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TIKHONO V REGULARIZA TION WITH NONNEGATIVITY CONSTRAINT

D. CALVETTI , B. LEWIS , L. REICHEL , AND F. SGALLARI

Abstract. Many numericalmethodsfor the solutionof ill-posed problemsare basedon Tikhonov regulariza-
tion. RecentlyRojasandSteihaud 15] describedabarriermethodfor computingnonn@ative Tikhonov-regularized
approximatesolutionsof lineardiscreteill-posedproblems.Their methodis basedon solvinga sequencef param-
eterizedeigewalue problems. This paperdescribeshow the solutionof parametrizecigewalue problemscanbe
avoidedby computingboundshatfollow from theconnectiorbetweerthelLanczosprocessprthogonapolynomials
andGausgjuadrature.
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1. Intr oduction. The solutionof large-scaldinear discreteill-posed problemscontin-
uesto receve considerablattention.Lineardiscreteill-posedproblemsarelinearsystemsof
equations

(1.1)

with a matrix of ill-determinedrank. In particulat  hassingularvaluesthat “cluster” at
theorigin. Thus, is severelyill-conditionedandmay be singular We allow . The
right-handsidevector of lineardiscreteill-posedproblemshatarisein theappliedsciences
andengineeringypically is contaminatedby an error , which, e.g.,may stemfrom
measuremengrrors. Thus, , where is the unknowvn errorfree right-handside
vectorassociateavith

We would lik e to computea solutionof thelinear discreteill-posedproblemwith error
freeright-handside,

(1.2)

If is singular thenwe may be interestedn computingthe solutionof minimal Euclidean
norm.Let denotethedesiredsolutionof (1.2). Wewill referto  astheexactsolution

Let  denotethe Moore-Penros@seudo-inerseof . Then is the least-
squaressolution of minimal Euclideannorm of (1.1). Dueto theerror in andtheill-
conditioningof , thevector generallysatis es

(1.3)

andthenis not a meaningfulapproximationof . Throughoutthis paper denotegshe
Euclideanvectornormor theassociatethducedmatrix norm. We assumehatanestimateof

, denotedby , is availableandthatthe component®f areknown to be nonneative.
We saythatthe vector is nonneative, andwrite . For instancewe may be ableto
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determine from knowledgeof thenormof thesolutionof arelatedproblemalreadysolved,
or from physicalpropertiesof the inverseproblemto be solved. Recently Ahmadet al. [1]

consideredhe solution of inverseelectrocardiographproblemsand adwocatedthat known

constraintson the solution,amongthema boundon the solutionnorm, beimposed,nstead
of regularizingby Tikhonov's method.

Thematrix is assumedo be solargethatits factorizationis infeasibleor undesirable.
The numericalmethodsfor computingan approximationof — discussedn this paperonly
requirethe evaluationof matrix-vectorproductswith  andits transpose

RojasandSteihaud 15] recentlyproposedhatanapproximatiorof bedeterminedy
solvingthe constrainedninimizationproblem

(1.4)

andthey presented barrierfunctionmethodfor the solutionof (1.4).
Let  denotetheorthogonalprojectionof  ontotheset

(1.5)

i.e.,weobtain  bysettingall negativeentriesof  to zero.In view of (1.3), it isreasonable
to assumehattheinequality

(1.6)
holds. Thenthe minimizationproblems(1.4) and

(1.7)

have the samesolution. Thus, for almostall linear discreteill-posed problemsof interest,
the minimization problems(1.4) and (1.7) are equialent. Indeed,the numericalmethod
describedy RojasandSteihaud 15, Section3] solvesthe problem(1.7).

The presenpaperdescribes new approacho the solutionof (1.7). Our methodmakes
useof the connectiorbetweerthe Lanczosprocessprthogonabolynomials,andquadrature
rulesof Gauss-typé¢o computeupperandlower boundsfor certainfunctionals.This connec-
tion makesit possibleto avoid the solutionof large parameterize@igervalueproblems. A
nicesuney of how theconnectiorbetweertheLanczosprocessprthogonapolynomialsand
Gaussguadraturecanbe exploited to boundfunctionalsis provided by Golub and Meurant
[61.

RecentlyRojasandSorensefl4] proposed methodfor solvingthe minimizationprob-
lem

(1.8)

without nonneyativity constraintbasedon the LSTRSmethod.LSTRSis a schemeor the
solution of large-scalequadraticminimization problemsthat arisein trust-ragion methods
for optimization. The LSTRS methodexpresseghe quadraticminimization problemasa
parameterize@igervalue problem,whosesolutionis determinecby an implicitly restarted
Arnoldi method.Matlab codefor the LSTRSmethodhasbeenmadeavailableby Rojas[13].
The solutionmethodproposedby Rojasand Steihaug[ 15] for minimization problems
of the form (1.7) with nonneyativity constraintis an extensionof the schemeusedfor the
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solutionof minimizationproblemsof theform (1.8) without nonneativity constraint,in the
sensdhatthesolutionof (1.7) is computedy solvinga sequencef minimizationproblems
of theform (1.8). RojasandSteihaud 15] solve eachoneof thelatterminimizationproblems
by applyingthe LSTRSmethod.

Similarly, our solutionmethodfor (1.7) is anextensionof the schemeor the solutionof

(1.9)

describedn [5], becausaninitial approximatesolutionof (1.7) is determineddy rst solv-

ing (1.9, usingthe methodproposedn [5], andthensettingnegative entriesin the computed
solutionto zero. Subsequentlywe determineimproved approximatesolutionsof (1.7) by

solving a sequencenf minimization problemswithout nonngativity constraintof a form

closelyrelatedto (1.9). The methodsusedfor solving the minimization problemswithout
nonngativity constrainaremodi cations of amethodpresentedy Golubandvon Matt [ 7].

We remarkthat(1.6) yields , andthelatterinequalityimpliesthattheminimization
problems(1.8) and(1.9) have the samesolution.

This paperis organizedasfollows. Section2 reviews the numericalschemedescribed
in [5] for the solutionof (1.9), and Section3 presentsan extensionof this schemewhich is
applicableto the solutionof the nonnejatively constrainecproblem(1.7). A few numerical
exampleswith thelatterschemearedescribedn Sectiond, wherealsoacomparisorwith the
methodof RojasandSteihaud 15] is presentedSection5 containsconcludingremarks.

Ill-posed problemswith nonnejativity constraintsarisenaturallyin mary applications,
e.g.,whenthe component®f the solutionrepresenenepy, concentrationef chemicalsor
pixel values. Theimportanceof theseproblemsis seenby the mary numericalmethodshat
recentlyhave beenproposedor their solution, besideshe methodby Rojasand Steihaug
[15], seealsoBerteroandBoccacci 2, Section6.3], Hanke etal. [8], NagyandStralos[11],
andreferencesherein.Codefor somemethoddor the solutionof nonneatively constrained
least-squaregroblemshasbeenmadeavailableby Nagy[10]. Thereprobablyis notonebest
methodfor all large-scalenonneatively constrainedll-posedproblems.lt is the purposeof
this paperto describea variationof themethodby RojasandSteihaud 15] which canreduce
thecomputationakffort for someproblems.

2. Minimization without nonnegatiity constraint. In orderto be ableto compute
a meaningfulapproximationof the minimal-normleast-squaresolution of (1.2), given
, the linear system(1.1) hasto be modi ed to be lesssensitve to the error in
Sucha modi cation is commonlyreferredto asregularization,andoneof the mostpopular
regularizationmethodsis dueto Tikhonov. In its simplestform, Tikhonov regularization
replaceghe solutionof thelinear systemof equationg1.1) by the solutionof the Tikhonov
equations

2.1)

For eachpositive valueof theregularizationparameter , equation(2.1) hasthe uniquesolu-
tion

2.2)

It is easyto seethat
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Theselimits generally do not provide meaningfulapproximationsof . Thereforethe
choice of a suitable boundedpositive value of the regularizationparameter is essen-
tial. Thevalueof determineshow sensitve the solution  of (2.1) is to the error

how large the discrepang is, andhow close s to the desiredsolution of
(1.2). For instancethe matrix is moreill-conditioned,i.e., its conditionnumber

is larger, the smaller is. Hence the
solution is moresensitveto theerror , thesmaller is.

Thefollowing propositionestablishethe connectiorbetweertheminimizationproblem
(1.9 andthe Tikhonov equationg2.1).

PropPosITION 2.1. ([7]) Assumehat . Thenthe constained minimization
problem(1.9) hasa uniquesolution of theform (2.2) with . In particular,
(2.3)

Introducethefunction
(2.4)

PrROPOSITION 2.2. ([5]) Assumehat . Thefunction(2.4) canbeexpressecdhs
(2.5)
which showsthat is strictly decreasingand corvex for . Moreover, theequation
(2.6)
hasa uniquesolution , sud that , forany thatsatis es

We would liketo determinghesolution  of theequation
(2.7)

Sincethe value of , in general,is only an available estimateof , it is typically not
meaningfulto computea very accurateapproximationof . We outline how a few steps
of Lanczosbidiagonalizatiorappliedto  yield inexpensvely computableupperandlower
boundsfor . Theseboundsareusedto determineanapproximatiorof

Application of stepsof Lanczosbidiagonalizatiorto thematrix ~ with
initial vector yieldsthedecompositions

(2.8)
where and satisfy and . Further

consistof the rst  columnsof and . Throughouthis paper denotes
the identity matrixand isthe thaxisvector Thematrix is bidiagonal,

0
(2.9)
0

with positive subdiagonaéntries ;  denotegheleading submatrixof

. Theevaluationof thepartialLanczoshidiagonalizatior{2.8) requires matrix-vector
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productevaluationswith boththe matrices and . We tacitly assumehatthe numberof
Lanczosbidiagonalizatiorsteps is smallenoughsothatthe decompositiong2.8) with the

statedpropertiesexist with f vanishesthenthedevelopmenisimpli es; see
[5] for details.

Let denotethe QR-factorizationof ,l.e.,
hasorthonormalcolumnsand is upperbidiagonal.Let denotetheleading

submatrixof , andintroducethefunctions

(2.10)
(2.11)

de ned for . Usingthe connectiorbetweernthe Lanczosprocessandorthogonalpoly-
nomials,the functions canbe interpretedas Gauss-typeguadraturerules associated
with anintegral representationf . Thisinterpretatioryields

(2.12)

detailsarepresentedn [5]. Herewe just remarkthatthe factor in (2.10 and(2.11)

canbecomputedas , Wheretheright-handsideis de ned by (2.8) and(2.9).
We now turnto thezero- nderusedto determineanapproximatesolutionof (2.7). Eval-

uationof thefunction for severalvaluesof canbevery expensve whenthe matrix

is large. Our zero- nderonly requiresevaluationof thefunctions andof thederivative

(2.13) —

for severalvaluesof . Whenthe Lanczosdecompositior(2.8) is available,the evaluation
of the functions and derivative (2.13 requiresonly arithmetic oating point
operationdor eachvalueof ; see[5].

We seekto nd avalueof suchthat

(2.14)

wherethe constant determinesheaccurag of thecomputedsolutionof (2.7). As
alreadypointedout above, it is generallynot meaningfulto solve equation(2.7) exactly, or
equialently, to let

Let beacomputedapproximatesolutionof (2.7) which satis es(2.14). It followsfrom

Proposition2.2that isboundedelov by , andthisavoidsthatthe matrix has
alargerconditionnumberthanthe matrix .
We determineavalueof thatsatis es(2.14) by computinga pair , suchthat
(2.15)
It follows from (2.12) thattheinequalities(2.15 imply (2.14). For mary linear discreteill-
posedproblemsthevalueof in apair thatsatis es(2.15 canbechoserfairly small.
Our methodfor determininga pair that satis es (2.15 is designedo keepthe
numberof Lanczosbidiagonalizatiorsteps small. The methodstartswith andthen
increases if necessaryThus,for a givenvalueof , we determineapproximations

, of thelargestzero,denoteddy , of thefunction
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ProOPOSITION 2.3. ([5]) Thefunction , de ned by (2.11), is strictly decreasing
andcorvex for . Theequation

(2.16)

hasa uniquesolution , sud that , forany thatsatis es
Thepropositionshavsthatequation(2. 16) hasaun|quesoIutlonwhene/erequatlor(z 7

hasone.Let theinitial approximation  of  satisfy . We usethe quadratically
cornvergentzero- nderby Golubandvon Matt [ 7, equationg75)-(78)]to determineamono-

tonically decreasingequencef approximations ,of . Theiterations
with the zero- nderareterminatedassoonasanapproximation , suchthat

(2.17) —

hasbeenfound. We usedthis stoppingcriterionin the numericalexperimentsreportedin

Section4. A factordifferentfrom couldhave beenusedin the negative termin (2.17).

Thefactorhasto bebetweerzeroandone;alargerfactormayreducehenumberof iterations
with the zero- nder, but increasehe numberof Lanczoshidiagonalizatiorsteps.

If alsosatis es
(2.18)

thenboth inequalities(2.15 hold for , andwe accept asan approximationof
thesolution  of equation(2.7).

If theinequalities(2.17) hold, but (2.18 doesnot, thenwe carry out onemorelLanczos
bidiagonalizatiorstepand seekto determinean approximationof the largestzero, denoted
by , of thefunction

usingthesamezero- nderasabove with initial approximatesolution
Assumethat satis esboth(2.17) and(2.19. We thensolwe

(2.19)
Thesolution,denotedby , yieldstheapproximation

(2.20)

of . Thevector is a Galerkinapproximationof , suchthat ;

see[3, Theorem5.1]. We remarkthatin actualcomputations, is determinedoy solvinga
least-squaregroblem,whoseassociatethormalequationsare(2.19); see[5] for details.

3. Minimization with nonnegatvity constraint. This sectiondescribesour solution
methodfor (1.7). Ourschemas avariationof the barrierfunctionmethodusedby Rojasand
Steihaug[15] for solving linear discreteill-posed problemswith nonneatvity constraint.
Insteadof solvinga sequencef parameterizedigervalueproblemsasproposedn [15], we
solve a sequencef Tikhonov equations.Similarly asin Section2, we usethe connection
betweenthe Lanczosprocessprthogonalpolynomials,and Gaussquadraturdo determine
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how mary stepsof the Lanczosprocessto carry out. Analogouslyto Rojasand Steihaug
[15], we introducethefunction

(3.1) -

which is de ned for all vectors in the interior of the set(1.5). Such
vectorsaresaidto be positive, andwe write . Thebarrierparameter determines
how muchthe solutionof the minimizationproblem

(3.2)

is penalizedfor beingcloseto the boundaryof the set(1.5. We determinean approximate
solutionof (1.7) by solvingseveralminimizationproblemsrelatedto (3.2) for asequencef

parametewalues , , thatdecreas¢owardszeroas increases.
Similarly as Rojasand Steihaug[15], we simplify the minimization problem(3.2) by

replacingthe function by the rst few termsof its Taylor seriesexpansionat

where

ie., . Hereandbelov . For and

x ed,we solve the quadratianinimizationproblemwith respecto ,

This is a so-calledtrust-region subproblemassociatedavith the minimizationproblem(3.2).
Letting yieldsthe equivalentquadratiaminimizationproblemwith respecto ,

(3.3) -

We determinean approximatesolution of the minimization problem (1.7) by solv-

ing several minimization problemsof the form (3.3) associatedvith a sequencesf pairs
, of positive parametervaluesand positive approxi-

matesolutionsof (1. 7) suchthattheformercon/ergeto zeroas increasesThesolution
of (3.3) associatedvith the pair determinesa new approximatesolution
of (1.7) andanew value of thebarrierparameterseebelow for details.

We turnto thedescriptiornof our methodfor solving(3.3). Themethodis closelyrelated
to theschemealescribedn Section2.

The Lagrangefunctionalassociateavith (3.3) showvs thatnecessarandsufcient con-
ditionsfor a feasiblepoint to beasolutionof (3.3) and to beaLagrangemultiplier
arethatthe matrix be positive semide niteand

(3.4)
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For eachparameteralue anddiagonalmatrix ~ with positive diagonalentries,
thelinearsystemof equationg3.4)(i) is of asimilartypeas(2.1). Thesolution depend®n
theparameter , andwe thereforesometimeslenoteit by . Introducethefunction

Equation(3.4)(i) yields
(3.5)

andwe determinea valueof , suchthatequation(3.4)(ii) is approximatelysatis ed,by
computingupperandlower boundsfor theright-handsideof (3.5) usingtheLanczogrocess,
analogouslyo theapproactof Section2. Applicationof stepsof Lanczodridiagonalization

to the matrix with initial vector yieldsthedecomposition
(3.6)
where and satisfy
The matrix is symmetricandtridiagonal,and since is positive
de nite for , SOis

Assumethat , otherwisetheformulassimplify, andintroducethe symmetrictridi-
agonalmatrix with leadingprincipalsubmatrix , lastsub-andsuper
diagonalentries , and last diagonalentry chosenso that is positive semide nite
with onezeroeigervalue. The lastdiagonalentry canbe computedn arithmetic oat-

ing pointoperations.
Introducethefunctions,analogougo (2.10 and(2.11),

(3.7)
(3.8)
Similarly asin Section2, the connectiorbetweerthe Lanczosprocessandorthogonalpoly-
nomialsmakesit possibleto interpretthe functions as Gauss-typequadratureules

associateavith anintegral representationf the right-handside of (3.5). Thisinterpretation
yields,analogouslyo (2.12),

(3.9)
see[4] for proofsof theseinequalitiesandfor furtherpropertiesof thefunctions
Let bethe sameconstantsin equation(2.14). Similarly asin Section2, we
seekto determinea valueof , suchthat
(3.10)
This condition replacesequation(3.4)(ii) in our numericalmethod. We determinea pair
, suchthat
(3.11)

Thevalueof soobtainedsatis es(3.10), becausé satis esboth(3.9) and(3.11). For mary
linear systemsof equationq3.4)(i), theinequalities(3.11) canbe satis ed alreadyfor fairly
smallvaluesof .
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For , until asufciently accurateapproximatiorof (1.7) hasbeenfound,
we determinghelargestzero,denotecby , of thefunction

(3.12) —
usingthe quadraticallyand monotonicallycorvergentzero- ndersdiscussedy Golub and

von Matt [7]. Theiterationswith the zero- ndersareterminatedvhenanapproximatezero
hasbeenfound,suchthat

(3.13) —

cf. (2.17). The purposeof theterm — in (3.12 is to make thevalues ,
, corvergeto themidpointof anintenal of acceptablealues;cf. (3.13.

If, in addition, satis es
(3.14)
thenbothinequalitie(3.11) hold for ,andweaccept andasanapproximation

of thelargestzeroof
If (3.13 holds,but (3.14) is violated,thenwe carry out onemore Lanczostridiagonal-

izationstepandseekto determinean approximatiorof thelargestzero,denotedby , of
thefunction .
Let satisfybothinequalities(3.11). Thenwe determineanapproximatesolution

of thelinear systemof equationg3.4)(i) usingthe Lanczosdecompositior(3.6). Thus,let
denotethe solutionof

Then
(3.15)

is a Galerkinapproximatiorof thevector

Wearein apositionto discusgheupdatingof thepair . Let bethecomputed
approximatesolution of the minimizationproblem(3.3) determinecby and
. De ne andcomputethe candidatesolution
(3.16)
of (1.7), wherethe constant is chosersothat is positive. Asin [15], we let
(3.17) _
Let beauserspeci edconstantandintroducethe vector

(3.18)
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andthe matrix . Thepurposeof the parameter is to avoid that has
componentyery closeto zero, sincethis would make very large. Following Rojas
andSteihaud 15], we compute

(3.19)

andupdatethe valueof the barrierparameteaccordingo
(3.20) -

In our computedexampleswe usethe samestoppingcriteriaasRojasandSteihaud 15].
Let bethequadraticpartof thefunction de nedby (3.1, i.e.,

The computationareterminatedandthevector givenby (3.16) is acceptedasanapproxi-
matesolutionof (1.7), assoonaswe nd avector , de ned by (3.19, which satis es
atleastoneof theconditions

(3.22)
Here isdenedby(3.19,and , and areusersuppliedconstants.
We brie y commenton the determinatiorof the matrix ~ andparameter in

the rst systemof equationq3.4)(i) thatwe solve. Beforesolving (3.4)(i), we computean
approximatesolution , givenby (2.20), of the minimizationproblem(1.9) asdescribedn

Section2. Let denotethe correspondingralue of the regularizationparameter
andlet be the orthogonalprojectionof  ontothe set(1.5. If is a sufciently ac-
curateapproximatesolution of (1.7), thenwe are done; otherwisewe improve by the
methoddescribedn this section.De ne by (3.18 with and replacedby |, let

, andlet begivenby (3.20 with and .

We now candetermineandsolve (3.4). Thefollowing algorithmsummarizesiow the com-
putationsareorganized.

ALGORITHM 3.1. ConstainedTikhonos Regularization

1. Input: , v .
Output: , , appoximatesolution of (1.7).

2. Apply the methodof Section2 to determinean approximatesolution of (1.9).
Computeheassociatedrthogonalprojection  ontotheset(1.5) andlet
If isasufciently accumteapproximatesolutionof (1.7), thenexit.

3. Determinethe initial positive approximate solution by (3.18, let

, and compute as describedabove De ne thelinear system
(3.4(i). Let

4. Computethe approximatesolution , givenby (3.15, of the linear system(3.4)(i)
with andthe numberof Lanczodridiagonalizationsteps , chosensothat
theinequalities(3.13 and(3.14) hold.

5. Determine accodingto (3.16 with givenby (3.17), and using(3.18.
Compute by (3.19. If thepair satis esoneof theinequalities(3.21),
thenacceptthevector asanappmoximatesolutionof (1.7) and exit.

6. Let and let be givenby (3.20. De ne a new linear
systenof equationg3.4)(i) using . Let . Goto4.
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4. Computed examples. We illustratethe performancef Algorithm 3.1 whenapplied
to a few typical linear discreteill-posed problems,suchthat the desiredsolution of the
associatedinear systemsof equationswith errorfree right-handside (1.2 is known to be
nonngative. All computationsvere carriedout usingMatlabwith approximately  signif-
icantdecimaldigits. In all examples,we let andchosethe initial values
and . Then , e, is largerthan | thelargestzeroof
Theerrorvectors usedin the exampleshave normally distributedrandomentrieswith zero
meanandarescaledsothat is of desirednorm.

exact and computed approximate solutions

0.4 T T
— exact
— (2.20)
0.35 —— projected (2.20)
—— (3.16)
0.3
0.25
0.2
0.15
0.1
0.05
0
_005 1 1 1 1 1
0 50 100 150 200 250 300

FIG. 4.1. Example4.1: Solution of the error-freelinear system(1.2) (blue curve),approximatesolution
determinedvithoutimposingnonn@ativity in Step2 of Algorithm 3.1 (bladk curve),projectedapproximatesolution
determinedn Step2 of Algorithm 3.1 (magentacurve),and appoximatesolutiondeterminedoy Steps4-6 of
Algorithm3.1 (redcurve).

Example4.1. Considerthe Fredholmintegral equationof the rst kind
(4.1)

discussedby Phillips[12]. Its solution,kernelandright-handsidearegivenby

- if

(42) otherwise

(4.3) - - — -

We discretizethe integral equationusing the Matlab code phillips from the program
packageRegularizationTools by Hansen[9]. Discretizationby a Galerkin methodusing
orthonormalbox functionsas test and trial functionsyields the symmetricinde nite
matrix and the right-handside vector . The code phillips also
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x10° blow-up of exact and computed approximate solutions
T T T
— exact
— (2.20)
—— projected (2.20) B
— (3.16)
-8 L L L L L
50 100 150 200 250 300

FIG. 4.2. Example4.1: Blow-upof Figure 4.1

determinesa discretizationof the solution (4.2). We considerthis discretizationthe exact

solution . An errorvector isaddedto to givetheright-handside of (1.1) with
relative error . This correspondso
Let and . ThenStep2 of Algorithm 3.1 y|elds an approximate

solution , de ned by (2.20), usingonly Lanczosbidiagonalizationsteps;thus only
matrix-vector productevaluationsare requiredwith eachone of the matrices and
Sincethe vector is not requiredto be nonneative, it represent@n oscillatory approxi-
matesolutionof (1.2); seethe blackcurvesin Figures4.1and4.2. Therelative errorin  is

Let  denotetheorthogonalprojectionof ontotheset(1.5. The magentacurvesin
Figures4.1and4.2display . Notethat agreeswith for nonn@ativevalues.CIearIy

is abetterapprOX|mat|0mf than ; wehave

Let the coefcients in the stoppingcriteria (3.21) for Algorithm 3.1 be given by

,and . Thesearethevaluesusedn [15]. Let

in (3. 1& Theseparameterarereqwredn Step5 of Algorithm 3.1 Theredcurvesof Figures
4.1and4.2 shav the approximatesolution determinedoy Steps4-6 of thealgorithm. The
computatiorof requiredtheexecutionof eachof thesestepswice,atthecostof  Lanczos
tridiagonalizatiorstepghe rst time,and Lanczodridiagonalizatiorstepsthesecondime.
In total, matrix-vectorproductevaluationwererequiredfor the computationof . This
includeswork for computing . Therelative error is smaller
thanfor ;thisis alsoobviousform Figure4.2. Speci cally, the methodof Section3 gives
anonngativeapproximatesolution , whoseerrorisabout  of theerrorin

Example4.2. This examplediffers from Example4.1 only in that no error vector is
addedo theright-handsidevector determinedy thecodephillips. Thus, . Rojasand
Steihaud 15 have alsoconsideredhis example.In theabsenc®f anerror in , otherthan
round-of errors,fairly stringentstoppingcriteriashouldbe used.Letting yields
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exact and computed approximate solutions
0.4 T T

— exact
— (2.20)
—— projected (2.20)
— (3.16)

-0.05 I I I I I
0 50 100 150 200 250 300

FiG. 4.3. Example4.2: Solution of the error-freelinear system(1.2) (blue curve),approximatesolution
determinedvithoutimposingnonn@ativity in Step2 of Algorithm 3.1 (bladk curve),projectedapproximatesolution
determinedn Step2 of Algorithm 3.1 (magentacurve),and appoximatesolutiondeterminecby Steps4-6 of
Algorithm3.1 (redcurve).

after Lanczosidiagonalizatiorstepgheapproximatesolution in Step2 of Algorithm 3.1
Therelative errorin  is . Theassociatedrthogonalprojection
onto(1.5) hasrelative error . Thecomputatiorof and
requiresheevaluationof matrix-vectorproductswith and matrix-vectorproductswith

. Rojasand Steihaug[15] reportthe approximatesolution determinecby their method
to have a relative error of andits computationto requirethe evaluationof
matrix-vectorproducts.

Theapproximatesolution ~ canbeimprovedby the methodof Section3, however, at

afairly highprice. Using , , , and ,
we obtainthe approximatesolution with relative error . The
evaluationof  requiresthe computationof matrix-vector products,with at most

consecutre Lanczodgridiagonalizatiorsteps.

We concludethat whenthe relative errorin is fairly large, suchasin Example4.1,
the methodof the presenfpapercandeterminean approximatesolution  with signi cantly
smallererrorthanthe projectedapproximatesolution . However, whentherelative error
in is small, thenthe methodof the presentpapermight only give minor improvementsat
high cost.

Exampled.3. Considetheblur- andnoise-freemageshovnin Figure4.5. The gure de-
pictsthreehemispheredyut becaus®f thescalingof theaxes,they look like hemi-ellipsoids.
Theimageis representetly pixels,whosevaluesrangefrom to . Thepixel
valuesarestoredrow-wisein thevector , whichwe subsequentlgcaleto have unit
length. After scaling,thelargestentryof is . Theimagein Figure4.5is assumed
not to be available,only anda contaminatedrersionof the image,displayedin
Figure4.6, areknown. We would lik e to restorethe availableimagein Figure 4.6 to obtain
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o x10° blow-up of exact and computed approximate solutions
T T T T T
— exact
61 — (220 7
—— projected (2.20)
— (3.16)
4+ i
2 — -
0
2 - -
-4 -
6 -
-8 I I I I I
50 100 150 200 250 300

FI1G. 4.4. Example4.2: Blow-upof Figure 4.3,

0.015

0.01

0.005

Fi1G. 4.5. Example4.3: Blur- andnoise-feeimage.

(anapproximatiorof) theimagein Figure4.5.
Theimagein Figure 4.6 is contaminatedy noiseandblur, with the blurring operator
representeddy anonsymmetricloeplitzmatrix of ill-determinedrank;thus,
is numericallysingular Due to the specialstructureof , only the rst row andcolumn
have to be stored. Matrix-vectorproductswith  and are computedby usingthe fast
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0,012~ e
0.01-]..-
0.008-.-
0.006-.-
0004

0.002-].--"

FI1G. 4.6. Example4.3: Blurredandnoisyimage.

FI1G. 4.7. Example4.3: Computedapproximatesolutionwithoutpositivity constaint (2.20).

Fouriertransform.The vector represents blurredbut noise-freeémage. The error
vector representsioiseandhasnormally distributedentrieswith zeromean.The
vectoris scaledo yield therelative error in theavailableright-handside
vector . Thelatterrepresentsheblurredandnoisyimageshowvn in Figure4.6. The
largestentryof is .

The methodof Section2 with requires Lanczosbidiagonalizationsteps
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FIG. 4.8. Example4.3: Projectedcomputedapproximatesolutionwithoutnonn@ativity constaint.

FIG. 4.9. Example4.3: Computedappoximatesolutionwith nonngativity constaint (3.16).

to determinethe vector , givenby (2.20 anddisplayedin Figure 4.7, with relative error
. Note the oscillationsaroundthe basef the hemispheresThe
nonnegative vector , obtainedby projecting onto (1.5), is shavn in Figure4.8. It has

relative error . Thelargestentryof s .
The oscillationsaroundthe hemispheregan be reducedby the methodof Section3.
With , and , we obtainthe

vector , givenby (3.16), with relative error . Figure4.9depicts
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. Note thatthe oscillationsaroundthe base=f the hemisphereare essentiallygone. The
largestcomponentf is . Thecomputatiorof requiredthecompletionof Steps
4 and5 of Algorithm 3.1 once,anddemanded¢omputatiorof  Lanczostridiagonalization
steps.The evaluationof requiredthatatotal of matrix-vectorproductswith  or
becomputedincludingthe  matrix-vectorproductevaluationsneededo compute

50 bl

150 q

200 i

50 100 150 200 250

FIG. 4.10. Example4.4: Blur- andnoise-feeimage.

100 i

150 i

250 1 1 1 1 ]
50 100 150 200 250

FiG. 4.11. Example4.4: Blurredand noisyimage.
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50 b

100~ N

200~ b

250 1 1 1 1 ]
50 100 150 200 250

FiG. 4.12. Example4.4: Computedappoximatesolutionwithoutpositivity constaint (2.20).

50 B

100~ N

150 - b

200 N

250 - b

50 100 150 200 250

FIG. 4.13. Example4.4: Projectedcomputedapproximatesolutionwithoutnonngativity constaint.

Example4.4. The datafor this examplewas developedat the US Air Force Phillips
Laboratoryand hasbeenusedto testthe performanceof several available algorithmsfor
computingregularizednonneative solutions. The dataconsistsof the noise-andblur-free
imageof the satelliteshavn in Figure4.10 the point spreadunctionwhich de nestheblur-
ring operatoy andthe blurredandnoisy imageof the satellitedisplayedin Figure4.11. The



ETNA

Kent State University
etna@mcs.kent.edu

D. Calwetti, B. Lewis, L. Reichel,andF. Sgallari 171

50 7
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200 T

250 ‘ i
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50 100 150 200 250

FIG. 4.14. Example4.4: Computedappoximatesolutionwith nonngativity constaint (3.16).

imagesare representedby pixels. The pixel valuesfor the noise-andblur-free

imageandfor the contaminatedmagearestoredin thevectors and , respectiely, where
is theright-handsideof (1.1). Thus, and areof dimension . Thematrix
in (1.2) representsheblurring operatorandis determineddy the point spreadunction;

is a block-Toeplitz matrix with Toeplitz blocks of sizesize . The matrix is

notexplicitly stored;matrix-vectorproductswith and  areevaluatedby thefastFourier

transform. Similarly asin Example4.3, the vector represents blurrednoise-free

image.We consideithedifference to benoise,andfoundthat

and . Thus is contaminatedby a signi cant amountof noise.

Let , and assumethat the blur- and noise-freeimage of Figure 4.10is not
available.Given , and ,wewouldliketo determineanapproximatiorof thisimage.We
let in Algorithm 3.1

The methodof Section2 requires Lanczosbidiagonalizatiorstepsto determinethe
vector , givenby (2.20 andshavnin Figure4.12 Therelativeerrorin is

. Theprojection of ontotheset(1.5 hasrelative error .
As expected this erroris smallerthantherelative errorin . Figure4.13displays . We
remarkthatthe gray backgroundn Figure4.12is of no practicalsigni cance. It is caused
by negative entriesin thevector . This vectoris rescalecby Matlabto have entriesin the
interval [0,255]beforeplotting. In particular zeroentriesaremappedo apositive pixel value
andaredisplayedn gray.

Theaccuray of theapproximatesolution  canbeimprovedby themethodof Section

3. We usethe samevaluesof the parameters, , ,and asin Example4.3. After
executionof Steps4-6 of Algorithm 3.1 followed by Steps4-5, a terminationconditionis
satis ed, andthe algorithmyields with relative error . Figure4.14

shavs . Step4 requiregheevaluationof Lanczodgridiagonalizatiorstepsthe rst time,
and Lanczostridiagonalizatiorstepsthe secondtime. The computationof demands
total of matrix-vectorproductevaluationswith either or | includingthe  matrix-
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vectorproductsrequiredto determine and

Therelative errorin  is smallerthanthe relative errorsin computedapproximations
of determinedoy several methodsrecentlyconsideredn the literature. For instance the
smallestelative errorachiezedby themethodgpresentedh [8] is , andtherelative error
reportedn [15] is

We concludethis sectionwith somecomment®n the storagerequirementf themethod
of the presentpaper Theimplementatiorusedfor the numericalexamplesreorthogonalizes
the columnsof the matrices , , and in the decompositiong2.8) and (3.6). This
securesiumericalorthonormalityof the columnsand may someavhat reducethe numberof
matrix-vectorproductsrequiredto solve the problems(comparedwith no reorthogonaliza-
tion). However, reorthogonalizatiomequiresstorageof all the generatedolumns. For in-
stancein Example4.3, Lanczoshidiagonalizatiorwith reorthogomalizatiomequiresstorage
of and , andLanczostridiagonalizationwith reorthogonalizatiomequiresstorageof

. The latter matrix may overwrite the former. We generallyapply reorthogonalization
whenit is importantto keepthe numberof matrix-vector productevaluationsas small as
possible andwhensufcient computerstorages availablefor the matrices , , and
The effect of lossof numericalorthogonality that may arisewhenno reorthogonahzatlons
carriedout, requiresfurther study Without reorthogonalizationthe methodof the present
papercanbe implementedo requirestorageof only a few columnsof , ,and  si-
multaneouslyat the expenseof having to computethe matrices , ,and  twice. The
schemdiy RojasandSteihaud 15] is basedon theimplicitly restartedArnoldi method,and
thereforeits storagerequirementanbekeptbelov a predeterminedound.

5. Conclusion. The computedexamplesillustrate that our numerical method for
Tikhonov regularizationwith nonnejativity constraintcangive a morepleasingapproximate
solutionof the exactsolution thanthe schemeof Section2, whenthe latter givesan oscil-
latory solution. Our methodis closelyrelatedto a schemerecentlyproposedy Rojasand
Steihaud15]. A carefulcomparisorbetweertheir methodandoursis dif cult, becausdew
detailson the numericalexperimentsare provided in [15]. Neverthelesswe feel that our
approacho Tikhonov regularizationwith nonneyativity constraintbasedon the connection
betweenorthogonalpolynomials,Gaussquadratureandthe Lanczosprocessis of indepen-
dentinterest.Moreover, Examplest.2 and4.4indicatethatour methodmay be competitive.
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