoted (thus, T '= flg).
The same arguments as in the proof of [9, Lemma 0%8] show that for any
motives U and V from Chow® (X;)and | 0 the natural map

HOI’nChOW eff (X;) (U,V) | HOmChOW eff (X;) (Uf|g,Vf|g) (l)
given by 7! idt is an isomorphism.
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84 A. Vishik, K. Zainoulline

I1l.  We de ne the category Chow(X; ) of Chow motives over X with -
coe cients as follows. The objects are pairs U;l), where U is an object of
Chow® (X; ) and | is an integer. The morphisms are given by

Hom((U; 1); (V;m)) := Nli!erl Homcpow et (x ;a)(UFN + 1g; VEN + mg):

This is again a tensor additive category, where the sum and th product are
given by

;) (V;m)y:=(Ufl ng Vfm ng;n); wheren =min(I;m);

U;y  (Vvim)y:=(U V;lI+ m):

Observe that the Tate motive T is isomorphic to ([id: X ! X];1) and, hence,
it is invertible in ( Chow(X; ) ; ). Moreover, we can say thatChow(X; ) is
obtained from Chow® (X ; ) by inverting T (cf. [9, x8]).

According to (1) the natural functor Chow® (X;) ! Chow(X; ) given by
U 7! (U;0) is fully faithful and the restriction resx. descend to the respective
functor resx. : Chow(F)! Chow(X; ).

For a smooth projective morphismY ! X we denote by M (Y I X)) its
e ective motive ([Y ! X];id) considered as an object ofChow(X; ). If
X = SpecF and = Z, then we denote the motive M (Y ! X)) simply
by M (Y). By de nition there is a natural identi cation

HoMchow (x 1) (M(Y ! X)figiM(Z 1 X)fjg)= CH M= Ity 7))

IV. Let M be an object of Chow(X ; ). We de ne the Chow group with low
index CH, (M ; ) of M as

CHn(M; ) :=Hom Chow (X ;) ( fmg;M)
and the Chow group with upper index CH" (M ; ) as

CH™(M; ) :=Hom cnow (x;) (M; fmg):
Observe that if M = M(Y ! X), then we obtain the usual Chow groups
CHYMCY=X) My y and CH ™(Y;) of a variety Y. A composite with a
morphism f : M ! N induces a homomorphism between the Chow groups

Rm(f): CHh(M)! CHRh(N) and R™(f): CH™(N)! CH™(M) called the
realization map.

3 The Rost nilpotence

We will extensively use the following version of the Rost nipotence (cf. [14,
Proposition 9])
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Proposition  3.1. Let N be a generically split motive over a eldF. Then for
any eld extension E=F and any coe cient ring  the kernel of the restriction

rese. : Ende (N) ! Endg (Ng)
consists of nilpotents.

To simplify the notation we denote by Endyx (M) the endomorphism group
HomMchow (x ;) (M; M), where M is a motive over a variety X .

Proof. Recall that (see De nition 1.1) a motive N over F is generically split if
there exists a smooth projective variety X and | 2 Z such that N is a direct
summand ofM (X )flgand Nk = resx=r (N) is split, where K = F (X ) denotes
the function eld of X.

We may assume thatN is a direct summand ofM (X)) (that is, | = 0). Since for
a split motive M and a eld extension E=L, the map End. (M) ! Endg(Mg)
is an isomorphism, we may assume that = K.

Consider the composite of ring homomorphisms

X=F

rescee © Ende (N) 17 Endy (Ny )! % Endk (N );

where the last map is induced by passing to the generic point jgecK ! X.
Observe that Endg (Nk ) = lim Endy (Ny), where the limit is taken over all
open subvarietiesU X . Then ker(resx=x ) = [ u ker(resy=x ) and by Lemma
3.2 the kernel ofresg=x consists of nilpotents.
On the other hand, the map resy=F is injective. Indeed, sinceN is a direct
summand ofM (X ), Endg (N) is a subring of End= (M (X)) and Endyx (Nx ) is
a subring of Endy (M (X )x ). So, it is su cient to prove the injectivity for the
caseN = M (X). The restriction resy_r : Endg (M (X)) ! Endx (M (X)x)
coincides with the pull-back ;,: CH(X X;) !I' CH(X X X; )induced
by the projection on the rst two coordinates. And ;., splits by (idx
x) - CH(X X X;) ! CH(X X;),where x:X! X X isthe
diagonal. The proposition is proven. O

Lemma 3.2. Let X be a smooth projective variety ovel and be a commu-
tative ring. Let U X be an open embedding. Then for any motivé/ from
Chow(X; ) the kernel of the restriction map

resy-x : Endx (M)! Endy(My)
consists of nilpotents.

Proof. If M is a direct summand of Yy ! X]fig, then Endx (M) is a subring

of Endy (M (Y ! X)) and it is su cient to study the case M = M(Y I X).

Recall that Endyx (M (Y | X)) =CH 9m(Y) dmCX) ey oy,

Let be an element from the kernel ofresy-x . Letj:Z ! X be the reduced
closed complement toU in X. Then by the localization sequence for Chow
groups the cycle belongs to the image of the induced push-forward

(dey vy 1) tCH(Y xY) xZ;) ! CH(Y xY;):
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86 A. Vishik, K. Zainoulline

Let codim(Z) be the minimum of codimensions of irreducible componentsfoZ ,

andd:=] cg';‘é](xz)) ]+1. We claim that the d-th power 9 of taken with respect
d

to the correspondence product is trivial. Indeed, =( ga+1) (1 2:50 q)
where | = i, ( )andthe map jo:Y @D 1 Y Y is the projection
on the i-th and i%“th components. Since o (dey vy ) coincides with
(idy @o J) (o idz) , all cycles ; belong to the image of the push-
forward

(dy @ ) : CH(Y @)y Z)1 CH(Y (@D):

By Proposition 6.1 applied to the projection Y (@*1 1 X and the closed
embeddingj: Z ) X we obtain that the product

1 10 42 (idy (d+1) J) CH(Y (d+D) X Z) ‘

is trivial. Therefore, 9 is trivial as well. O

We nish this section with the following

Definition 3.3, Given motive M over a eld F and a eld extension L=F we
say a cycle in CHM ) is rational if it is in the image of the restriction map
res = .

Observe that the rationality of cycles is preserved by pushforward and pull-
back maps. It also respects addition, intersection and comspondence product
of cycles.

4 Motivic splitting lemma

In the present section we prove the main result of this paper

Theorem 4.1 Let M be a Chow motive over a eldF. Let X be a smooth
projective variety over F and N be a direct summand of the motive ofX.
Assume thatM and N are split over the function eld K = F(X). Then a
morphismf : M | N splits, i.e. N is a direct summand ofM, if it splits over
K.

Proof. To construct a section off we apply recursively the following procedure
starting from g =0 and suchm that CH'(Nk ) =0, for i<m..

For a morphismg : N ! M such that the realization morphism
Ri(fx ok ) is the identity on CH'(Nk ) for i <m , we construct a
new morphismg®: N ! M such that Ri(fx g2 ) is the identity
on CH' (Ng) fori m.

Since the motivlgNK splits, for the corresponding projector n over K we may
write ( n)k = ! !pforcertain!; 2 CH (Xx)and! 2 CH (Xk) such
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that deg(!1 !'5) = &m. Elements!, form a basis of CH(Nk) = ( n)k
CH (Xk) CH (Xk).
Consider the surjection CH"(X X) CH™(K g X)=CH™(Xk). Let
be a preimage of an element | of CH™ (X ).
Consider the dierence id f g and denote it by h. Assume that overK it
sends a basis element; to a cycle ;. Since Ri(hk ) is trivial for all i<m,
the cyclehg = hx ( n)k can be written as
X X
hg = opt i 2CHT™ XXk Xk): (2

codim ;=m codim j;>m
>From (2) we immediately see that
1 =pry ( k hg)2 CH™(Xg) is rational. (3)

Also, | (n)k = 1.
The realization R™ (fx ) is a Z-linear map CH™ (N )! CH™(My). Let C =
(cj ) be the respective matrix of coe cients, i.e.,

X
Rm(fK)Z!i7! Cji j;
j
where f ;g is a Z-basis of CH"(Mk). Let s : Nx ! Mg be a section of
fx . The realization map R™(s) is a left inverse to R™(fx ). Hence, for the
respective matrix of coe cients D = (d; ) we have
X
Rm(S)Z i 7! dji !j
j
P
and D C =id, i.e., j dj Gk = k. For each | dene the morphism u, :
N! M as X
w= di ¢ (Pra( 1) x) Pn;
i
where + is a preimage of an element of CHy, (Mg ) by means of the canon-
ical surjection Homg (M (X)(m)[2m];M)! CHn(Mg)and py : N I M (X)
be the morphism presentingN as a direct summand ofM (X ). By de nition,
u is a rational morphism and the realization R™ (u,) is given by

AN T

Hence, the gpmpositeRm(f u)= R™(u) R™(f)maps!ito j ;.

Setg= g+ ,u;. By construction, the realization R(f @) is the identity on
CH'(Nk) for i m. Consider the endomorphismid f gof N. OverK its
realization R'(id f @) is trivial for each i m.

Recursion step is proven and we obtain mag®: N | M such that (f g%« =
idy, . Let g=id f g% By the Proposition 3.1, d = 0, for somer. Set
g=¢° (d+qg+qg?+:::+qC D). Thenf g=idy and N is a direct
summand of M . O
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5 Examples and Applications

Geometric construction of a generalized Rost motive. Let p be a
prime and F be a eld of characteristic di erent from p. Let n be a positive
integer. To each nonzero cyclic subgrouph i in KM (F)=p consisting of pure
symbols one can assign some motivd in the category Chow(F ; Z=pZ), which
satis es the following property

For an arbitrary eld extension E=F

je60(0 (M )e = resg= (M ) is indecomposable;
je=0(0 (M )g is split.

It follows from the results of V. Voevodsky and M. Rost that for a given sub-
group such motive always exists and is unique (see [1%,5] and [15, Prop. 5.9]).
Moreover, when split it is isomorphic to

M1 o1
Z=pZfi pp —0
i=0

Such a motive is called ageneralized Rost motive withZ=pZ-coe cients .

Definition  5.1. A motive with integral coe cients which specializes modulo
p into a generalized Rost motive and splits moduloq for every prime q di erent
from p will be called an integral generalized Rost motiveand denoted by Ry, .

Integral generalized Rost motives, hypothetically, shoutl be parameterized not
by the pure cyclic subgroups of K (F)=p, but by the pure symbols of KM (F)=p
up to a sign. The existence of integral generalized Rost moties is known for
n =2 and arbitrary p, for p =2 and arbitrary n, and for the pairn=3;p=3.

All these examples are essentially due to M. Rost.

As the rst application of Theorem 4.1 we obtain the construction of the clas-
sical integral Rost motive corresponding to a P ster form.

Corollary 5.2. (cf. [14, Theorem 17.(9) and Proposition 19]) Let X be a
hyperplane section of an-fold P ster quadric Y over a eld F. Then M (Y) '
M (X)flg R .2, where Ry, is an integral Rost motive.

Proof. In the proof we use several auxiliary facts concerning quades and their

motives which can be found in [5].

Let x and v be the quadratic forms which de ne X and Y. By de nition
x IS a subform of codimension 1 of the P ster form y. According to [5,

Def.5.1.2 and Thm.5.3.4.(a)]Y becomes isotropic ovelK = F(X). This fact

together with [5, Prop.4.2.1] implies that both x and v become totally split

(hyperbolic) over K. Then by [5, E.10.8] the motivesM (X )x and M (Y )k are

split over K .

Let . be the graph of the closed embedding: X ,! Y. The respective cor-

respondence cycle [¢] 2 CHgim x (X YY) induces the realization mapR ( ¢)
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which coincides with the pull-back e : CH (Y) ! CH (X) (seex2.lV). It is
known that the Chow ring of a hyperbolic quadric is generatedby two ele-
ments hh; li, where h is the class of a hyperplane section and is the class of
a maximal totally isotropic subspace. In this notation the pull-back e, maps
hy 7! hxy and Iy 7! Ix, i.e. maps the ring CH(Yk ) onto the ring CH(X ).
The latter means that R ( ¢) and, therefore, the transposed correspondence
cycle [ e]' 2 CHgimy 1(Y X) have a section overK .

Take f =[ ¢]': M(Y)! M (X)f1g and apply Theorem 1.2. We obtain the
decompositionM (Y) = M (X)f1lg N, whereN is such that

Nk =2 zf2" ' 1g:

Let E=F be a eld extension. The P ster quadric Y corresponds to some
pure symbol 2 KnM (F)=2 (see [5,x9.4]) with the property that jg =0
if and only if Ye has a rational point. Consider the specialization Ng. 7=,
with Z=2-coe cients. We have the following chain of equivalences:Ng. 7=, is
decomposable, Ng.,-, contains Z=2 as a direct summand, M (Y;Z=2)
contains Z=2 as a direct summand, (see [14,x1.4]) Y has a zero-cycle of
odd degree, (Springer Theorem) Yg has a rational point. At the same time,
the specialization Nz, is split for any odd prime p, since M (Y; Z=p) is split.
Hence,N is an integral generalized Rost motive corresponding to thesymbol
O

To provide the next application we use several auxiliary fats concerning Albert
algebras and Cayley planes which can be found in [4], [8], [11[12]. We use
the notation of [12, x3].

Consider an Albert algebraJ de ned by means of the rst Tits construction.
Let F4(J) and Eg(J) denote the respective simple groups of types Jand Es.
Let X be the variety of maximal parabolic subgroups of R(J) of type P4. Let
Y be the variety of maximal parabolic subgroups of E(J) of type P, Here P;
corresponds to a standard parabolic subgroup generated byhe Borel subgroup
and all unipotent subgroups corresponding to linear spans foall simple roots
with no i-th terms (our enumeration of roots follows Bourbaki). The variety
Y is called a(twisted) Cayley plane

Observe that there is a closed embedding: X ,! Y such that over the splitting
eld K of J the class K« ] 2 Pic Yk generates the Picard group ofYk . In other
words, X is a hyperplane section ofYx (see [8, 6.3]).

Corollary 5.3 Let X and Y be as above. TheM (Y)' M(X)flg R 3.3,
where R3.3 is an integral generalized Rost motive corresponding to th&erre-
Rost invariant gz(J) in KY (F)=3.

Proof. We follow the previous proof step by step.

Let K denote the function eld of X. Analyzing the Tits indices of F4(J)
we conclude thatJ becomes reduced oveK . Moreover, sinced is de ned by
means of the rst Tits construction, J becomes split overK . By de nition it
implies that both groups and varieties become split overK .
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Consider now the graph . of the closed embeddinge: X ,! Y. As before,
the respective correspondence cycle [] induces the realization mapR ( )
which coincides with the pull-back e . The Chow rings CH(X g ) and CH(Yx )
are generated byhh; gfi (see [10, 4.10]) andH; §; i (see [4, 5.1]). By the
Lefschetz hyperplane theorem the pull-backe has to be an isomorphisms on
all graded components of codimensions 7. This immediately implies that e
mapsH 7! hand ¢ 7! gf, i.e. maps the ring CH(Yx ) onto the ring CH(X ).
SoR ( ¢) and, therefore, the transposed cycle [¢]' have a section overK .
Take f =[ ¢]': M(Y)! M (X)f1g and apply Theorem 1.2. We obtain the
decompositionM (Y) = M (X)f1lg N, where the motive N is such that

Nk =2 Zf4g Zf8g:

Let E=F be a eld extension. Let = gs(J) 2 K¥ (F)=3 be the Serre-Rost
invariant of the Jordan algebra J (see [13]). Analyzing the Tits indices of &(J)
we see that jg =0 if and only if Yg has a zero-cycle of degree coprime to 3.
Consider the specializationNg. z-3 with Z=3-coe cients. Similar to the quadric
case there is a chain of equivalences which says thalg. ;-3 is decomposable

Ye has a zero-cycle of degree coprime to 3. At the same time, th@ecialization
Nz=p is split for any prime p 6 3, since M (Y ; Z=p) is split. Therefore, N is an
integral generalized Rost motive corresponding to the symbl . O

Remark 1. Observe that in view of the main result of [10] we obtain the
following decomposition

M
M(Y)I R3;3fig:
i=0

So from the motivic point of view the variety Y is a 3-analog of a P ster
quadric.

Projective homogeneous varieties of type F4. As before letJ be an
Albert algebra de ned by means of the rst Tits construction . Let F4(J) be
the respective group of type K. Let X be the same as before, i.e. the variety
of maximal parabolic subgroups of typeP, of F4(J). Let Y be the variety
of maximal parabolic subgroups of typeP3 of F4(J). Observe that Y has
dimension 20.

Corollary 5.4. Let X and Y be as above. Then the motiveM (X ;Z) is
isomorphic to a direct summand of the motiveM (Y ; Z).

Proof. Since the Albert algebra J splits over the function eld K of X, the
motives M (X ) and M (Y) become split overK as well. By the main result of
[10] M (X)) splits as

M
M(X)' Rg;gfig;
i=0
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where R 3.3 is the integral generalized Rost motive corresponding tayz(J).

Let Z be the variety of parabolic subgroups of typePs.4 of F4(J). Observe that
Z has dimension 21 and thereisamap gy, = (prx;pryx): Z! X Y, where
pry , pry are the quotient maps. For eachi = 0 :::7 consider the composite

£ oM™ O M(X) IR safig where ; 2 Picz:

Setf = - i7:0 f,:M(Y)! M(X). Assume that we can choose ; 2 PicZ

in such a way that the realization map R (f) becomes split injective overK .

Then by Theorem 1.2 appliedf , the motive M (X)) is isomorphic to a direct
summand of M (Y).

So to prove the corollary it is enoughto nd 2 PicZ,i =0:::7, such that
R (f) is split injective over K.

Observe that the restriction map resg—r : PicZ ! PicZgk is an isomorphism
(see [10, Lemma 4.3]). Therefore, we may assume that; 2 PicZk . Observe
also that the ring structures of CH(Xk ), CH(Yk ) and CH(Zx ) are known.

We haveR (f )k = R ( i)k R ( i)k, where ; is an idempotent de n-

ing R3.afig. Both realizations R ( i)x and R ( i)x can be described explic-
itly on generators. Indeed, the realizationR ( )k is given by the composite

CH(Xk) ™™ CH(Zk)' ' CH(Zk)!™ CH(Y«), where the maps px, and
pry can be described using [10x3]. The explicit description of the cycles
( i)k is provided in [10, 5.5].

Letf i = ciigi+ CoiQeUi=o::7, C1i; Coi 2 Z, be the presentation of the cycles ; in
terms of a xed Z-basishg;; g,i of PicZk . Since all realization mapsR ( )k ,
R ( i)x are Z-linear, the question of split injectivity of R (f )x translates
into the problem of solving certain system ofZ-linear equations in 16 variables
fci; ¢idi=o 7. Direct computations show that this system has a solution. This
nishes the proof of the corollary. O

Twisted forms of Grassmannians. Consider a GrassmannianG(d; n) of
d-dimensional planes in an-dimensional a ne space. Its twisted form is called
a generalized Severi-Brauer variety and denoted by SHA), where A is the
respective central simple algebra of degrep (see [7,x1.C]). The next corollary
relates the motive of a generalized Severi-Brauer variety wh the motive of
usual Severi-Brauer variety.

Corollary 5.5. Let A and B be two central division algebras of degrea with
[A]= d[B] in the Brauer group Br(F), whered and n are coprime. Then the
motive of the Severi-Brauer variety SB(A) is a direct summand in the motive
of the generalized Severi-Brauer varietySBy(B).

Proof. We construct the morphism f : M (SBq(B)) ! M (SB(A)) as follows.
Consider the Placker embedding pl : SBq(B) ! SB( YB). It induces the
morphism M (SBq(B)) ! M (SB( “B)), where 9B is the d-th lambda power
of B (see [7, 11.10.A]). By [6, Cor. 1.3.2] the motiveM (SB( 9B)) splits as a
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direct sum of shifted copies oM (SB(A)), where [A] = d[B]in Br(F). Take f to
be the composite of the Placker embedding and the projectia M (SB( 9B)) !
M (SB(A)).

We claim that f has a section (splits) over the generic point of SBA). Indeed,
it is equivalent to the fact that foreach m=0;:::;n 1

g:(_::d(ci(m)) =1
I

where ci(m) are degrees of the Schubert varieties generating CH(G(d; n)). The
latter can be computed using explicit formulas for degrees oSchubert varieties
provided for instance in [3, Ch. 14, Ex. 14.7.11.(ii)].

Then by Theorem 1.2 the motive M (SB(A)) is a direct summand in
M (SBq¢(B)). Observe that the motives M (SB(A)) and M (SB(A°P)) are iso-
morphic. So replacing A] by [A°?] = [A] doesn't change anything. O

Compactifications of a Merkurjev-Suslin variety. Here we follow
de nitions and notation of [16]. Let A be a cubic division algebra over-. Re-
call that a smooth compacti cation D of a Merkurjev-Suslin variety MS (A; c)
can be identi ed with the smooth hyperplane section of the twisted form
X =SB3(M2(A)) of Grassmannian G(3;6). Using Theorem 1.2 one obtains a
shortened proof of the main result of [16]

Corollary  5.6. Let D be the smooth projective variety introduced above. Then

Y]
M(D)" M (SB(A))fig R 3:3;
i=1
where R3.3 is an integral generalized Rost motive. In other words, fromthe

motivic point of view the variety D can be viewed as a 3-analog of a Norm
quadric.

Proof. Let i : D ! X denote the closed embedding. It induces the map

i:M(D)! M(X). The variety X is a projective homogeneous PG-variety
corresponding to a maximal parabolic subgroup of typeP3;. According to the
Tits indices for the group PGLy,(a) the parabolic subgroupPs is de ned over
F and, hence,X is isotropic. By [2, Thm. 7.5] the motive of X splits as

M(X)=2 Qflg Qf4g Zf9g;
L

where Q = M(SB(A) SB(A°%)) = i2:0 M (SB(A))fig by the projective
bundle theorem. Hence, we obtain
M

M(X)= Z M (SB(A))fig Zf9g: 4)
i=1

We de ne f to be the cowposite of ; and the canonical projection fromM (X))

to the direct summand i5:1 M (SB(A))fig of (4). Observe that the motive
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M (D) splits over the generic point of SB(A). The direct computations (using
multiplication tables provided in [16]) show that f has a section ovelr (SB(A)).
By Theorem 1.2 we conclude that

M
M (D) M (SB(A)fig N
i=1

for some motive N which splits over F (SB(A)) as 2 Zf4g Zf8g.

Note that both D and the twisted form of F4=P4 (given by the rst Tits con-
struction) split the same symbol gs in KY (F)=3. This implies that there is
a morphismf : Nz=3 ! R 3.3 of motives with Z=3-coe cients which becomes
an isomorphism over the separable closure df, where R3.3 is a generalized
Rost motive corresponding togz. SinceN is split over the generic point of the
twisted form of F4=Ps4, R3.3 is a direct summand ofNz-3 which implies that
R3;3" Ngz=3. Finally observe that Nz, splits if p& 3. O

6 Appendix

Proposition 6.1 Let X be a smooth quasi-projective variety, : Y ! X a
smooth morphism andi: Z ! X a closed embedding. Consider the Cartesian
square

Yz ’ Iy
z i—’J(
Then (imi%)¢ = 0 for d = [ g 55]+ 1, where codimy (Z) is the minimum

of codimensions of irreducible components of .
It is su cient to prove the following:

Lemma 6.2 Let :Y ! X be a smooth morphism, withX smooth quasi-
projective, andi;: Z1 ] X,i2:Zy ) X closed embeddings.
Then there exists a closed embeddinig: Z3 ] X such that

codim(Z3) codim(Z;) + codim(Z,) and im(i9) im(i2)  im(id) ;
wherei?: Yz, | Y, 1=1;2;3is obtained from the respective Cartesian square.

Proof. We have (?) (a) (i9) (= L ((i? i9) (a b). The diagonal map

vy:Y ! Y Y isthe compositionY! Y Y!fW Y Y, where isthe
relative diagonal and the second map is the natural embeddig. By Lemma
6.3appliedtoB=X X,V=X,f= x,T=2Z; ZandW=Y Y we
obtain a closed embeddinch: Z ! X such that

codim(Z) codim(Z;) +codim(Zy) and im(fy, (i i9) ) im(hw ):
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Consider the Cartesian square
Yoo v
hO

Y, — Y x Y);

hw

By [3, Theorem 6.2(@)], hw = h® ‘' Hence,im( y (i1 i2)) im(h°)
and the lemma is proven. O

Lemma 6.3 Let V! " B ¢ T be closed embeddings with reguldr, and smooth
quasi-projective B. Let ": W ! B be a smooth morphism. Consider two
Cartesian diagrams:

fw w
Wy /W odv W+t and To-og—/%o
v — /{l a0 T T
There exists a closed embedding: Z ! V such thatcodim(h) codim(g) and
im(fy, ow ) im(hw ).
Proof. Consider the Cartesian square

We oo

fw
W, -2 fy,,

"y " ~ f

fw

By [3, Theorem 6.2(a)],f,, gw =®w fy . The morphismfy, : CH (Wr)!
CH (W) is given by the composition:

CH (Wr)  CH (Gy) “ CH (Nw)!'® CH (W);

where is the specialization map from [3,x5.2], Gv = Cw, (W1) = C1(T) 8
W is the normal cone of the morphismfyy and Nw = W w, N¢, =(T v
N¢) B W is the total space of the vector bundlegy (N, ) = (" &) (Ng)
over W, w:Gy ! N w is the closed embedding ands: W ! N  is the
zero section.

Consider the Cartesian square of projective completions oGy and Ny

PG o ) ——/P(Nw g )

ec en
Gw v N W
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By [3, Proposition 3.3] the morphism s w :CH(Gy)! CH(W;.)is
givenbys w (xX) = w (Ca(8wNiy, O (1)) “w (¥)), where ec(y) = x,
w:P(Nw O )! Wy is the projection and d = codim(fy ) = codim(f).
By Lemma 6.4, we can choose a cycle representingcy(g¢ N O (1)) in such
a way that j j\ P(C O) has codimensiond in P(C O ). Consider Z =

(j j\ P(C 0)) and the closed embeddingj : Z | T. Then for arbitrary
X 2 CH (P(Gy O )) we havej w ("T( ) “w (X)) " X(Z). This implies
thatim(fy,) im(jw )andim(gw fy) im(hw ), whereh=1g j. Atthe
same time, codimf) codim(g), and the lemma is proven. O

irreducible subvarieties of dimensionsd,. Let V be a vector bundle overX.
Then there exists a representative 4 of c4(V) such thatj 4j\ Z, has dimension
d d

Proof. The total Chern classc (V) is the inverse of the total Segre class (V),
and s;(V) = (ce(O@)™ 1), where : Px(V) ! X is the projection,
and n = dim(V). Thus, the general case of our statement follows by the
inductive ap@i%ation of the one with d = 1, and V - linear bundle. Indeed, since

c([X]) = =1 (@O@)" I e j([XD)), and ¢ j canbe chosen
with the needed property, it is su cient to apply the above pa rticular case to
the set of irreducible components of  (Z;\j ¢ jj), I =1;:::5;n;f =1;:::5d

inside Py (V). Finally, the cased = 1 and linear V follows from the presentation
V=1L, L, 1 whereL; have "su ciently many sections", which is possible,
since X is quasi-projective. O
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