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Abstract. The equivariant main conjecture of lwasawa theory is
shown to hold for a Galois extension K/k of totally real number fields
with Galois group an I-adic pro-I Lie group of dimension 1 containing
an abelian subgroup of index I, provided that lwasawa’s p-invariant
H(K/K) vanishes.

2000 Mathematics Subject Classification: 11R23, 11R32, 11R42
Keywords and Phrases: lwasawa theory, lwasawa L-functions

This note justifies a remark made in the introduction of [6] according to which
the “main conjecture” of equivariant lwasawa theory, as formulated in [2,
p.564], holds when G = G(K/k) is a pro-l group with an abelian subgroup
G’ of index I.

We quickly repeat the general set-up and, in doing so, refer the reader to [5,§1]
for facts and notation that is taken from our earlier papers on Iwasawa theory.
Namely, | is a fixed odd prime number and K/k a Galois extension of totally
real number fields, with k/Q and K/k., finite, where k., is the cyclotomic
Z;-extension of k. Throughout it will be assumed that Iwasawa’s p-invariant
H(K/K) vanishes. We also fix a finite set S of primes of k containing all primes
above oo and all those whose ramification index in K/k is divisible by I.

In this situation it is shown in [5] that the “main conjecture” of equivariant
lwasawa theory would follow from two kinds of hypothetical congruences bet-
ween values of Iwasawa L-functions. One of these kinds, the so-called torsion
congruences (see [5, Proposition 3.2]), stated as

ver(Ag, /i)

=1 mod7’
)\K/k‘—‘
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118 Jurgen Ritter and Alfred Weiss

in the proof of the proposition in §2, has meanwhile been verified in [6].

The purpose of the present paper is to show that the torsion congruences al-
ready su [celto obtain the whole conjecture in the special case when G is a
pro-1 group with an abelian subgroup G’ of index |. Before stating the precise
theorem we need to recall some notation (compare [5,§1]).

AAG is the I-completion of the localization A,G which is obtained from
the Iwasawa algebra AG = Z,[[G]] by inverting all central elements which
are regular in AG/ING; Q.G is the total ring of fractions of A\G;

T(QAG) = QAG/[QAG, OAG] is the quotient of Q.G by Lie commuta-
tors;
if G is a pro-1 group, then (see [5,§2] ?)

K1(A\G) L T(QAG)

(LD) Det | ol
HOM(R,G, (AST1)*) —==  Hom*(R,G, Q5I})

is the logarithmic diagram defining the logarithmic pseudomeasure
tx/ € T(QAG) by Tr(tg ) = L(Lk/x)

where Lk /i, = Lg/i,s € HOM(R;G, (ASTx)*) is the lwasawa L-function.

Theorem. With K/k and S as at the beginning and G = G(K/k) a pro-l
group, tgy is integral (i.c., tg ), € T(AAG)) whenever G has an abelian
subgroup G’ of index 1.

As a corollary, by [5, Proposition 3.2] and [6, Theorem], L /5, € Det Ki(AAG),
which implies the conjecture (see [3, Theorem A]), up to its uniqueness asser-
tion. However, SK;(QG) = 1 because each simple component, after tensoring
up with a suitable extension field of its centre, becomes isomorphic to a ma-
trix ring of dimension a divisor of I1? by the proof of [2, Proposition 6], as the
character degrees x(1) all divide I. Now apply [7, p.334, Corollary].

The proof of the theorem is carried out in §2; before, in a short §1, we introduce
restriction maps
GH. I
Resg : T(QAG) — T(QAG')

and
Resgm: Hom*(R,G, Q%) — Hom*(R,G’, Q% kr)

2R|G is the ring of all (virtual) QQC-characters of G with open kernel; Iy =
G(Koo/K); NGy = ZFf ®z, ArFyg with Z\¢ the ring of integers in a fixed algebraic clos-

ure QF of Q
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Equivariant Iwasawa Theory: An Example 119

making the diagram

Ki(ALG)  — T(Q,G) I Hom*(R,G, QST )

(] (] (]
resG | ResS | ResS |

KiAG) 55 T(@.6) ™ Hom*(R.G, QS )

commute 2 for any pair of pro-l groups G = G(K/k) and G’ = G(K/K') < G
such that [G : G'] is finite. We remark that replacing Resguby the “natural”
restriction map,

(resE () = F(ind X)), F € Hom*(R,G, Q5T1), X' € RiG/,

does not work, because induction and Adams operations do not commute.

1. Res

Let G = G(K/K) be a pro-l group and G’ = G(K/k’) < G an open subgroup.
Recall that W : AST, — AST, is the map induced by W(y) = y! fory € '
(compare [5,§1]) and that y; is the I'" Adams operation on R;(—).

Definition. Resgu: Hom*(R;G, Q5T %) — Hom*(R,G’, Q4T k) sends T to

o . yr .
Resé f =[x/ — f(ind&x') + Z T W],

r>1

where X = i (ind &x') — ind Ge(WiX) -

To justify the definition we must show that the sum ) is actually a finite
sum. For this, let {t} be a set of coset representatives of G’ in G, so G = U;tG/,
and define

m(g) =min{r >0:g" €G'} for geG.

Then _
ind&ax'@) =Y _x@)= > x@,
¢ {t:m(g")=0}

if, as usual, X’ coincides with X’ on G’ and vanishes on G \ G’. Hence,

X(@) = (ind &:x)(@") — ind -(Wix')(9)

= Zm(g“’)zo X/(glt) - Zm(g‘):O Xl(glt) = Zm(g‘):l Xl(glt) .
If ro is such that G'"° € G/, then y;° *x = 0 and 3", ., = 3./°;%, because
the sum > .y_, is empty when g € G

3For finite G, this ResgL,I making the left square commute, appears already in [1, p.14].

For us the properties (HD),(TD) of Resgmshown in §1 are equally necessary for the proof of
the Theorem above.
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120 Jurgen Ritter and Alfred Weiss

It remains to show that Res& f € Hom*(R,G’, QST), i.e., Resé f is a Galois
stable homomorphism, compatible with W-twists (see [5,§1]), and taking values
in Q% Ixo The first property is easily checked and the third follows from the
second as in [2, proof of Lemma 9]. We turn to twisting.

Let p be a type-W character of G/, so p’ is inflated from I,5 and write p’ =
resG p with p inflated from I, to G. Then

f(ind G(p'X)) = F(p - ind &x') = p*(F(ind GeX)) = (') (F(ind X))
as F(ind &ox’) € Q%I Moreover, since ; is multiplicative,
Wi (ind Zep'x)) — ind Zei(p'X')) = Wi(p - ind &ex') — ind Ge(')' - wiX') = p' - X
and thus

) = w0 =
L)W 0 = PO FWTX0) = (0% FWH0).

Lemma 1. The diagram below commutes. In it, L and L' are the lower hori-
zontal maps of the logarithmic diagram (LD) for G and G’, respectively.
HOM(RG, (AST)*) = Hom*(R,G, Q5I)
(]
(HD) res¢ | ResS |
(]
HOM(R;G', (NSTkD) ™) L Hom*(R;G’, Q%T«0) .

Indeed, for T € HOM(R,G, (ASTMx)™) we get

(Resg LOYOC) = (LAO(d ) + T,y - (LW} 0]
=LA EX) + 5, - 100(F W7 50) — ¥ log(F W10

= (L) + 3oy % 10g(F W 0) — 3, % Tog(F(; )
= (LAGnd £x) + 7 10g(F00) = F 100 gekiingny + ¥ 100 K

(prind xH) f@ind x5
— 1 og Jandx Y WrCwindxY 1 |5q fGndxY’
= 7109 Brind P randonxd — 1 199 BiGnd oD
= (L'resGF)(X) .

The dotted equality sign, =, is due to the congruence w’fc%) 3 = =1 mod INST

(see [5, §1]) and to x(1) = 0, so (qJ[‘lx)(l) = 0 for every r. In fact, with

g def
= ;!X we have

R =WFWR) modINST, ==
F(R" = WTYR) = Y RO =1 mod IA;Ty

for big enough s. Thus (LT)(X) = log(f(X)) — % log(f(Y;X)) as ‘log’ converges
on an element a power of which is =1 mod IAST .
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Equivariant Iwasawa Theory: An Example 121

The proof of Lemma 1 is complete.

By means of the trace isomorphism Tr : T(—) — Hom™(—) we next transport
() ()
Res& to ResS : T(QAG) — T(QAG), i.e., the diagram

T(Q,G) I Hom*(R,G, QST )
e G-
(TD) Res& | Res& |
()
T(QAG) 15 Hom*(R,G/, Q5T k)
commutes.
Lemma 2. .
Ki(AAG) - T(QAG)
el el el _
resg | Resg | commutes and Resg tg/, = tg/po

KiAG) 5 T(0.6)

The first claim follows from gluing together the diagrams (LD), (HD), (TD)
and applying [2, Lemma 9]; the second claim follows from resgLI'_K/k = Lg/ko
[2, Proposition 12].

The next lemma already concentrates on the case when G’ is abelian and
[G:G71 =1 Weset A= G/G = (a) and observe that a acts on G’ by
conjugation.

Lemma 3. Let T : A\G — T(AAG) denote the canonical map and g € G. If G’
is abelian * and of index | in G, then

-1 4 -
0 —-g* ifgeG
Resg (Tg) = { g:z_og If g é G/ .

The lemma is just a special case of

Proposition A. Let H be an open subgroup of G = G(K/K). For g € G set
mZ(g) = min{r > 0 : g € H} 5, and let t run through a set of left
representatives of H in G, i.e., G = JtH . Then

1. Resta(g) = 32, ta((t2gt) "¢ *yima @ o
2. Res is transitive ,

3. Resg is integral, i.e., Resg(T (AAG)) C T(AAH) for H < G of finite
index.

Proposition A will be shown in the Appendix.

For the purpose of this paper it is enough to know Lemma 3 which we quick-
ly prove directly on applying Tr’ to both sides and employing the formula
Tr' (t'9)(X’) = X'(9)7 with § denoting the image of g € G’ in I"i(see [5,§1]) :

4whence T2 ArGH— T (A G is the identity map
5so mH (g) is the m(g) defined earlier with H = G
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122 Jurgen Ritter and Alfred Weiss

1 (TrResg (tg))(X) = ResG (Tr@g)(x) = Tr(tg)(indSix) +
LTr(tg)(x) since G' ¢ G. Now, if g € G/, Tr(tg)(indgx) =

Zﬁ;é X'(9°)g and X(g) = 0. On the other hand, if g ¢ G,
Tr(tg)(ind &x') = 0 and ¥ Tr(Ig)(x) = Find&x'@)g = X0’
since we may choose a=g mod G'.
2. TP ZEge) () = lZe X/ (@)g, since g and g have the same image
in ', and so in M, On the other hand, Tr' (g")(x) = X'(g))g! .
The lemma is established.

We note that if I' (~ 7Z,;) is a central subgroup of G contained in the abelian
subgoup G’ of index I, then the elements of T(AAG) can uniquely be written
as Zg ByT(g) with B, € AAI" and g running through a set of preimages of
conjugacy classes of G/I" (see [3, Lemma 5]). For each summand we have

. -1 at i /
Res¢ (B4T(9)) = { %@’)5? ’ :1]: g ; g’.

2. Proof of the theorem

In this section G = G(K/K) is a pro-lI group and G’ = G(K/k’) an abelian
subgroup of index | (K/k is as in the introduction). As before, A = G/G’ = (a),
andweset A=1+a+---+a*t.

If G itself is abelian, the theorem holds by [4,§5, Example 1], whence we assume
that G is non-abelian.

Lemma 4. Assume that there exists an element X € T(AAG) such that
defl&” x = deflS ™ty and ResG x = Resg ty /i, . Then ty/x € T(AAG).

Denoting by Ky, the fixed field of the finite group [G, G], we first obser-
ve, because of [5, Lemma 2.1] and Lemma 2, that deflgabtK/k = tg,, /1 and
ResgutK/k = g poare integral : indeed, a logarithmic pseudomeasure is integral
whenever the group is abelian.

From [4, Proposition 9] we obtain a power I" of I such that I"tg /. € T (AAG).
Consider the element X = 1"(X — tx /) € T(AAG). It satisfies deflgab)”( =
0= ResGmi. We are going to prove X = 0 which implies X = t/, because
Hom*(R;G, Q%T1), and so T (Q,G), is torsionfree; whence the the lemma will
be verified.

The proof of X = 0 employs the commutative diagram shown in the proof of
[5, Proposition 2.2]:

defig™”
1+an — (AG)* - (AAG)>
4 L] Lab |
defig™”
T(an) — T(AAG) - A\G?P ,
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in which L is extended to (AAG)* by means of the canonical surjection
(AG)* — Ki(AAG) and a, = ker(A\G — A,G?). The diagram yields a
v € (AAG)* with L(v) = X, simply because deflgab)? = 0. Combining diagrams
(HD), (LD) and (TD), we arrive at

L'(resS (Detv)) = ResS (L(Detv)) = Resg (TrL(v)) = Tr'(Res& X) = 0
and, with resgmreplaced by deflgab, at

L (deflS"” (Detv)) = defl¢™ (L(Detv)) =
= defl&™ (TrL(v)) = Tr*(deflS"" %) = 0,

since L and Tr commute with deflation.
The first displayed formula in [3, p.46] now implies that resgL(Detv)

and deflgah(Detv) are torsion elements in HOM(R,G’, (ASTx)*) and
HOM(R;(G?), (ASTx)*), respectively. Moreover, the first paragraph of
the proof of [5, Proposition 3.2] therefore shows that Detv itself is a torsion
element in HOM(R;G, (A%I")*). Consequently, for some natural number m,
(Detv)!™ =1, so I™L(Detv) = 0 = I""Tr(Lv) = Tr(I"X), and X = 0 follows,
as has been claimed.

We now introduce the commutative diagram

T(an) — T(AAG) - A\G® =T (AG?)
Res | Resg | Res |
L=T/(0)) —AG =TANG) — AA(G/[G,C]) = T(AA(G/[G,GC]))

with exact rows (of which the upper one has already appeared in the diagram
shown in the proof of the preceding lemma). The images of all vertical maps
are fixed elementwise by A because of Lemma 3. Thus we can turn the diagram
into

T(an) — T(AAG) —» AN G
Res | Res¢ | Res |
(D) bt o~ (MG = (MGG, G]))”
! ! !

HO(A, b)) — HOA,AG) — HOA AL(G/[G,G)
with exact rows and canonical lower vertical maps.

Lemma 5. In (D), the left vertical column is exact and the left bottom hori-
zontal map is injective.

Proof. The ideal a, is (additively) generated by the elements g(c — 1) with
g € G, c € [G, G]; those with g € G’ generate b’,. We compute Resg 1(g(c—1)),
using Lemma 3:
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i

L ifg € G, Res T(g(c — 1)) = XI=5((@0)" —9*) = X155 (ae - 1) €

trAb//\,

2. ifg ¢ G/, Res 1(g(c—1)) = Res& (1(gc)—1(9)) = (gc)' —g' = glcA—g' =
0, since
() [G,G]A =1

by [G, G]=[G, G'] and [G, G’} = ((G')*1)A =1 as (a — 1)A = 0. Here,
the dotted equality sign, =, results from the equation

[bg1, bigs] = (97) ~*b~*(g5) *b~"bgibigp = (91)H(p)'(@D" g5 =
(@)2@n") (@5 ') €[6,61-[6,6'1 < [G,G']

for 91,05 € G’ and b € G\ G/, because G’ is abelian and normal in G.

Thus, RengT(aA) = tryb’, , which proves the first claim of the lemma.

The second claim follows from H=1(A, A, (G'/[G, G])) = 0 and this in turn from
the trivial action of A on G'/[G, G] and the torsion freeness of A,(G'/[G, G]).
Lemma 5 is established.

As seen in diagram (D), there is an element x; € T(AAG) with deflgabxl =
tk,, k- We define X € A G’ by Resguxl = tg,po+ X}. Because of [5, Lemma
3.1], xj is fixed by A. We want to change x; modulo t(a,) so that the new xj
becomes zero: then we have arrived at an x € T (A,G) as assumed in Lemma
4 and the theorem will have been confirmed.

The above change is possible if, and only if, X} € Resg?T(aA)) and so, because

of Lemma 5, if xj isin 7’ def try(AAG’), the A-trace ideal of the A-action on
ANG'.

Proposition. There exists an element X1 of T(AAG) with deflg"‘bxl =1k, /k
and Xy € T'.

This is seen as follows. From [5,81] we recall the existence of pseu-
domeasures A, /i, Ak k0 IN Ki(AAG?) and Ki(AAG’), respectively, sa-
tisfying DetAx, /v = Lg., /b DetAgo = Lgpo (50 LNk, 1) =
t ko » LAk /k0) = tgyi). From [5, 2. of Proposition 3.2] and [6, Theorem]
we know that

ver(Ag,, /k)

=1 mod7’
)\K/k’_‘
where ‘ver’ is the map induced from the transfer homomorphism G2 — G'.

Lety € (AAG)* have deflgaby = Ak, /k and set resgmy = Ak Y. Then

G ver(A
y = ¥ - Y

Ak /KO Ak /KD
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(see the proof of [5, Proposition 3.2]). Moreover, y’ € 1+ b/,. Now, X3 def L(y)

has Res& x1 = ResG L(y) = ty ot x4 with x; € 1/(y"), and X} € b/, because
of the commutativity of

1+06, — (NG — (A(G/[G,G]))*

L] L] L

b’ —  AG > AANG/[G,G))
Hence, the proposition (and therefore the theorem) will be proved, if
x;=L'(y)eT'.
However, Lemma 5 gives
Y e@+0N)NA+T) =1+ NT)=1+1trsb),
and as L'(y") = % log % (compare [3, p.39]), we see that
. o

Q) L'y)eT if % =1 modI7T’.
So it su [ced to show this last congruence.

Write y’ = 1+ traf’ with B’ € b/,. Since (1 + traf’)! = 1 + (tr4f’)! mod 177,
the congruence in (1) is equivalent to

2 (traP’)! = W(trap’) mod I7".

On picking a central subgroup I (~ Z;) of G and writing B’ = 3" . By 9'(c—
1) with elements B, € AAT, g’ € G/, ¢ € [G, G], we obtain

(03B = (S, Bytra(@c — 1))
@ = 5,0 o) (@ - 1)

= 5y Y(Bee) (a(@'0) — (trag)') mod 177
and
() V(B = 32,0 Y8 (a((@'0)) — tra (@)

as ¥ and try, commute. Thus congruence (2) will result from Lemma 6 below,
since then subtracting (b) from (a) yields the sum

3 W) (a@0) — ta((@'0)) — (@) +tra(@")) =
e By (1@ +1g) =
Sy DY (B ! ~1) =0 mod I7,

by () of the proof of Lemma 5.
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Lemma 6. (trag’)! —tra(g’) = flg’g mod 17" forg' € G'.

Proof. Set A =7/l x A and make M = Maps(Z/I,A) into an A-set by
defining m&*)(x) = m(x — z) - a’. Then

-1
(trAg/)l - (Z g/a )l — Z H g/m(Z) — Z glzzl_wm(z)
i=0 meM zeZ/l meM
with >~ m(z) read in Z[A].
We compute the subsums of 3~ in which m is constrained to an A-orbit.

If m € M has stabilizer {(0,1)} in A, then the A-orbit sum is

Sz @) iz mv—2)at _
Z(z,ai)eA 9’ Lzﬂvm Y= Z(z,ai)EvA gl A TTE =
Y oy 80 O = 1 (@ ) = 1t (@ ) e 1T

Note that no m € M is stabilized by (0, a*) with a’ # 1: for m(z) = m©®+)(z) =
m(z)a’ implies a® = 1. It follows that the stabilizers of the elements with
stabilizer dilerknt from {(0,1)} must be cyclic of order | and dilerknt from
{(0,a%) : 0 <i < -1} and therefore = ((1,a%)) for a unique j mod I.

One now checks that for each j there is exactly one A-orbit with stabilizer
((1,a%)) and that it is represented by m;, m;(z) = a’*. Moreover, {(0,a’) :
0 <i<I1—1}is a transversal of the stabilizer of m; in A.

~ (0,a%)
For each j, the sum of g’>= ") over the A-orbit of m; is 3, ¢’>-" ) =

Zig’ZZajZ“i. If j =0, this is Zig’l“i = tra(g’"), accounting for that term
in the claim. If j # 0, it is Zig’A"“ = Ig’A, and summing over j # 0 gives
(I—11-g=—1-¢g'* modI7” because 12 - g’* =1-try(g’*) € IT".

This finishes the proof of Lemma 6.

3. Appendix
Proof of Proposition A:

We start from the formula x(g) = ng(g,,):l x’'(g") which appeared in the

justification of the definition in §1 (now with H = G’). It implies x(g"" ) =
ng(t_lgt)zT X ((t~tgt)"") for r > 1. Exploiting [3, Lemma 6] for the equality
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= and [3, Proposition 3] for = we obtain

(ResE TrGT6(@))(X)) "
= (TreTe(9))(ind GX) + Z,>1 - [(TraTa@) W] X1
'—trace(g | Ving ) + Z7>1 7 [trace(g | T, - D)

=(3ind GX)@T+ 0,21 o (W] x)(g)g]
lr 1

= (ind GX)(@)T + Y, X@" ) &
=t 1g0y=0 X 1 GOT+ 32, o1 3 a1 0=, X ((E19D") o

_ma gt

_ WLH(t_l t)
=S X0 )
On the other hand, if h € H, the same calculation on the H-level gives

(Truta(h))(X) = trace(h | T,0) = X' (h)h,

(17 gt)
and therefore, with tx (3", %) e T(Q(H)), we get

gt)

! md @
(Traty Zt % )X')
mB ety mH g
= WX (Lt )(t—1gt)i"e

_mE T et

=> X/((t_lgt)lmcw gt)) gHT

me

via Q°(IM,0 — Q°(x) (where k’ is the fixed field of H).

Since these formulae agree for all characters x of H (with open kernel) it
1gt)

md (+~
follows that Rescrg(g) =w(, %) by the uniqueness of this
element, proving 1. of Proposition A.

For 2. we first consider the situation H < G’ < G with [G : G'] = | and show
(]
ResZ = Resf o ResS :

Write G = UIXG/, G = U yH , hence G = U ,XYH , and recall 6 from 1. that

¢ _ [ e, xtgx) , geC
Resc 9= { D) L g¢G

6if g ¢ GI then we may use {t} = {g':0<i<I-1}
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Then, accordingly,
ResZiiResg: 16(9)
>, ResGita(x1gx)
Res{Tcr(g")
_ _ WLHij_
_ ) X, ey ©
>, (- tgly) ey mé T '
Zt -[H((t—lgt)lmc(t Qt))/lmg(t_lgt)
m &g ot H —1
Y, T (gl Ty e '
= 3ty O = Resfita(@),
using G’ CGland mZi(x') + 1 = mg (x) for x £ G'.

Induction on [G : H] now proves 2., ResZ = ResZmo Resé for H < G” < G.
Indeed, if G” # G, find G’ > G” with [G: G'] =1 and use

Lot gay) 1

YImedy™ = gay)

mm (amn] 0
ResZRes§ = Res(ResG-ResS ) =

[} [}
= (ResZ:ResC, )Resé = Res Resé = ResZ .

Finally, for 3., proceed by induction on [G : H] and use 1. if H has index | in
G and 2. when the index is bigger, in which case there is a subgroup G’ of G
withH <G, [G:G]=1.

The proof of Proposition A is complete.
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