Electronic Transactions on Numerical Analysis. ETNA
Volume 18, pp. 73-80, 2004. Kent State University
Copyright O 2004, Kent State University. etna@mcs.kent.edu
ISSN 1068-9613.

A NEW GERSGORIN-TYPE EIGENVALUE INCLUSION SET

LJILJANA CVETKOVICY, VLADIMIR KOSTIC/, AND RICHARD S. VARGA?

Abstract. We give ageneralizatiorof alesswell-knowvn resultof DashnicandZusmaneich [2] from 1970,and
shawv how this generalizatiotomparewith relatedresultsin this area.
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1. Intr oduction. Our interesthereis in nonsingularityresultsfor matricesand their
equialenteigervalueinclusionsetsin the complex plane. As examplesof this, we have the
famousresultof Gersgorin[3]:

THEOREM 1. For anyA = [a;] 2 C" " andfor anyeigervalue of A, thereis a
positiveintegerk in N := f1;2; ;ngsud that

X
(1.1) ioad rk(A) = EYSE
j2Nnf kg

Consequentlif (A) denoteghecollectionof all eigervaluesof A, then
n

(1.2) (A) (A= i(A); where {(A):=fz2C:jz aij ri(A)g
i=1

Here, i(A) isthei-th Gersgorindisk, and ( A) is the Gersgorin setfor thematrix A.
The equialentnonsingularityresultfor thisis

THEOREM 2. ForanyA = [a;; ]2 C" " whichis strictly diagonallydominant,.e.,
(1.3) jagj > ri(A) (alli2 N);

it followsthat A is nonsingular
Similarly, thereis thefollowing nonsingularityresultof Ostrovski [5]:

THEOREM 3. ForanyA = [a;; ]2 C" ";n 2, with
1.4) jaii | ja > ri(A) ri(A) (ali6jinN);
it followsthat A is nonsingular

Its equivalenteigervalueinclusionsetis thefollowing resultof Brauer[ 1]:

Receved April 8,2004.Acceptedor publicationApril 30,2004.Recommendeby LotharReichel.

Y Departmenbf Mathematicandinformatics,Facultyof ScienceNovi Sad SerbiaandMontengro. E-mail:
flila, vkostic g@im.ns.ac.yu. Theresearclof the rst authorwassupportedn partby the Republicof
SerbiaMinistry of Science TechnologiesndDevelopmentunderGrantNo. 1771.

ZDepartment of Mathematics, Kent State University Kent, Ohio, U.S.A. E-mail:
varga@math.kent.edu.

73



ETNA

Kent State University
etna@mcs.kent.edu

74 A newv Gersgorin-typeeigevalueinclusionset

THEOREM 4. ForanyA = [a;; ]2 C" ";n 2, andfor anyeigervalue of A, there
is a pair of distinctintegersi andj in N sud that

(1.5) 2Ky (A)=1z2C:jz ayj jz a;j ri(A) 1 (A)g
Consequently

[
(1.6) (A)  K(A):= Kij (A):

|:ji62jN

The quantityK; (A) of (1.5 is calledthe (i; j )-th Brauer Cassinioval, andK(A) of
(1.6) is calledthe Brauer setfor thematrix A. (For furtherresultsaboutthesesets seeVamga

[61.)

2. New results. To describeour rst resulthere,let S denotea nonemptysubsetof
N =1f1;2; ;ng;n 2 andletS := NnS denotets complementn N . Then,givenary
matrix A = [a;; ] 2 C" ", spliteachrow sum,r;(A) from (1.1), into two parts,depending
onS ands, i.e.,

g ri(A) = X ja; j = r3(A) + r7(A); where
2.1) jaoti - X
2 rS(A) = jai j; andr(A) = ja;j (@li2N):
' j2snfig j2Snfig
DEFINITION 1. GivenanymatrixA = [a;; ]2 C" ";n 2, andgivenanynonempty
subsesS of N, thenA is an S-strictly diagonally dominant matrix if

i) jaij>r(A) (@alli2S); and

@2 iy Ga rS(A)) Gaj | rS(A) > rS(A) r3(A)@li2s;allj29):

We note,from (2.2i), thatasjai; j r(A) > Oforalli 2 S, thenon dividing by this
termin (2.2ii) gives

rS(A) rS(A)

ja; | rS(A) > 1L 0 (allj29);
31T G ) @y 29
sothatwe alsohave
(2.3) jag i rP(A)>0 (allj23):
If S = N, sothatS = ;, thenthe conditionsof (2.21i) reduceto ja;; j > ri(A) (all

i 2 N), andthisis justthefamiliar statementhatA is strictly diagonally dominant.
Our rst resulthereis

THEOREM 5. LetS beanonemptysubsebf N, andletA = [a;; ]2 C" "; n 2, be
S-strictly diagonallydominant.Then,A is nonsingular

Proof. If S = N, then,aswe have seen,A is strictly diagonallydominant,and thus
nonsingulafrom Theoren?. Next, we assumehatS is anonemptysubsebf N withS 6 ;.
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Theideaof the proof is to constructa positive diagonalmatrix W suchthat AW is strictly
diagonallydominant.Now, de ne W asW = diag[w;w,; ;w,], where

forallk 2 S; where > 0; and

Wk =10 forallk 2 S:

It thenfollowsthatAW := [ jj ]2 C" " hasits entriesgivenby

o ag;ifj2S;ali2N;and
M a;;ifj 2S; alli 2 N:

Then,therow sumsof AW are,from (2.1), just
r-(AW) = rS(AW) + rS(AW) = rS(A) + rS(A) @l > 2 N);

andAW is thenstrictly diagonallydominantif

( _
jaiij > riS(A) + riS(A) (alli 2 s); and

jag j> rS(A)+r3(A) (allj 2S):
Theaboveinequalitiescanbe alsoexpresseds

2.4) ( i) (agj rS(A)>rS(A) (al i2s); and
‘ i) ja; i rS(A)> rS(A) (allj 2°5);

which, upondivision, canbefurtherreducedo

rS(A)

ja i rS(A)
jai ] riS(A)

(2.5) )

< (alli2s);and < @lj279):

wherethe nal fractionin (2.5 isdenedtobe+1 if er(A) = Oforsomej 2 S. The
inequalitiesof (2.4) will all besatis edif thereisa > 0for which

s jaij rS(A
(2.6) 0 Bj:= max (A < < min M =: By:

125 jaiij rP(A) i2s  rP(A)

But since(2.2ii) exactly givesthatB, > B, then,forary > OwithB; < < Bj; AW

is strictly diagonallydominantandhencenonsingularThen,asW is nonsingularsois A. O
Asis now familiar, thenonsingularityin Theorenm?2 thengives,by negation thefollowing

equialenteigervalueinclusionsetin the complex plane.

_ THEOREM 6. LetS be any nonemptysubsetof N := f1,2; ;ng; n 2, with
S := NnS. ThenforanyA = [a;; ]2 C" ", de ne the Gersgorin-typedisks

(2.7) S(A):=fz2C:jz a;j ri(A)g(anyi2sS);
andthesets

(2.8) VS(A):=fz2C:i(iz aij ri(A) (iz ai ri(A) ri(A) riA)g;
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(anyi 2 S,anyj 2 S). Then,
) 1
[ [
(2.9) (A) CS(A):= S(A) [ @ Vi (M)A

i2s i2s;j 25

We remarkthat Dashnicand Zusmaneich [2] obtainedthe resultof Theorem5 in the
specialcasethatthe setS is asingleton,i.e., S; := figfor somei 2 N. In this casewe
de ne theassociatedet,from Theoremg, asthesetD; (A), sothat,from (2.7) and(2.9),

0 1

(2.10) Di(A)= P (A)[ @ [ Vi (A)A
j2Nnfig

Now, r¥ (A) = 0 from (2.1) sothat > (A) = fay; g from (2.7). Moreover, we alsohave,
from (2.8) in this casethat,forallj 6 i in N,

(211) Vi§'(A)=fz2C:jz auj (iz &) rj(A)+jauj) ri(A) jajg:

Butasz = &;; is necessarilcontainedn \/i;jSi (A) for all j 6 i, we cansimply write from
(2.17) that

(2.12) Di(A) = [ VS'(A) (anyi2 N):
j2Nnfig

ThisshavsthatD; (A) is determinedrom (n 1) sets\/i;jSi (A), plustheaddednformation
from (2.1) onthe partialrow sumsof A. The associatedsersgorinset ( A), from (1.2), is

determinedrom n disksandthe associated@rauersetK (A), from (1.6) is determinedrom

g Cassiniovals. Thesesetsarecomparedn the next section.

3. Comparisonswith other eigervalueinclusion sets. We rst establistthenew result
of

THEOREM 7. ForanyA = [a;; ]2 C" ";n 2, andforanyi 2 N, consideD; (A) of
(2.12). Then(cf. (1.2),

(3.1) Di(A)  (A);
andfor n = 2, andfor all A = [a;; ] 2 C? 2, wehave(cf. (1.5) and(1.6))
(3.2) D1(A) = D2(A) = K(A) = Ky12(A):
But,foranyn 3 andfor anyi 2 N, thereisamatrix Fin C" " for which
(3.3) Di(F) * K(F)andK(F) * D;i(F):
Proof. To establish(3.1), x somei 2 N andconsiderary z 2 D;(A). Thenfrom
(2.12, thereisaj 6 i suchthatz 2 \/i;JSi (A), i.e.,from (2.17),

(3.4) iz & (z &) rp(A)+ia))  ri(A) jagj
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If z2 ( A),thenjz  axxj > rk(A) forall k 2 N, sothatjz aj > ri(A) 0, and
jz & j>r;(A) 0. Thus,theleft partof (3.4) satis es

iz aij (z a5 ri(A)+jgij)>ri(A) jaiij;

which contradictsthe inequalityin (3.4). Thus,z 2 ( A) for eachz 2 D;(A), which
establishe$3.1).

Next, to establish(3.2), it canbeeasilyseenfrom (1.5-(1.6) and(2.11)-(2.12) that(3.2
is valid for ary A = [a;; ] 2 C? 2.

Finally, to establish(3.3), considerrst thespecic3 3 matrixE of

21% %3
(3.5) E=40 i1 15:
01 1

Then,it canbeveri ed that
(E)
K(E)

fz2C:jz 1 1g[ fz2C:jz ij 1g[ fz2C:jz+1 I1g;
fz2C:jz 1j jz ij 1g[ fz2C:jz ij jz+1 1g

[ fz2C:jz 1 jz+ 1 1g;

Di(E)= fz2C:jz 1 (jz ij 1) Og[ fz2C:jz 1 (jz+1 1) Og:

It is interestingto notethat D1(E) reducesto the union of the two disksfz 2 C :
jz ij l1lgandfz2 C:jz+ 1j 1g,andthesinglepointz = 1. Theseabovethreesets
areshowvnin Fig. 3.1, wherewe seethatthespecialcasel = 1 andn = 3 of (3.3) is valid.

To establish(3.3) in generallet n > 3, andconsiderthe matrix F in C" " which is
obtainedby addingn 3 rows of zerosbeneattithe matrix E of (3.5 andn 3 columnsof
zerosto theright of E, sothatE becomegheupper3 3 principal submatrixof F. From
thestructureof F, it is notdif cult to shav that(3.3) holdsfor F in thecase = 1,i.e.,

Di(F) * K(F)andK(F)* D4(F):

But,givenaryi 2 N, thereisasuitablen n permutatiormatrixP suchthatif F := PTFP,
then

D;(F) * K(F)andK(F) * D;(F);

completingthe proof of Theorem?. O
Next, it is evidentfrom (2.9) of Theoren6 that,forary A = [a;; ]2 C" ",

(A) Di(A) (alli2N);
sothat

\
(3.6) (A) D(A) = D (A):
i2N
Now, aseachD;(A), from (2.12, dependon(n 1) oval-like sets\Af‘ (A), it follows that

D(A) of (3.6) isdeterminedromn(n 1) oval-like sets\/i;jSi (A), whichis twicethenumber

of Cassiniovals,namely  , which determinethe BrauersetK (A). This suggestsperhaps,
thatD(A) K(A). Thisinclusionis true,andthis new resultis establishedn
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FiG. 3.1. Thesets ( E) (shadeddark gray), K(E) (shadedight gray), D1(E) (two diskswith the bold
boundaryandthepointz = 1) for thematrixE of (3.5). Thewhitedotsare the eigervaluesof E .

THEOREM 8. ForanyA = [a;;]2 C" ";n 2, theassociatedsetsD(A), of (3.6),
andK(A), of (1.6), satisfy

(3.7) D(A) K(A):

Proof. First,we obsere,from (3.1), thatasD;(A) ( A) for eachi 2 N, thenD(A),
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asde nedin (3.6), evidently satis es
(3.8) D(A) (A
To establish(3.7), considerany z 2 D(A) sothat,for eachi 2 N, z 2 D;(A). Hencefrom
(2.12, for eachi 2 N, thereisj 2 Nnfigsothatz 2 \/i.jSi (A), i.e. theinequalityof (3.4) is

valid. Butfrom (3.8), D(A)  ( A) impliesthatthereiéak 2 N withjz axkj rv(A).
For thisindex k, thereis at 2 N nfkg suchthatz 2 Vks;ti (A),i.e.,

jz axi(z ag) r(A)+jak])  re(A) jak ]
This canberewritten as

iz axi jz o and  Jz o ak] (re(A)  jack]) + rk(A) jaek ]
M (A)re(A) - Jakj) + re(A) Jagk] = re(A) re(A);

thatis,
iz axki jz ag]  rk(A) r(A):

Hence,from (1.5 and(1.6), z 2 K«t(A) K(A). Asthisistruefor eachz 2 D(A), then
D(A) K(A).O

We remarkthatthe setD (A) of (3.5)wasalsoconsideredn DashnicandZusmanwich
[2], but with no comparisonsvith ( A) or K(A).

It is interestingalsoto mentionthatHuang[4] similarly breaksN = f1;2; ;nginto
disjoint subsetsS andS, but assumes variantof the inequalitiesof (2.2). Now, if S =
fig;iz;  jikg,thenAsss = [a; ;. ](allij;i- in S)isitsassociate#t k principalsubmatrix
of A, whoseassociatedomparisonmatrix is givenby

-'.-jail;ilj: j_ai1;izj: J ail;ikJ:

J @iy Taig,) ] Ay
(39) M (As;s) = :le 12512 'zlk ;

j aik;i1j j aik;izj +jaik;ikj

andit is assumedby HuangthatM (As:s) isanonsingular M -Matrix (or equivalently, that
As.s is anonsingulaH -matrix), with the additionalassumptior{in analogywith (2.6)) that
if rS(A) := [r3(A);rS(A); 1 (AT, then
_
, Sy n s o re(A)
(310) M “(Ass) rS(A)jjz <Bp=min 1TV
i2s r(A)

whereB is de nedin (2.6). We notethatour earlierassumptiorin (2.2i) makestheassoci-
atedprincipalsubmatrixAs.s astrictly diagonallydominantmatrix, sothatM (As.s) in our
caseis necessarily nonsingulaM -matrix.

The resultof Huang[4] is moregeneralthanthe resultof our Theorem5, but it comes
with the addedexpenseof having to explicitly determineM *(As:s) for usein (3.10).
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FiG. 4.1. Consideedlocalizationsetsreferringto thematrix G.

4. Numerical example. Finally, we give an exampleof possibleimprovementin the
eigervaluelocalizationfor a givenmatrix. For the matrix

2
100 0 3 5
80 10 2 4 Z
G‘gz 5 20 0 5°
4 4 0 20

T
Fig. 4.1shavsthesets ( G), K(G), D(G)andC(G) := ¢ , C5(G) of (1.2),(1.6), (3.6
and(2.9)respectiely, shadedlecreasinglyExacteigervaluesaremarkedby white dots.
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