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STOPPING CRITERIA FOR MIXED FINITE ELEMENT PROBLEMS
�
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�

Abstract. We studystoppingcriteria thataresuitablein thesolutionby Krylov spacebasedmethodsof linear
and non linear systemsof equationsarising from the mixed and the mixed-hybrid�nite-element approximation
of saddlepoint problems.Our approachis basedon the equivalencebetweenthe Babu�skaandBrezzi conditions
of stability which allows usto applysomeof the resultsobtainedin Arioli, Loghin andWathen[1]. Our proposed
criterioninvolvesevaluatingtheresidualin anormde�nedonthediscretedualof thespacewhereweseekasolution.
We illustrateour approachusingstandarditerative methodssuchasMINRES andGMRES.We testour criteriaon
StokesandNavier-Stokesproblemsbothin a linearandnonlinearcontext.

Key words. augmentedsystems,mixedandmixed-hybrid�nite-element,stoppingcriteria,Krylov subspaces
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1. Intr oduction. Mixedandmixed-hybrid�nite-elementmethodsform a classof pop-
ulardiscretizationmethodsdesignedto approximatesystemsof partialdifferentialequations
of saddle-pointtypearisingin themodelingof avarietyof physicalphenomenain areassuch
as�uid-dynamics or linear elasticity. They generallygive rise to large, nonsymmetric,in-
de�nite linear andnonlinearsystemsfor which thesolutionis typically soughtvia iterative
approaches.An essentialfeatureof suchmethodsis the stoppingcriteria employed. This
work aimsto describehow to devise a suitablestoppingprocedure,given the well-de�ned
theoreticalcontext of variationalformulationof partialdifferentialequationsandin particu-
lar themixed�nite elementtheory.

Theoutlineof thepaperis asfollows. In Section2, weintroducetheabstractformulation
of a genericsaddle-pointproblemasa systembasedon bilinear forms. Then,we describe
a generalframework in which we can formulatea stoppingcriterion basedon the energy
norm of the error betweenthe exact solution of the continuousproblemand the solution
computedby aniterative method.Section3 generalizesthestoppingcriterionderivedin [1]
to the caseof mixed �nite elementformulations,discussingboth the linear symmetricand
nonsymmetriccases.We alsoproposea strategy for theextensionof thestoppingcriteriato
thenonlinearcase.Finally, in Section4, we presentour classof testproblemstogetherwith
theconvergencebehaviour of someiterative algorithmsshowing thebene�cial effect of our
stoppingcriteria.

2. Mixed variational formulation. We start by summarizingthe theoreticalsetting
necessaryto describeour problem. A comprehensive and exhaustive introductioncan be
foundin thebookof BrezziandFortin [7].

Let ����� be Hilbert spaceswith norms �
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formulation
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In thenonlinearcasethebilinear form �C�&	'�
	 � is replacedby thenonlinearoperatorX4�Y�* 
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�

, as,for example,in theNavier-Stokescase.Thevariationalformulationin thiscasereads
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Following [17], [13], and[27], we introducethe Hilbert spaceijQ4�k�\� with the norm
graph: l
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Problem6ƒ8 canbereformulatedas

(2.2)
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for somepositiveconstants‹ŠŒ%�T‹

p

.
REMARK 2.1. Requirements(2.3) are known as the Babu�ska conditionsand can be

shown to beequivalentto theBrezziconditionswhichessentiallyare(i) continuityconditions
(of type(2.3a)) on ����	���	��W�T$���	���	�� , (ii) a conditionof type(2.3b) for $%��	���	�� and(iii) a coercivity
conditionon ����	���	�� [27, 13]. In thefollowing we �nd it convenientto work with theBabu�ska
conditions.
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Variationalformulation(2.2) restrictedto the�nite dimensionalspacei/˜ reads

(2.4)
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wheres ˜ �&	'�
	 � is abilinearform on i ˜ �zi ˜ and - ˜ �&	 � is acontinuouslinearform on i ˜ .
In thefollowing we assumethattheBabu�skaconditions(2.3) hold for thebilinear form

s ˜ ��	���	�� . Thisallowsusto derive thea priori errorestimate(seefor example[3])
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REMARK 2.2. We shallbeassumingthatthevariationalformulationsintroducedabove
are weak formulationsof a systemof partial differential equationsde�ned on someopen
subset́ of "•µ . Thenthe Hilbert spacesarespacesof real-valuedfunctionsde�ned on ´ ,
while �

˜
�¥�

˜ are�nite elementspaces,spannedby basisfunctionsde�ned on a subdivision
´

˜ of ´ . Replacing…
˜ by theinterpolantof „ on ´

˜ in (2.5) andusingstandardinterpolation
errorestimateswecanderivea priori boundsof theform
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whichareveryusefulin guidingour approachto designingstoppingcriteria.
For thechoice(2.1), theweakformulation(2.4) givesriseto a linearsystemof equations
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Thedualspacei
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Finally, we havethefollowing discreterepresentation
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3. Stopping criteria. Conditions(2.6) aresuf�cient for themaintheoremin [1] to ap-
ply:
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REMARK 3.1. This resultmeansthat onemay replacethe �nite elementsolution „

˜

by an approximationê
„

˜ constructedby an iterative methodprovided the ×

ç

Œ -norm of the
residualí�QKºŠ¨

¸

ê

¹

is of thesameorderasthe�nite elementerror.
In the following, we considerin greaterdetail the applicationof the above criterion to

saddle-pointsystems,bothin a linearandnonlinearsetting.

3.1. The linear case. Unlike the positive-de�nite caseconsideredin [1], thereis no
obvioussolution,or iterative method,thatwould allow for theapproximationof �SíY�

ÖyÛ£Ü

in
aninde�nite context. In fact,it appearsthatthismayhaveto becomputedby solvinga linear
systemwith coef�cient matrix × . Fortunately, this is a procedurethat is includedalreadyin
somepreconditionediterativemethods.
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3.1.1. Symmetric inde�nite problems. It is anestablishedfactthatsymmetricsaddle-
point problemsarising from the stable�nite elementdiscretizationof a systemof partial
differentialequationsareratheramenableto iterative treatmentin thesensethat they come
equippedwith optimal preconditioners.We quoteherea generalresult from [19] that ex-
pressesthis fact.

THEOREM 3.2. Let (2.6) hold. Then
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While the form of (3.2) is usefulwhen we considerthe nonsymmetriccase,we note
herethatonecanwrite theabove boundsasa boundon the2-normconditionnumberof
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This suggeststhat an iterative methodsuchas the Minimum Residualmethod(MINRES)
will convergein a numberof stepsindependentof thesizeof theproblem.Furthermore,the
residualcomputedby this methodis in fact measuredin the right norm: �š	}�

Ö
Û£Ü

. Hence,
onecaneasilyincorporatein this approachbound(3.1). This we carryout in our numerics
section.

We noteherethat thereis a signi�cant amountof researchdevoted to the analysisof
norm-basedpreconditionersfor symmetricsaddle-pointproblemsandderivationof bounds
of type(3.2). Someof theproblemsconsideredcomefrom ground-water�o w applications[5,
6, 11, 16, 23, 25], Stokes�o w [9, 26, 24, 14, 10], elasticity[15, 2, 18, 8, 20], magnetostatics
[21, 22] etc.

3.1.2. Nonsymmetricinde�nite problems. While convergenceof iterativemethodsfor
nonsymmetricproblemsis not fully understood,boundssuchas(3.2) areclearlyattractive in
a preconditioningcontext.

They guaranteethatfor ×
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p boththesingularvaluesandtheabsolutevalues
of theeigenvaluesareboundedfrom below andabove. Thismeansthattheuseof thenormas
a preconditionercanberecommendedalsoin thenonsymmetriccase.Thegeneralapproach,
as suggestedby the form of (3.2) is to employ an iterative solver in the × -inner product
with left preconditioner× . Theresultingalgorithmis equivalentto employing anEuclidean
inner-productandsystemmatrix ×

ç

ŒJî

p
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p andoutputaresidualmeasuredin thenorm
�(	M�
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which is whatwe want to monitor. We carryout this kind of procedurein thecase
of theGeneralizedMinimum Residualmethod(GMRES).

3.2. The nonlinear case. In the nonlinearcasethe approximationof the solutionsby
mixed or mixed-hybridmethodsin combinationwith the linearizationof the operatorby
a Newton methodor a Picardapproach,yields a sequenceof �nite dimensionalproblems
of type (2.4), generallynonsymmetric,eachof which satisfy the stability conditions(2.6).
Writing theapproximationof problemZ\6ƒ8 as

ï

�
Ë

�9Q

Æ

{
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where

Ë ¤W¿LŒŠQ ª
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In practice,aninner-outeriterationprocessis themethodof choicefor largeproblems,with
aninnerlinearsolve, typically aniterativeprocess,andanouternonlinearupdate.A popular
approachis the Newton-Krylov procedure,wherethe outerNewton iterationusesan inner
iterative procedureof Krylov type to solve the linear system(3.3). The ef�ciency of such
methodsrelieson thechoiceof innerstoppingcriteria.This wasrecognizedby Demboet al.
[12]. We review brie�y their resultandadaptit to the�nite elementcontext.

3.2.1. Nonlinear stoppingcriteria. Let usassumethatweseekthesolutionof problem
(3.3) via aniterative routinein whichat everystepÉ we computeor estimatea residual
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Sinceinitially system(3.3) approximatespoorly the equation
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onecancompute
only a coarseapproximationto the solution Ë

¤W¿LŒ . As convergenceof the outer iteration
improvesone would want to improve the quality of Ë

¤W¿@Œ . One way of achieving this is
throughtheuseof of thefollowing innerstoppingcriterion[12]
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The norm employed in (3.4) is general,thoughin practicethe standardEuclideannorm is
employed. This is wasteful in a �nite elementcontext. In particular, given the result of
Theorem3.1, weproposeto evaluatetheabovecriterionin therelevantnorm �D	£�

Ö
Û£Ü

(3.5)
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Criterion(3.5) is to becombinedwith criterion(3.1). Thus,while (3.1) is not satis�ed,one
employsateachnonlinearstepaniterativemethodwith criterion(3.5). Moreover, thechoice
of ó%�JI in (3.5) needsto be relatedto ‹o�B·C� in (3.1). Thus, if the problemis large,onecan
computeasatisfactorysolutionin justa few iterations,without theneedto attainaverysmall
orderfor thenonlinearresidual,which in a �nite elementcontext hasnorelevantmeaning.A
typical algorithmfor solving(3.3) is outlinedbelow:
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wherethe iterative routineGMRES�?ö_�J÷­�Jø
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A GMRESroutinewhich usesthe ×

ç

Œ -normin its stoppingcriterionis a GMRESiteration
in the × -innerproductpreconditionedfrom theleft by × (cf. section3.1.2).
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3.2.2. 3-term GMRES. It wasshown in thepositive-de�nite casein [1] that theGM-
RESmethodin the × -inner productwith left preconditioner× is a three-termrecurrence
provided × is thesymmetricpartof

¸

. In this case,thepreconditionedsystemmatrix is a
normalmatrix

×

ç
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p

Q*ú�NPû��

where û is a skew-symmetricmatrix. Suchanimplementationof GMRESis storage-free,a
desirablefeaturein aniterative solver. Onewould naturallywantto extendthis to theindef-
inite case,particularlyfor thecasewherewe have to solve a long sequenceof problemsof
type(3.3). We show how thiscanbeachievedfor aclassof nonlinearsaddle-pointproblems.
Let
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riety of problems.Let usreplacethesequenceof problems(3.3) with thefollowing sequence
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and ý is a symmetricandpositive de�nite matrix. It is easyto seethat this
sequenceconvergesto thesamesolutionprovided ü is suf�ciently small; in fact,we require
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andthusonecansplit thesystemmatrixintoasymmetric(positive-de�nite)andanti-symmetric
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It is clearnow that thethree-termGMRESmethoddevisedfor thescalarcase[1] will work
alsoin thiscase,providedwepreconditiontheabovematrixcentrallywith theHermitianpart
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Æ

üfý

®

V

Residualconvergencewill thenbeautomaticallymeasuredin thenorm
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It is clearthat ý will bechosento be
Ñ

, while
�

¤ will bein generalequivalentto
Ð

, when
not identically equalto it. Thus,during the Arnoldi process,onecanmonitor strictly the

×

ç

Œ -normof the residual.Numericalexperimentsindicatethat themethoddoesnot affect
theconvergencerateof theouteriterationfor ü suf�ciently small, theadvantagebeingthat
onecanemploy ashort-termrecurrencefor theinneriteration.
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4. Experiments.

4.1. Test problems. We usedtwo testproblemssuggestedin [4]. The �rst is Stokes
�o w in theunit squarewhile thesecondis 2D Navier-Stokes�o w in a cavity, which triesto
mimic the behaviour of the driven-cavity �o w. Note that the former is a symmetriclinear
problemwhile thelatteris a nonsymmetricnonlinearsystem.Theproblemswesolvedare

¨���� >oN
	�AzQ*º in ´š�(4.1a)

div �>3Q

Æ

in ´š�(4.1b)

�>L�?øO�9Q�� >

�

�HøO� on �ƒ�(4.1c)

and

¨�
���� >:N*��� >u	�	o��� >:N�	�AzQEº in ´š�(4.2a)

div �>zQ

Æ

in ´š�(4.2b)

�>@�?øO�9Q�� >

�

�HøO� on �ƒ�(4.2c)

bothof whichhavethesolution ��� >
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aretwo realconstantsthatcanbeusedto modify the�o w behavior. Thepressure
satis�es

(4.3)
')(

A

�+*

ø�Q

Æ

�

and this is the type of conditiononecanuseto ensurethat equations(4.2) have a unique
solution.

Theproblemusedin our testscorrespondsto thechoice
�

Œ
Q

Æ

V'¬•�

�

p

Q-,fV

�

. Stream-
linesandpressureplotsfor thesevaluesof

�

Œ
�

�

p

aregivenin Fig. 4.1.
We solved (4.1), (4.2) using the discretemixed formulation (2.4) where the space

iz˜o™Pi with ivQE×

Œ

”

�‡´(���

�

p†�‡´(� . In particular, we choseto work with thenorm
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Our discretespaces
Ð

˜
�

Ñ

˜ were�nite elementspacesspannedby quadraticbasisfunctions
in thecaseof thevelocity spaceandlinearbasisfunctionsin thecaseof thepressurespace.
We employedisotropicmeshescreatedby a generalmeshgenerator.
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(a) Streamlines (b) Pressure

FIG. 4.1. Exactsolutionfor ?A@CBED�FHGJIK?MLNBEO$F P .

4.2. The linear case. We choseto comparethe stoppingcriterion (3.1) with both the
exact �nite elementerror and interpolationerror measuredin the normsinheritedby the
problem.We computed

(i) FE: the relative errorsbetweenthe solutionat step À andthe exact continuous
solutionof either(4.1) or (4.2)

X
ö��ÈQ
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¤
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¤
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(ii) FIE: therelative interpolationerrorsinvolving theinterpolant„;Q of „ .
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(iii) HINV: the ×

ç

Œ -normcriterion(3.1) with ‹

p

estimatedonacoarsemesh
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(iv) thestandard
�

-normstoppingcriterion �Sí

¤

�†éY�Sí

”

� .
We �rst displayin Fig. 4.2 theresultsfor MINRES preconditionedwith thenormin the

caseof the Stokesproblem. In Fig. 4.2 (a) we plot the valueof the global error while in
Figs.4.2 (b), (c), and(d), we plot thevaluesof FE, FIE, HINV, and

�

-normof the residual
for eachoneof the componentsof the velocity andthe pressure,which in this caseappear
distributedunevenly. Thepressurecomponentprovidesthe largesterror, while thevelocity
componentsappearto converge faster. This will not be the casefor the nonsymmetricex-
ample. Moreover, the interpolationerror seemsto be higherthanthe energy in the caseof
the pressureandthis is alsore�ected globally. Our guessis that this is to do with impos-
ing condition(4.3) numerically. We remarkherethatTheorem3.1 is only applicableto the
globalsolution n�QÓ�?>@�JG}�BAC� andthereis no reasonto expectthat thecriterionshouldwork
componentwise.

We alsoexaminedtheconvergenceof thesymmetricallynorm-preconditionedGMRES
appliedto theNavier-Stokesproblem.More precisely, we computedthesolutionto thenon-
linear problemusinga Picarditeration,but displayedonly the resultscorrespondingto the
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last linearsystemsolve. As before,theconvergencecanbeexaminedglobally or separately
for thedifferentcomponentsof thesolution.Thesecurvesareshown in Figs.4.3and4.4 for
two valuesof thediffusionparameter:
�Q

Æ

V'¬ , and 

Q

Æ

V

Æ

¬ . Again,thecriterionworks�ne;
moreover, it seemsthat in this case,thecomponentconvergencecanbe describedby com-
ponentsof our criterion, a featurewhich did not work for MINRES. More precisely, plots
(b), (c), and(d) seemto indicatethatvelocity andpressureresidualscanprovide respective
boundsfor thevelocityandpressureforwarderrors.

4.3. The nonlinear case. In this section,we presentthe resultsfor the fully nonlinear
Navier-Stokesproblem(4.2).

First, we show the simplerun of unpreconditionedGMRESasa solver for the Picard
iterationappliedto thenonlinearproblem(4.2). ThePicarditerationtakestheform (3.3), but
we usedthemodi�ed iteration(3.7), in orderto bothexhibit its convergencepropertiesand
highlight therelevanceof our stoppingcriteria.

ThechoiceóŠQ0¬

Æ

ç

Œ

�TIÕQk¬¥é , in (3.4) doesnotaffect thenumberof nonlineariterations
in our tests.Notethatthenormin (3.4) is theEuclideanone.Thepurposeof thiscriterion,as
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FIG. 4.2. Convergencecriteria for preconditionedMINRES.
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describedin [12] is to makeGMRESwork hardonly whenit matters(i.e.,whentheresidual
is suf�ciently small).

Thenonlinearconvergencehistory is displayedin Fig. 4.5. More precisely, the2-norm
of the residualsí�¤ , concatenatedfrom all nonlineariterations(7 in this case)is plottedto-
getherwith theenergy-errorandthe ×

ç

Œ -norm of the residual,which is computedexactly
for illustrationpurposes.Of course,in thecaseof unpreconditionedGMRESit is not clear
how onecouldderiveanapproximationfor �WíY�

Ö Û£Ü

, exceptthroughdirectcomputation.
The errorsare of the order ¬

Æ

ç&U

for the velocitiesand ¬

Æ

ç

p for the pressure(given
solutionsof orderone),which indeedareof theorderof theFEM error.

In Fig. 4.6 we displaytheconvergenceof the3-termGMRESmethodin thelastPicard
stepof thenonlineariterationof type(3.7) usingtheHermitianpartto symmetricallyprecon-
dition thesystem.We pointout thatthechoiceüuQ)¬

Æ

ç

p in (3.6) did not changethenumber
of nonlineariterations.

Finally, wepresenttheresultsobtainedusingthe3-termGMRESalgorithmsuggestedin
Section3.2.2for solvingthefull nonlinearproblem.
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FIG. 4.3. Convergencecriteria for symmetricallypreconditionedGMRESfor VNBWD�FHG .
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FIG. 4.4. Convergencecriteria for symmetricallypreconditionedGMRESfor VXBED�F D�G .
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FIG. 4.5. Nonlinearconvergencecriterion (3.5) vsstandard 2-normcriterion for unpreconditionedGMRESin
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FIG. 4.6. Convergencecriteria for symmetricallypreconditioned3-termGMRES.
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FIG. 4.7. Convergencecriteria for thefull nonlinearproblemusingsymmetrically-preconditionedGMRES-Picard

First, we notethatdifferentchoicesof ó%�JI will leadto differentnonlinearconvergence
curves. We presenta typical examplein Fig. 4.7 (with ó Q«¬†�TI/Q

Æ

VHY ) andhighlight con-
vergencepropertiesfor severalchoicesof parametersin Tables4.1and4.2. In particular, we
choseto work with óyQ*ó��B·C� , for threevaluesof I . We settol out Q›¬

Æ

ç&Z

andhighlighted
the numberof iterationsneededfor this “classic” criterion comparedwith that suggested
in the algorithmabove wheretol out QtìY‹o�‡·}�J‹

p

. We worked with ì*QØ‹

p

Qj¬ and
‹o�B·C�ÕQ½·fp for 
zQ

Æ

V�¬ and ‹o�B·C�šQ½·

U

î

p for 
zQ

Æ

V

Æ

¬ ; we notethat this leadsto a robust
stoppingcriterionwhich we highlight in thevertical linesacrosstheconvergencecurvesin
Fig. 4.7. As expected,a small valueof ó/Q ó��B·C� leadsto bestperformancein the ×

ç

Œ -
norm.In particular, theGMRES-Picardalgorithmis mostwastefulwhenweattemptto solve
eachiterationto the full FEM error level, i.e., when ó��‡·}�:Qv·�p . On the otherhand,when

ó��‡·}�ƒQr·

ŒJî

p , theconvergenceis relatively robustwith respectto the I parameter.

5. Conclusion. Weshowedhow theresultsdescribedin [1] canbeusedandextendedin
theframeworkof mixedandmixed-hybrid�nite-elementapproximationof partialdifferential
equationsystemsin saddle-pointform.
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TABLE 4.1
Total numberof preconditionedGMRESiterations for the full nonlinear solution of our test problemwith

VMBWD�FHG usingboththeclassic( [\P ) anddual stoppingcriteria

]_^�`�a b�c ]d^�`�a c ]_^�`�a e�c

f�g�hRij^ dual classic dual classic dual classic
h

@lk�L 26 83 30 125 31 175
h 31 112 33 155 37 199

h

L 45 170 49 215 52 257

TABLE 4.2
Total numberof preconditionedGMRESiterations for the full nonlinear solution of our test problemwith

VMBWD�F D�G usingboththeclassic( [\P ) anddual stoppingcriteria

]_^�`�a b�c ]d^�`�a c ]_^�`�a e�c

f�g�hRij^ dual classic dual classic dual classic
h

@lk�L 229 914 309 1440 405 1928
h 317 1261 405 1754 495 2205

h

L 544 1949 635 2385 722 2747

Moreover, we describedhow the dual norm of the residualcanbe easily usedwithin
classicalKrylov methodsto obtainreliableandef�cient stoppingcriteria.

Finally, we describedhow to generalizethesetechniquesto thenonlinearcase,thusob-
taining a considerablegain in ef�ciency. In particular, we showed how the useof the dual
normof theresidual(essentially, theenergy normof theerror)canbesuccessfullycombined
with a shorttermrecurrenceGMRESin orderto solvenonlinearsaddle-pointproblemssuch
asNavier-Stokesequations.
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