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ON CONVERGENCE AND DIVERGENCE OF FOURIER-BESSEL SERIES *

KRZYSZTOF STEMPAK

Abstract. We furnish another proof, based on an idea of Prestini [13], of a maximal inequality for the partial
sum operators of Fourier-Bessel expansions proved by Guadalupe, Pérez, Ruiz and Varona [8]. Divergence results
and mean convergence are also discussed.
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1. Introduction and main results. Given» > —1 let {\,,}2°; denote the sequence of
successive positive zeroes of J,, (z), the Bessel function of the first kind of order v. Then

1 2
1
/ Jo(An2)Jy(Amz)x de = 3 (J,,H(/\n)) Orims n,m=12....
0
It follows that the functions

(p;jz(x) :cn,u\/EJV(/\nx)a n = 1,27...7

where ¢, , = v2/J,11(\,), form an orthonormal system in L2((0,1),dz) = L?(dz) (all
Lebesgue spaces we consider live on (0, 1) and dx denotes the Lebesgue measure there). The
system is complete. In particular,

ol (@) = V2cos(n(n —1/2)x) . @Y*(x) = V2sin(mnaz)
forn =1,2,... . Onthe other hand the functions

Yy () = enpdu(Anx) /2, n=1,2...,

n

form a complete orthonormal system in L?(x?*!dz) while the functions
(b;(‘r) :cn,VJu(/\nx), n=12,... ,

form a complete orthonormal system in L?(xdxz). Various aspects of harmonic analysis of
expansions with respect to the three systems were considered in the literature, cf., for instance,
papers by Wing [17], Benedek and Panzone [1], [2], [3], Guadalupe, Pérez, Ruiz and Varona
[71, [8] (and, of course, chapter XV11 of Watson’s monograph [16]).

Itis easily seen that for the LP-inequalities, an estimate for one of the three systems gives
a weighted (with a power weight) estimate for the two other. It seems that the most effective
is the choice of {¢©¥} as a leading system, see [8], and, actually, this is also the system we
decided to choose.

We use the notation LP%(dz), 1 < p < 00, —00 < a < oo, for the weighted Lebesgue
spaces of all measurable functions on (0, 1) for which the quantity

1 1/p
1fllpe = ( / |f<:c>|wda:>
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is finite (to be precise, || f||oo,a = €ss sup,¢(o,1)|f(z)). With any reasonable function f on
(0, 1) we will associate its Fourier—Bessel coefficients

1
o = at(f) = / f (@)t () de

provided the coefficients exist. Assuming f is in LP%*(dz), 1 < p < oo, it is easy to
check (note that J, (z) ~ =¥ as  — 0) that the coefficients do exist provided o < (v +
3)p — 1. In particular, in the case when v > —1/2, this happens for o/s from the A,-
power weight exponent range —1 < a < p — 1. Given f and its Fourier—Bessel series
f(z) ~>°0°  al b (x) we consider partial sum operators

N
Snfla) = alel (@)
1

and the maximal function
S*f(x) = sup [Sn f()].
N>1

We then have the following result
THEOREM 1.1. Letv > —1/2,1 <p< oocand —1 < a < p— 1. Then

15" fllp.e < Cllfllp.a

with a constant C' > 0 independent of f € L?*(dx).
As an immediate consequence we obtain
COROLLARY 1.2. Let v, p and o beasin Theorem 1.1. Then

Snf(x) = flx), N — oo,

a.e. for every function f in LP*(dx).

As already mentioned, this theorem was proved in [8] (actually in a more general set-
ting of A, weights). It follows from a weighted version of a general Gilbert’s maximal
transference theorem, [8], Theorem 1, by transfering LP—weighted Carleson—-Hunt—Young
inequalities for the trigonometric system to fairly general systems (Theorem 1 of [6] settles
the unweighted case, i.e., the case « = 0 in Theorem 1.1). An equiconvergence result, from
which Corollary 1.2 follows, was proved in [3], Theorem 4.

Here, in our proof of Theorem 1.1, we use an idea of Prestini [13]. She proved a.e.
convergence of partial sums for the modified Hankel transform. A closer examination of
her proof reveals that, in some way, the weighted non-modified Hankel transform setting is
better suited for arguments which she used. The system {¢* } seems to be a compact interval
version of the non-modified Hankel transform and this supports another argument for our
choice of {¥} as a leading system.

Theorem 1.1 is also applicable for proving results on a.e. convergence of partial sums
for the other two aforementioned orthogonal systems. We start with the system {¢»}> ;. As
before for any reasonable function g on (0, 1) we associate to g its Fourier-Bessel coefficients

1
b = b(g) = / o)L (z) 2+ dx.

It is possible to evaluate the coefficients {v%}, v > —1, for any function g in LP (22 1dz),
1 < p < oo, since ¥ is a bounded function on (0, 1), hence in L4(x?**1dz), 1 < q¢ < .
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Note, that here and later on the measure 22**+!dz should be thought of as a solid measure,
not as a weighted Lebesgue measure with a power weight.
We consider the corresponding partial sum operators

N
Sng(x) = bhir (@)

and the maximal function

S*g(x) = Sup |Sng(x)].

Since (g7 ¢Z>L2(12"+1dm) = (g : $U+1/2, (p;jl>L2(dI) we have
S*g(sc) _ z_(”+1/2)5*(g . IU+1/2)(I).
Hence the inequality

||8*g||LP(x2V+1dx) < C| |g||Lp(z2y+1dz)

is equivalent with
1 1
/ |S*f(.17)|p$(2u+1)(17p/2)d17 S Cr/ |f($)|PI(2V+1)(1*p/2)d:C_
0 0

Since —1 < (2v+1)(1—p/2) < p—1ifandonly if4(v+1)/(2v+3) < p < 4(v+1)/(2v+1)
we then have
CoOROLLARY 1.3. Letv > —1/2and4(v + 1)/(2v + 3) < p < oo. Then

a.e. for every function g in L? (22" *dz).

It will be shown in Section 4 that this result (as well as Corollary 1.4 below) is sharp. An
equiconvergence result for expansions with respect to the system {)%} can be found in [5],
Theorem 2.10.

We now pass to the system {¢” }°2,. Given h, a function on (0, 1), we associate to it its
Fourier-Bessel coefficients

1
& = d(0) = [ hla)ot () ad.

In the case v > 0, it is possible to evaluate the coefficients {d%} for every function A in

LP(xdx), 1 < p < oo, since ¢ is a bounded function on (0, 1), hence in LY (z dz), 1 < ¢ <

oo. If —1 < v < 0 we have to restrict our attentionto 2/(2+v) < p < oo since only then ¢¥

is in L*' (x dz) (as before, here and later on we should look at z: dz as at the solid measure).
As earlier we consider the partial sum operators

N
Snh(z) = didl ()
1
and the maximal function

S*h(z) = sup |Snh(z)].



ETNA

Kent State University
etna@mcs.kent.edu

226 K. STEMPAK
Since (h, ¢%) 12z ey = (B - 22, 0%) 12(az) We have
S*h(z) = 2728 (h - 2'/?)().
Hence the inequality
IS* | o (2 dzy < ClIP| Lo (o da)

is equivalent with

1 1
/ |S* f(x)|Pat P 2da < c/ |f ()Pt P 2 d.
0 0

Since -1 <1—p/2 <p—1lifandonlyif4/3 < p < 4 we then have
COROLLARY 1.4. Letry > —1/2and4/3 < p < oo. Then

Snf(x) = f(z), N — oo,

a.e. for every function f in L?(x dzx).

Throughout the paper, unless otherwise stated, v is an arbitrary fixed real number greater
than —1 and, for a given p, 1 < p < oo, p’ will denote its conjugate, p’ = p/(p — 1). As
usual on such occasions, a positive constant C' may vary from line to line.

2. Auxiliary results. We start with collecting some facts used later on. An asymptotic
form of \,,’s is given by

Ay =7m(n+ B, +0(n™1h)), B, =v/2—1/4,
cf. [16], p. 618. We will also use the asymptotic form of J,, (¢):
(2.1) J,(t) = \/2/7t (cos(t + D) + O(t™1)),  t>1,
where D,, = —(vm/2 4+ 7/4). Since
VA dvs1(An) = V/2/7 (cos(An + Dyiq) + O(n 1))
and A\, + D, 11 = (n — 1)m + O(n™1), we have
VAuds1 ()l = V2/7 (14+0(n™)).

This and the fact that for v > —1/2, v/t.J, (t) is a bounded function on (0, co) also shows
that in the case v > —1/2, ¢¥ () are uniformly bounded on (0, 1):

leh (z)] < C, n=12... , O<z<l.

In what follows a,, ~ b, for a, > 0, b, > 0 means that C~! < a, /b, < C fora
constant C' > 0.
LEMMA 2.1. Letv > -1, 1 <p<ocandf > —1 — vp. Then

n 1, —1—-wvp< B <p/2-1,
/ |JV(y)|pdey ~ logn, B = p/2 -1,
0 nP—p/2+1 p/2—1< < oo.



ETNA

Kent State University
etna@mcs.kent.edu

FOURIER-BESSEL SERIES 227

Proof. In the first case, —1 — vp < 8 < p/2 — 1, we use J,, (t) = O(t~/?),t — oo, t0
get

1 n (e’
/IJu(y)I”dey=Cl</ IJu(y)Ipyﬁdy<Cl+C/ y PPy = C,.

If 3= p/2 — 1 we use (2.1) to show that 7" |J,,(y)[Py’dy ~ logn. The integral coming
from the remainder gives the bound

/ y Pty = O(1).

For the integral coming from the main part we write

n—1
™ T 1
COs + Dl, ! 1d = / cos(y + Dl, ! ( E >d
/ | b(y )| Yy Y 0 | (y )| — y k Y

The required asymptotics comes from the fact that

n—1

Z 1 logn
P y+ 7k

uniformly in y € (0, 7). In the last case, p/2 — 1 < 8 < oo, we use the same argument
except the fact that now

M ‘

nm
~ tP=P/2qp — OpP—P/2+1
= W ﬂk (y + k)P0 L

uniformly iny € (0, 7). |

The next two propositions give precise asymptotics of LP-norms of functions for the
three orthogonal systems we consider.

PROPOSITION 2.2. Letv > —land1 <p < ocorv > —1/2and1 < p < co. Then

llonllLr(dz) ~ 1.
Proof. If 1 < p < oo itis sufficient to change variables and take 5 = p/2 in Lemma 2.1.

If p = oo we use the fact that v/2.J,,(t) is bounded on (0, co). O
PROPOSITION 2.3. Letv > —1/2and 1 < p < co. Then

4(v+1)
1, 1 <p< 557
2041
v T _ 4(v+1)
||1/1n||Lp(w2”+1dw) ~ (IOgn) ), p= 2(1,+1 )
2v41  2(v+1) 4 1
n-2 P, Q(ZL) <p < 0.

If =1 <v < —1/2then ||| 1r(az) ~ LTor 1 < p < oo and ||@%||poe (az) ~ n"F1/2.
Proof. If 1 < p < oo we change variables and use Lemma 2.1 with 8 = 2v + 1 — vp. If
p = oo We use the fact that J,,(¢) /¥ is bounded on (0, co). O
PROPOSITION 2.4. Letry > —1land1 < p < ocorv > 0andp = oo. Then

1, 1< p<d4,
||¢Z||Lp(wdm) ~ (logn)1/4, p= 4,
n1/2’2/p, 4< p<oo.

Proof. If 1 < p < oo we change variables and use Lemma 2.1 with 5 = 1. If p =
and v > 0 we use the fact that .J,,(¢) is bounded on (0, c0). O
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3. Almost everywhere convergence: proof of Theorem 1.1. In this section we restrict
our attention to the case » > —1/2. We will use the representation of the Dirichlet kernel

N
= gh(@)en(y)
0
given by MacRoberts (see [16], Lemma 4.1):
KN(‘Ta y) = GN(‘T7 y) + RN(‘T7 y)a

where

Gn(z,y) = ATN\/_y v(Ana) T (Any) = T (Any)Jv i (Ave)

r—=y

Ay =(N+ %+ ), and

Ryt <0+ 5.

r+y 2—x—y

We then have

S i (e / G () (y)dy + / R (2, 9)(5)dy = G f(2) + R f(2)
and
§*f(2) < G fla) + B £ (@),
where G* f(z) = supy |Gn f(z)| and R* f(z) = supy | R f(z)]. To get the estimate

3.1 B fllp.a < Cllfllp,a

we write

. 7 1
R0 <0 [ (o + g )il

It is now sufficient to know that the integral operators

/Ka:y y)dy, 1=1,2,

with the kernels

3 B
T 1 x 1

R 5 = —_ . 5 R N = —_ - —_—

1) (y> r+y 2(7:9) (y) 2-x—y

are bounded on LP(dz) whenever 1 < p < coand — < 8 < z%. This is the content of a
homogeneous kernel lemma, see [14], p.228, and Lemma 3 in [2].
We now start proving the second estimate

(3.2) NG fllp.o < ClIflp,a-
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We will show that
G f(x) < C(Mf(x) + Mf(Q2z) + H" f(z) + C" f(z))
where M is the maximal Hardy-L.ittlewood operator

1 b
M) = s = [ Il

a<z<b a
H* is the maximal Hilbert transform operator

/ fy) dy”
o<|z—y|l<E L —Y

e~ f(y)

o<|lz—y|l<E LT Y

H*f(x) = sup

0<E<o0

and C* is the maximal Carleson operator

C*f(x) =sup sup
neNO<E<oo

dy’.

This, combined with the well known weighted inequalities for each of the operators M, H*
and C* (for the operator C* see, for instance, [13]) gives (3.2) and together with (3.1) finishes
the proof of Theorem 1.1.

Fix z in (0,1) and f in L?*(dx) and write

Gnf(z /GN z,y) fi(y)dy,

where f1 = f - Xjo,e/2)s f2 = [ X[a/2.32/2) [3 = [ X[32/2,00) (W€ consider f, originally
defined on (0, 1), as a function on R by putting f = 0 outside (0, 1)). Hence

Gnf(x)] < Z G filx

We start with estimating |Gy f1(z)| by considering, for instance, the term resulting from
taking J, (Any)Ju4+1(Anz) in the numerator in G (z,y). Then

|\/A—NJU+1(ANI)|/|\/A—NyJu(ANy)|%dy

o/ 1
<c/ d <C- / y)|dy < C M f(z).
Analogously we estimate |GNf3( )| obtaining

Ve (ana)] [ 1V JANy|'f3( )'|

1 1
<o YWy, <ol [ jpay < ongen.
3z/2 Y — & L J3z/2

The estimate of |G f2(x)| is much more delicate. We have

3z /2 A J, A
/GN (,9) f2(y dy‘ (I\/ zJ,(Anz)] / Nyx +;( Ny)f(y)dy‘
z/2 R
3z/2 A Ju A
VAN T (Ax)| / e ()
z/2 -

Sa/2 VANYJ, 1 1(ANY)

z/2 r—y

Sz/2 vV ANyJU(ANy)f(y)dy‘) )

z/2 r—y

o

f(y)dy‘ +
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Since both above integrals are treated in the same way it is sufficient to deal with the second
integral only. Let

3z/2 A Ju A
Infla) = [ YRR g,
z/2 r—y
Consider first these N’s for which Ayz < 1. We have
(33) JV(ANy) = (JU(ANy) _JV(ANx))+JV(ANx)7

hence the piece in I f(z) resulting from the summand J,,(Anx) is bounded by

3m/2\/A—y
Tu(Ax)] - v f(y)dy‘
z/2 r—y
3z /2 A —\/A— 3z /2 1
< lava)l- (| [ 7SIV pay| 4 A s )
z/2 r—y =Yy
The term resulting from the last integral is estimated by
3z /2
c | < Ot 1 (o)
z/2 T Y
The term resulting from the first integral is estimated by
3z /2 1 3xz/2
Ju (A dy| < C|\/AnzJ, (A - — d
VA | [ < O Asanaa) - [ 1wl

<CMf(z).

We now come back to the piece resulting in Iy f () from taking J,(Any) — J,(Anz) in
(3.3). Using the facts that .J},(t) = “J,(t) — J,41(t), VtJ,(t) and v/t.J,41(t) are bounded

n (0,00), and the assumption Ayz < 1 we obtain (here £ is a number between x and y,
hence comparable with z)

3z /2 J, (A fi 3z /2
(Ayz) = ~Y) VANYf(y dy’ <AN/ IVANYJ,(ANE)| - |f (y)|dy

z/2 r—y

31/2
<ol / Y)ldy < C Mf(z).

It remains to consider those N’s for which Ayx > 1. This time we write
Ju(Any) = Q1(Any) + Q2(ANy),

where Q1 (t) = J,(t) + /2/wtsin(t — D,41) and Q2(t) = —+/2/7wtsin(t — D,41). The
piece in Iy f(z) resulting from the summand Q2 (Axy) is bounded by

3z/2 _
\/2/—7r / sin(Ayy — Dy41)
x/2 =Yy
To estimate the piece in Iy f (x) resulting from the summand Q1 (Any) we further write

Q1(Any) = (Q1(Any) — Q1(Anz)) + Q1(AN2).

fy)dy| < CC* f(x).
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Taking into account the second summand, Q1 (Ayz), we get the bound

‘ // x/—Ql(ANgC)f(y)dy‘

30/ (VAny — VANT) + VANT)Q1(AN)
x/2 r—y

3z/2
< VAn@(ana) - [ \/'_fif Y+ VAT Qu(Axa)|

3z /2

< IVAve@u(ana)l -5 [ Ifldy +C

z/2
<C(Mf(z)+ H" f(x)).

f(y)dy

2 f(y) dy‘
z/2 Y (

2 fy) dy‘
z/2 T Y

For the first summand, Q1 (Any) — Q1(Anx), we write

2 [ANy(Q1(Any) — Q1(An))
z/2 r—=y

3z /2
(3.4) < / Q. (An€EW) /ANl (v)ldy,

z/2

f<y>dy]

where £(y) is between x and y. It is easily seen that

QL) = 2,6 + %t’gﬂ sin(t — Dys1) + R(D),

t 27

where R(t) = O(t=3/?) as t — oo. Hence, we also have |Q(t)| < Ct=3/2 fort > 1.
Therefore using Ay > 1 we further estimate (3.4) by

3z/2
CAn / LANEW) /2 Ayl f ()l dy

/2
3m 2
< CAy / x|~/ Anglf (0)ldy < CM f(2).

/2

This finishes the estimate of Iy f(«) under the assumption Aya > 1, hence the proof of
Theorem 1.1.

4. Divergence results. As it was already mentioned the results from Corollaries 1.3 and
1.4 are sharp. In the proof of the following two propositions we apply an argument which
was used by Meaney [11] in the case of Jacobi expansions.

PROPOSITION 4.1. Letv > —1/2 andp, = 4(v + 1)/(2v + 3). There exists a func-
tion g, in LPe (2**1dz) whose Fourier-Bessel series "1° b,,(g,)¥% () is divergent almost
everywhereon (0, 1).

Proof. To simplify the notation we use || - ||, to denote the LP-norm with respect to
the measure z2¥*1dx on (0,1) and (-, -) to denote the scalar product in L?(z?**1dz). Let
g € LPe(x?*1dx). Then, by Proposition 2.3,

@.1) 9l = \ / 122 *+da| < [lgllyu It Ly, < Cllogn)/7:.
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Consider the sequence of functionals

v v|—1/2
Tug = (g, 01021,

on LPe(x2¥*1dx). The norms of these functionals equal Hz/JgH;,/Q

in LPe (x?v+dz),

. Suppose that for every g

v vi—1/2
sup (g, v)| - [zl % < oo,
n

Then, by the Banach-Steinhaus theorem, we would have sup,, ||v%]|./* < oo which is not

possible since, again by Proposition 2.3, ||1p,’;||;,/2 ~ (logn)'/2¥., Therefore, there is an g,

in LPe (x?v*+1dz) such that
—1/2
sup |{go, ¥20)| - [|051,, "% = o0,
n
hence, also

(4.2) Slrllp |bn(g0)| = oo.

Assume that Y7 by, (g,)1% () converges on a subset A of positive measure in (0, 1). Clearly,
we can think that A C (e, 1) for a fixed ¢ > 0. Therefore

bn(go)n(z) =0,  z€A

Given z in A, consider large n (such that \,,e > 1). By using (2.1), we obtain

w;(x):cn,yxv« 2 )UQCOS(A,ZHD,,)JFO((A”;E)3/2)).

TR X

Since the remainder gives the O(n ') income and, by (4.1), b,,(g,) = O((logn)'/?-) the
remainder part in b, (g,)¥% (z) is o(n). Hence, for every z in A, a set of a positive measure,
we have

bn(go) cos(Anz + D,) — 0.

By a variant of the Cantor-Lebesgue lemma, cf. [18], p.316 or [12], Lemma 4, this implies
bn(g,) — 0 which contradicts (4.2). d

PROPOSITION 4.2. Let v > —1. Thereexistsafunction h,, in L*/3(z dz) whose Fourier-
Bessel series >~ 1" d,,(ho) Y () is divergent almost everywhere on (0, 1).

Proof. This time, to simplify the notation, we use || - ||, to denote the L?-norm with
respect to the measure z dx on (0,1) and (-, -) to denote the scalar product in L?(z dx). Let
h € L*/3(x dx). Then, by Proposition 2.4,

1
@y ) =| [ e

< [[hllasslignlla < C(logn)*/*.

Consider the sequence of functionals

T = (h, 6|41
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on L*/3(z dx). The norms of these functionals equal |\¢;||}1/2 . Suppose that for every h in
L3 (x dx),

v vi1—1/2
sup | (b, ¢2)] - 104115 /% < oo.

Then, by the Banach-Steinhaus theorem, we would have sup,, ||¢%]|;/? < oo which is not

possible since, again by Proposition 2.4, ||¢Z||411/2 ~ (logn)'/®. Therefore, there is an h, in
L*/3(x dzx) such that

v vi—1/2
sup | (ho, %) - |04 I3 /% = oo,

hence, also

(4.4) stllp |dr, (ho)| = o0.

Assume that >~ 7° d,, (h, )% () converges on a subset A of positive measure in (£, 1). There-
fore

dp(ho)@k(z) — 0, T € A.

Given z in A, consider large n (such that A,,e > 1). By using (2.1), we obtain

& (2) = cny < (L> 7 sz + Do) + 0((Anx)3/2)) .

TALT

Since the remainder is O(n~") and, by (4.3), d,,(h,) = O((logn)'/*) the remainder part in
dn(ho)@k () is o(n). Hence, for every x in A, a set of a positive measure, we have

dp(ho) cos(Apz + D,) — 0.

Again d,,(h,) — 0 which contradicts (4.4). |

5. Norm convergence: necessity. The problem of the norm convergence of partial sums
of expansions with respect to the three orthogonal systems discussed in the introduction has
been widely discussed in the literature, cf. papers of Benedek and Panzone [1], [2], Gilbert
[6] and Wing [17]. Applying a fairly standard argument, we take here the opportunity to show
the necessity parts in the following two results.

PROPOSITION 5.1. Letv > —1and 1 < p < co. Then

(5.1) I1Snf = fllLr(dz) — O, N — o0

for every fin LP(dx) ifandonly if v > —1/2and1 < p < 0o or -1 < v < —1/2 and
2/(2v+3) <p<—-2/2v+1).

Proof. The sufficiency is contained in [17] and [2]. For the neccesity assume first that
v = —1/2. Then (5.1) gives uniform boundedness of the partial sum operators for cosine
expansions on L?(dx) and it is well known that this does not hold for p = 1 (or, for its
conjugate, p = oo). The general case v > —1/2 then follows by Gilbert’s transplantation
theorem [6]. If —1 < v < —1/2, then there is nothing to prove since the condition p >
2/(2v + 3) is just to guarantee the existence of the Fourier-Bessel coefficients aX (f) for a
general f in LP(dx) and —2/(2v + 1) is the conjugate to 2/(2v + 3). O
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PROPOSITION 5.2. Letv > —1and1 < p < co. Then
(52) ||8Ng - g||Lp(z2”+1dm) — 0, N — 0
for every g in LP(z?*tdx) if and only if

4(v+1) e 4(v+1)

(5.3) w+3 P

Proof. The sufficiency is contained in [1]. Assume now that (5.2) holds true. Then, by
the Banach-Steinhaus theorem,

SN gl e @2vr1dz) < MI|gllLo(z2v+1d0)

with a constant M > 0 independent of N = 1,2, ..., which implies

||bN(9)¢Jl(f||LP(m2v+ldz) < 2M||9||Lp(m2”+1dz)-

This means that the operators

Png = (g9, V)V%

are bounded on LP(z?*tdx) uniformly in N = 1,2, .... But the norms of these operators
equal ||¢%||p] 1% |- and, by Proposition 2.3,

sup |4y ||| ][ < oo
n

if and only if p satisfies (5.3). d
PROPOSITION 5.3. Let v > —1and 1 < p < oo. Then

||§Nh—h||LP(mdm)—>Oa N — o0

for every g in LP(zdx) ifandonlyif v > —1/2and4/3 < p <4or -1 <v < —1/2and
2/2+v)<p< —2/v.

Proof. The sufficiency is shown in [1]. For the necessity, in the case v > —1/2, we apply
the same argument as in the previous proof using now Proposition 2.4. If -1 < v < —1/2
then, again, there is nothing to prove since the condition p > 2/(2+v) is just for guaranteeing
the existence of the Fourier-Bessel coefficients dZ (h) for a general h in L?(zdx) and —2/v
is the conjugate to 2/(2 + v). a
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