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A NEW GER�SGORIN-TYPE EIGENVALUE INCLUSION SET�
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Abstract. Wegiveageneralizationof a lesswell-known resultof DashnicandZusmanovich [2] from 1970,and
show how this generalizationcompareswith relatedresultsin this area.
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1. Intr oduction. Our interesthereis in nonsingularityresultsfor matricesand their
equivalenteigenvalueinclusionsetsin thecomplex plane.As examplesof this, we have the
famousresultof Ger�sgorin[3]:

THEOREM 1. For any A = [ai;j ] 2 Cn � n and for any eigenvalue� of A, there is a
positiveinteger k in N := f 1; 2; � � � ; ng such that

j� � ak ;k j � r k (A) :=
X

j 2 N nf kg

jak ;j j:(1.1)

Consequently, if � (A) denotesthecollectionof all eigenvaluesof A, then

� (A) � �( A) :=
n[

i =1

� i (A); where� i (A) := f z 2 C : jz � ai;i j � r i (A)g:(1.2)

Here,� i (A) is thei -th Ger�sgorin disk, and�( A) is theGer�sgorin setfor thematrixA.
Theequivalentnonsingularityresultfor this is

THEOREM 2. For anyA = [ai;j ] 2 Cn � n which is strictly diagonallydominant,i.e.,

jai;i j > r i (A) (all i 2 N );(1.3)

it followsthatA is nonsingular.

Similarly, thereis thefollowing nonsingularityresultof Ostrowski [5]:

THEOREM 3. For anyA = [ai;j ] 2 Cn � n ; n � 2, with

jai;i j � jaj;j j > r i (A) � r j (A) (all i 6= j in N );(1.4)

it followsthatA is nonsingular.

Its equivalenteigenvalueinclusionsetis thefollowing resultof Brauer[1]:
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THEOREM 4. For anyA = [ai;j ] 2 Cn � n ; n � 2, andfor anyeigenvalue� of A, there
is a pair of distinctintegers i andj in N such that

� 2 K i;j (A) := f z 2 C : jz � ai;i j � jz � aj;j j � r i (A) � r j (A)g:(1.5)

Consequently,

� (A) � K(A) :=
[

i;j 2 N
i 6= j

K i;j (A):(1.6)

ThequantityK i;j (A) of (1.5) is calledthe(i; j )-th Brauer Cassinioval, andK(A) of
(1.6) is calledtheBrauer setfor thematrixA. (For furtherresultsaboutthesesets,seeVarga
[6].)

2. New results. To describeour �rst result here,let S denotea nonemptysubsetof
N = f 1; 2; � � � ; ng; n � 2, andlet S := N nS denoteits complementin N . Then,givenany
matrix A = [ai;j ] 2 Cn � n , split eachrow sum,r i (A) from (1.1), into two parts,depending
onS andS, i.e.,

8
>><

>>:

r i (A) :=
X

j 2 N nf i g

jai;j j = r S
i (A) + r S

i (A); where

r S
i (A) :=

X

j 2 Snf i g

jai;j j; and r S
i (A) :=

X

j 2 Snf i g

jai;j j (all i 2 N ):
(2.1)

DEFINITION 1. Givenanymatrix A = [ai;j ] 2 Cn � n ; n � 2, andgivenanynonempty
subsetS of N , thenA is anS-strictly diagonally dominant matrix if

�
i ) jai;i j > r S

i (A) (all i 2 S); and
ii ) (jai;i j � r S

i (A)) � (jaj;j j � r S
j (A)) > r S

i (A) � r S
j (A) (all i 2 S; all j 2 S):

(2.2)

We note,from (2.2 i), thatasjai;i j � r S
i (A) > 0 for all i 2 S, thenon dividing by this

termin (2.2 ii ) gives

�
jaj;j j � r S

j (A)
�

>
r S

i (A) � r S
j (A)

(jai;i j � r S
i (A))

� 0 (all j 2 S);

sothatwealsohave

jaj;j j � r S
j (A) > 0 (all j 2 S):(2.3)

If S = N , so that S = ; , then the conditionsof (2.2 i) reduceto jai;i j > r i (A) (all
i 2 N ), andthis is just thefamiliar statementthatA is strictly diagonally dominant.

Our �rst resulthereis

THEOREM 5. Let S bea nonemptysubsetof N , andlet A = [ai;j ] 2 Cn � n ; n � 2, be
S-strictly diagonallydominant.Then,A is nonsingular.

Proof. If S = N , then,aswe have seen,A is strictly diagonallydominant,and thus
nonsingularfrom Theorem2. Next, weassumethatS is anonemptysubsetof N with S 6= ; .
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The ideaof theproof is to constructa positive diagonalmatrix W suchthatAW is strictly
diagonallydominant.Now, de�ne W asW = diag[w1; w2; � � � ; wn ], where

wk :=
�


 ; for all k 2 S; where
 > 0; and
1; for all k 2 S:

It thenfollows thatAW := [� i;j ] 2 Cn � n hasits entriesgivenby

� i;j :=
�


 ai;j ; if j 2 S; all i 2 N ; and
ai;j ; if j 2 S; all i 2 N :

Then,therow sumsof AW are,from (2.1), just

r ` (AW ) = r S
` (AW ) + r S

` (AW ) = 
 r S
` (A) + r S

` (A) (all ` 2 N );

andAW is thenstrictly diagonallydominantif

(

 jai;i j > 
 r S

i (A) + r S
i (A) (all i 2 S); and

jaj;j j > 
 r S
j (A) + r S

j (A) (all j 2 S):

Theaboveinequalitiescanbealsoexpressedas

(
i ) 
 (jai;i j � r S

i (A)) > r S
i (A) (all i 2 S); and

ii ) jaj;j j � r S
j (A) > 
 r S

j (A) (all j 2 S);
(2.4)

which,upondivision,canbefurtherreducedto

r S
i (A)

jai;i j � r S
i (A)

< 
 (all i 2 S); and 
 <
jaj;j j � r S

j (A)

r S
j (A)

(all j 2 S);(2.5)

wherethe �nal fraction in (2.5) is de�ned to be + 1 if r S
j (A) = 0 for somej 2 S. The

inequalitiesof (2.4) will all besatis�edif thereis a 
 > 0 for which

0 � B1 := max
i 2 S

r S
i (A)

jai;i j � r S
i (A)

< 
 < min
j 2 S

jaj;j j � r S
j (A)

r S
j (A)

=: B2:(2.6)

But since(2.2 ii ) exactlygivesthatB2 > B1, then,for any 
 > 0 with B1 < 
 < B2; AW
is strictly diagonallydominantandhencenonsingular. Then,asW is nonsingular, sois A.

As isnow familiar, thenonsingularityin Theorem2thengives,bynegation,thefollowing
equivalenteigenvalueinclusionsetin thecomplex plane.

THEOREM 6. Let S be any nonemptysubsetof N := f 1; 2; � � � ; ng; n � 2, with
S := N nS. Then,for anyA = [ai;j ] 2 Cn � n , de�ne theGer�sgorin-typedisks

� S
i (A) := f z 2 C : jz � ai;i j � r S

i (A)g (any i 2 S);(2.7)

andthesets

V S
i;j (A) := f z 2 C:(jz � ai;i j � r S

i (A)) � (jz � aj;j j � r S
j (A)) � r S

i (A) � r S
j (A)g;(2.8)
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(anyi 2 S, anyj 2 S). Then,

� (A) � CS (A) :=

 
[

i 2 S

� S
i (A)

!

[

0

@
[

i 2 S;j 2 S

V S
i;j (A)

1

A :(2.9)

We remarkthat DashnicandZusmanovich [2] obtainedthe resultof Theorem5 in the
specialcasethat the setS is a singleton,i.e., Si := f i g for somei 2 N . In this case,we
de�ne theassociatedset,from Theorem6, asthesetD i (A), sothat,from (2.7) and(2.8),

D i (A) = � Si
i (A) [

0

@
[

j 2 N nf i g

V Si
i;j (A)

1

A :(2.10)

Now, r Si
i (A) = 0 from (2.1) so that � Si

i (A) = f ai;i g from (2.7). Moreover, we alsohave,
from (2.8) in this casethat,for all j 6= i in N ,

V Si
i;j (A) = f z 2 C : jz � ai;i j � (jz � aj;j j � r j (A) + jaj;i j ) � r i (A) � jaj;i jg :(2.11)

But asz = ai;i is necessarilycontainedin V Si
i;j (A) for all j 6= i , we cansimply write from

(2.11) that

D i (A) =
[

j 2 N nf i g

V Si
i;j (A) (any i 2 N ):(2.12)

This shows thatD i (A) is determinedfrom (n � 1) setsV Si
i;j (A), plustheaddedinformation

from (2.1) on thepartial row sumsof A. TheassociatedGer�sgorinset�( A), from (1.2), is
determinedfrom n disksandtheassociatedBrauersetK(A), from (1.6) is determinedfrom� n

2

�
Cassiniovals.Thesesetsarecomparedin thenext section.

3. Comparisonswith other eigenvalueinclusion sets. We�rst establishthenew result
of

THEOREM 7. For anyA = [ai;j ] 2 Cn � n ; n � 2, andfor anyi 2 N , considerD i (A) of
(2.12). Then(cf. (1.2)),

D i (A) � �( A);(3.1)

andfor n = 2, andfor all A = [ai;j ] 2 C2� 2, wehave(cf. (1.5) and(1.6))

D1(A) = D2(A) = K(A) = K 1;2(A):(3.2)

But, for anyn � 3 andfor anyi 2 N , there is a matrix ~F in Cn � n for which

D i ( ~F ) * K( ~F ) and K( ~F ) * D i ( ~F ):(3.3)

Proof. To establish(3.1), �x somei 2 N andconsiderany z 2 D i (A). Then from
(2.12), thereis a j 6= i suchthatz 2 V Si

i;j (A), i.e., from (2.11),

jz � ai;i j � (jz � aj;j j � r j (A) + jaj;i j) � r i (A) � jaj;i j:(3.4)
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If z =2 �( A), thenjz � ak ;k j > r k (A) for all k 2 N , so that jz � ai;i j > r i (A) � 0, and
jz � aj;j j > r j (A) � 0. Thus,theleft partof (3.4) satis�es

jz � ai;i j � (jz � aj;j j � r j (A) + jaj;i j) > r i (A) � jaj;i j;

which contradictsthe inequality in (3.4). Thus, z 2 �( A) for eachz 2 D i (A), which
establishes(3.1).

Next, to establish(3.2), it canbeeasilyseenfrom (1.5)-(1.6) and(2.11)-(2.12) that(3.2)
is valid for any A = [ai;j ] 2 C2� 2.

Finally, to establish(3.3), consider�rst thespeci�c 3 � 3 matrix E of

E =

2

4
1 1

2
1
2

0 i 1
0 1 � 1

3

5 :(3.5)

Then,it canbeveri�ed that

�( E ) = f z 2 C : jz � 1j � 1g [ f z 2 C : jz � i j � 1g [ f z 2 C : jz + 1j � 1g;
K(E) = f z 2 C : jz � 1j � jz � i j � 1g [ f z 2 C : jz � i j � jz + 1j � 1g

[ f z 2 C : jz � 1j � jz + 1j � 1g;
D1(E ) = f z 2 C : jz � 1j � (jz � i j � 1) � 0g [ f z 2 C : jz � 1j � (jz + 1j � 1) � 0g:

It is interestingto note that D1(E ) reducesto the union of the two disks f z 2 C :
jz � i j � 1g andf z 2 C : jz + 1j � 1g, andthesinglepoint z = 1. Theseabove threesets
areshown in Fig. 3.1, whereweseethatthespecialcasei = 1 andn = 3 of (3.3) is valid.

To establish(3.3) in general,let n > 3, andconsiderthe matrix F in Cn � n which is
obtainedby addingn � 3 rowsof zerosbeneaththematrix E of (3.5) andn � 3 columnsof
zerosto theright of E , so thatE becomestheupper3 � 3 principalsubmatrixof F . From
thestructureof F , it is notdif�cult to show that(3.3) holdsfor F in thecasei = 1, i.e.,

D1(F ) * K(F ) and K(F ) * D1(F ):

But,givenany i 2 N , thereis asuitablen� n permutationmatrixP suchthatif ~F := PT F P,
then

D i ( ~F ) * K( ~F ) and K( ~F ) * D i ( ~F );

completingtheproofof Theorem7.
Next, it is evidentfrom (2.9) of Theorem6 that,for any A = [ai;j ] 2 Cn � n ,

� (A) � D i (A) (all i 2 N );

sothat

� (A) � D(A) :=
\

i 2 N

D i (A):(3.6)

Now, aseachD i (A), from (2.12), dependson (n � 1) oval-like setsV Si
i;j (A), it follows that

D(A) of (3.6) is determinedfrom n(n � 1) oval-likesetsV Si
i;j (A), which is twicethenumber

of Cassiniovals,namely
� n

2

�
, which determinetheBrauersetK(A). This suggests,perhaps,

thatD(A) � K(A). This inclusionis true,andthisnew resultis establishedin
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FIG. 3.1. The sets�( E ) (shadeddark gray), K (E ) (shadedlight gray), D 1(E ) (two diskswith the bold
boundaryandthepoint z = 1) for thematrixE of (3.5). Thewhitedotsare theeigenvaluesof E .

THEOREM 8. For anyA = [ai;j ] 2 Cn � n ; n � 2, theassociatedsetsD(A), of (3.6),
andK(A), of (1.6), satisfy

D(A) � K(A):(3.7)

Proof. First,we observe, from (3.1), thatasD i (A) � �( A) for eachi 2 N , thenD(A),
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asde�ned in (3.6), evidentlysatis�es

D(A) � �( A):(3.8)

To establish(3.7), considerany z 2 D(A) sothat,for eachi 2 N , z 2 D i (A). Hence,from
(2.12), for eachi 2 N , thereis j 2 N nf ig sothatz 2 V Si

i;j (A), i.e. theinequalityof (3.4) is
valid. But from (3.8), D(A) � �( A) impliesthat thereis a k 2 N with jz � ak ;k j � r k (A).
For this index k, thereis a t 2 N nf kg suchthatz 2 V Si

k ;t (A), i.e.,

jz � ak ;k j (jz � at;t j � r t (A) + jat;k j) � r k (A) � jat;k j:

Thiscanberewrittenas

jz � ak ;k j � jz � at;t j � jz � ak ;k j � (r t (A) � jat;k j) + r k (A) � jat;k j
� r k (A)(r t (A) � jat;k j) + r k (A) � jat;k j = r k (A) � r t (A);

thatis,

jz � ak ;k j � jz � at;t j � r k (A) � r t (A):

Hence,from (1.5) and(1.6), z 2 K k ;t (A) � K(A). As this is truefor eachz 2 D(A), then
D(A) � K(A).

We remarkthatthesetD(A) of (3.5)wasalsoconsideredin DashnicandZusmanovich
[2], but with nocomparisonswith �( A) or K(A).

It is interestingalsoto mentionthatHuang[4] similarly breaksN = f 1; 2; � � � ; ng into
disjoint subsetsS andS, but assumesa variantof the inequalitiesof (2.2). Now, if S =
f i 1; i 2; � � � ; i k g, thenAS;S := [ai j ;i ` ] (all i j ; i ` in S) is its associatedk� k principalsubmatrix
of A, whoseassociatedcomparisonmatrix is givenby

M (AS;S ) :=

2

6
6
6
4

+ jai 1 ;i 1 j �j ai 1 ;i 2 j � � � �j ai 1 ;i k j
�j ai 2 ;i 1 j + jai 2 ;i 2 j � � � �j ai 2 ;i k j

...
...

�j ai k ;i 1 j �j ai k ;i 2 j � � � + jai k ;i k j

3

7
7
7
5

;(3.9)

andit is assumedby HuangthatM (AS;S ) is anonsingular M -Matrix (or equivalently, that
AS;S is a nonsingularH -matrix),with theadditionalassumption(in analogywith (2.6)) that
if r S (A) := [r S

i 1
(A); r S

i 2
(A); � � � ; r S

i k
(A)]T , then

jjM � 1(AS;S ) � r S (A)jj1 < B2 := min
j 2 S

 
jaj;j j � r S

j (A)

r S
j (A)

!

;(3.10)

whereB2 is de�ned in (2.6). We notethatourearlierassumptionin (2.2 i) makestheassoci-
atedprincipalsubmatrixAS;S astrictly diagonallydominantmatrix,sothatM (AS;S ) in our
caseis necessarilya nonsingularM -matrix.

Theresultof Huang[4] is moregeneralthantheresultof our Theorem5, but it comes
with theaddedexpenseof having to explicitly determineM � 1(AS;S ) for usein (3.10).
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FIG. 4.1. Consideredlocalizationsetsreferringto thematrixG.

4. Numerical example. Finally, we give an exampleof possibleimprovementin the
eigenvaluelocalizationfor agivenmatrix. For thematrix

G =

2

6
6
4

10 0 3 5
0 � 10 2 4
2 5 20 0
4 4 0 � 20

3

7
7
5 ;

Fig. 4.1shows thesets�( G), K(G), D(G)andC(G) :=
T

S� N CS (G) of (1.2), (1.6), (3.6)
and(2.9)respectively, shadeddecreasingly. Exacteigenvaluesaremarkedby white dots.
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