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STOPPING CRITERIA FOR MIXED FINITE ELEMENT PROBLEMS

M. ARIOLI AND D. LOGHIN

Abstract. We studystoppingcriteriathataresuitablein the solutionby Krylov spacebasedmethodsof linear
and non linear systemsof equationsarising from the mixed and the mixed-hybrid nite-element approximation
of saddlepoint problems. Our approachs basedon the equivalencebetweenthe Bahuska and Brezzi conditions
of stability which allows usto apply someof the resultsobtainedin Arioli, Loghin andWathen[1]. Our proposed
criterioninvolvesevaluatingtheresiduain anormde ned onthediscretedualof thespacevherewe seekasolution.
We illustrateour approactusingstandardteratve methodssuchasMINRES and GMRES. We testour criteriaon
StokesandNavier-Stokesproblemshothin alinearandnonlinearcontext.

Keywords. augmentedystemsmixed and mixed-hybrid nite-element, stoppingcriteria, Krylov subspaces
method

AMS subjectclassi cations. 65F10,65F35,65F50,65N30

1. Intr oduction. Mixedandmixed-hybrid nite-elementmethodsform a classof pop-
ular discretizatiormethodsdesignedo approximatesystemf partialdifferentialequations
of saddle-pointypearisingin themodelingof avariety of physicalphenomenin areassuch
as uid-dynamics or linear elasticity They generallygive rise to large, nonsymmetricjn-
de nite linear andnonlinearsystemdor which the solutionis typically soughtvia iterative
approachesAn essentiafeatureof suchmethodsis the stoppingcriteria employed. This
work aimsto describehow to devise a suitablestoppingproceduregiven the well-de ned
theoreticalcontext of variationalformulationof partial differentialequationsaandin particu-
lar the mixed nite elementheory

Theoutlineof the paperis asfollows. In Section2, we introducetheabstracformulation
of a genericsaddle-poinproblemasa systembasedon bilinear forms. Then,we describe
a generalframework in which we canformulatea stoppingcriterion basedon the enegy
norm of the error betweenthe exact solution of the continuousproblemand the solution
computedby aniterative method. Section3 generalizeshe stoppingcriterionderivedin [1]
to the caseof mixed nite elementformulations,discussingooth the linear symmetricand
nonsymmetricasesWe alsoproposea stratgy for the extensionof the stoppingcriteriato
the nonlinearcase.Finally, in Section4, we presenbur classof testproblemstogethemwith
the corvergencebehaiour of someiterative algorithmsshaving the bene cial effect of our
stoppingcriteria.

2. Mixed variational formulation. We startby summarizingthe theoreticalsetting
necessaryo describeour problem. A comprehensie and exhaustve introductioncan be
foundin thebookof BrezziandFortin [7].

Let be Hilbert spaceswith norms and duals , respectiely.
Considertwo bilinear forms , andtwo linear
functionals . We areinterestedn the following abstractvariational
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formulation
Find suchthatfor all
In the nonlinearcasethe bilinearform is replacedby the nonlinearoperator

, as,for example,in the Navier-Stokescase.Thevariationalformulationin this casereads

Find suchthatfor all
Following [17], [13], and[27], we introducethe Hilbert space with the norm
graph:
thebilinearform andthelinearfunctional
(2.1)
wherewe equip  with thenorm givenby

Problem canbereformulatedas

(2.2) Find suchthatfor all

Existenceand uniquenes®f solutionsto problemsof type (2.2) is guaranteegbrovidedthe
following conditionshold for all

(2.3a)
(2.3b) D

(2.3¢) S

for somepositive constants
REMARK 2.1. Requirementg2.3) are known asthe Baluska conditionsand can be
shavnto beequialentto the Brezziconditionswhich essentiallyare(i) continuityconditions

(of type(2.39) on , (ii) aconditionof type(2.3b) for and(iii) acoercvity
conditionon [27,13]. In thefollowing we nd it corvenientto work with the Baluska
conditions.

Considemow the nite dimensionakpaces and with bases

and , respectiely. Moreover, wedenoteby  anditsdual  thespaces
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Variationalformulation(2.2) restrictedto the nite dimensionakpace reads

(2.4) Find suchthatfor all

where is abilinearform on and is acontinuoudinearform on
In thefollowing we assumehatthe Babuskaconditions(2.3) hold for the bilinearform
. Thisallows usto derivethea priori errorestimatg(seefor example[3])

(2.5) —

REMARK 2.2. We shallbe assuminghatthe variationalformulationsintroducedabove
are weak formulationsof a systemof partial differential equationsde ned on someopen
subset of . Thenthe Hilbert spacesare spacesf real-valuedfunctionsde ned on
while are nite elementspacesspannedy basisfunctionsde ned on a subdvision

of .Replacing bytheinterpolantof on in (2.5 andusingstandardnterpolation
errorestimatesve canderive a priori boundsof theform

which arevery usefulin guidingour approacho designingstoppingcriteria.
For thechoice(2.1), theweakformulation(2.4) givesriseto alinearsystemof equations

where andthematrix  hasthe 2-by-2
block structure

with

Letusexaminethediscretesettingfurther. Note rst thatthereis anisomorphism  between
and denedvia

In particular since

where and , the nite dimensionalHilbert spaces ,
arerepresentediespectiely, by . Therefore the
space canberepresentedy with norm where is given

by
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Thedualspace canbeshownnto berepresentetly with norm
Finally, we have thefollowing discreterepresentation

which allows usto write the continuousstability conditions(2.3) as

(2.6a)

(2.6b)

whichis equivalentto uniform conditioningof ~ with respecto thenorminducedby

or, . Wepointoutthatboth and areconstantsndependendf and,
thus,independenof and

3. Stoppingcriteria. Conditions(2.6) aresufcient for the maintheoremin [1] to ap-
ply:

THEOREM 3.1. Let bethesolutionof theweakformulation(2.2) andlet
satisfy

Then satis es
if
(3.1)
for some .
REMARK 3.1. This resultmeansthat one may replacethe nite elementsolution
by anapproximation constructecby aniteratve methodprovided the -norm of the
residual is of thesameorderasthe nite elementerror.

In the following, we considerin greaterdetail the applicationof the above criterionto
saddle-poinsystemspothin alinearandnonlinearsetting.

3.1. The linear case. Unlike the positive-de nite caseconsideredn [1], thereis no
obvious solution, or iterative method,thatwould allow for the approximationof in
aninde nite context. In fact,it appearshatthis mayhave to becomputedy solvingalinear
systemwith coefcient matrix . Fortunatelythisis a procedurehatis includedalreadyin
somepreconditionedterative methods.
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3.1.1. Symmetric inde nite problems. It is anestablishedactthatsymmetricsaddle-
point problemsarising from the stable nite elementdiscretizationof a systemof partial
differentialequationsareratheramenabléo iterative treatmentn the sensethatthey come
equippedwith optimal preconditioners.We quoteherea generalresultfrom [19] that ex-
presseshisfact.

THEOREM 3.2. Let(2.6) hold. Then

(3.2a)
(3.2b)

While the form of (3.2) is usefulwhenwe considerthe nonsymmetriccase,we note
herethat onecanwrite the above boundsasa boundon the 2-normconditionnumberof
preconditioneaentrallyby thenorm

This suggestdhat an iterative methodsuchasthe Minimum Residualmethod(MINRES)

will corvergein anumberof stepsindependenof the sizeof the problem. Furthermorethe

residualcomputedby this methodis in fact measuredn the right norm: . Hence,
onecaneasilyincorporatein this approachbound(3.1). This we carryoutin our numerics
section.

We note herethat thereis a signi cant amountof researchdevotedto the analysisof
norm-basegreconditionergor symmetricsaddle-poinproblemsand derivation of bounds
of type(3.2). Someof theproblemsconsideredomefrom ground-water o w applicationg5,
6, 11, 16, 23, 25], Stokes o w [9, 26, 24, 14, 10], elasticity[15, 2, 18, 8, 20], magnetostatics
[21, 22] etc.

3.1.2. Nonsymmetricinde nite problems. While corvergenceof iterative methoddor
nonsymmetrigroblemss notfully understoodboundssuchas(3.2) areclearlyattractiein
apreconditioningcontext.

They guarante¢hatfor boththesingularvaluesandtheabsolutevalues
of theeigervaluesareboundedrom below andabove. Thismeanghattheuseof thenormas
apreconditionecanberecommendedlsoin thenonsymmetricase . The generabpproach,
as suggestedy the form of (3.2) is to employ an iterative solver in the -inner product
with left preconditioner . Theresultingalgorithmis equivalentto emplagying anEuclidean
innerproductandsystemmatrix andoutputaresidualmeasuredh thenorm

whichis whatwe wantto monitor. We carry out this kind of proceduren the case
of the GeneralizedMinimum Residuaimethod(GMRES).

3.2. The nonlinear case. In the nonlinearcasethe approximationof the solutionsby
mixed or mixed-hybridmethodsin combinationwith the linearizationof the operatorby
a Newton methodor a Picardapproachyields a sequencef nite dimensionalproblems
of type (2.4), generallynonsymmetriceachof which satisfy the stability conditions(2.6).
Writing theapproximatiorof problem as

afterlinearization we wantto solve

(3.3)
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where

and

In practice,aninnerouteriterationprocesss the methodof choicefor large problemswith

aninnerlinearsolwe, typically aniterative processandanouternonlinearupdate A popular
approachs the Newton-Krylov procedurewherethe outer Newton iteration usesan inner
iterative procedureof Krylov type to solve the linear system(3.3). The ef ciency of such
methodgelieson thechoiceof innerstoppingcriteria. This wasrecognizedy Demboetal.

[12]. Wereview brie y theirresultandadaptt to the nite elementcontext.

3.2.1. Nonlinear stoppingcriteria. Letusassumehatwe seekthesolutionof problem
(3.3) via aniterative routinein which atevery step we computeor estimatearesidual

Sinceinitially system(3.3) approximategoorly the equation onecancompute
only a coarseapproximationto the solution . As corvergenceof the outeriteration
improvesone would want to improve the quality of . Oneway of achieving this is
throughthe useof of thefollowing innerstoppingcriterion[12]

(3.4)

The norm emplogyedin (3.4) is general thoughin practicethe standardEuclideannormis
employed. This is wastefulin a nite elementcontext. In particulay given the result of
Theorem3.1, we proposeto evaluatethe above criterionin therelevantnorm

(3.5)

Criterion (3.5) is to be combinedwith criterion (3.1). Thus,while (3.1) is not satis ed, one
employs ateachnonlinearstepaniterative methodwith criterion(3.5). Moreover, thechoice
of in (3.5 needsto be relatedto in (3.1). Thus,if the problemis large, onecan
computea satishctorysolutionin justafew iterationswithoutthe needto attaina very small
orderfor thenonlinearesidualwhichin a nite elementontet hasnorelevantmeaning A
typical algorithmfor solving (3.3) is outlinedbelow:

,choose tol _out
while tol _out
, ,tol n
GMRES tol _in
endwhile
wherethe iterative routine GMRES tol appliedto a matrix computesan

approximatesolution  suchthat
tol

A GMRESroutinewhich usesthe -normin its stoppingcriterionis a GMRESiteration
inthe -innerproductpreconditionedrom theleftby  (cf. section3.1.29.
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3.2.2. 3-term GMRES. It wasshawn in the positive-de nite casein [1] thatthe GM-
RES methodin the -inner productwith left preconditioner is a three-termrecurrence
provided isthesymmetricpartof . In thiscasethe preconditionedsystemmatrixis a
normalmatrix

where is a skaw-symmetricmatrix. Suchanimplementatiorof GMRESis storage-freea
desirablefeaturein aniterative solver. Onewould naturallywantto extendthis to the indef-

inite case particularlyfor the casewherewe have to solve a long sequencef problemsof

type(3.3). We showv how this canbe achiezedfor a classof nonlinearsaddle-poinproblems.
Let in (3.3 havetheform

where  arenonsymmetrigositive-de nite for all , a standardassumptiorfor a greatva-
riety of problems et usreplacethe sequencef problems(3.3) with thefollowing sequence

(3.6)

where and is asymmetricandpositive de nite matrix. It is easyto seethatthis
sequenceorvergesto the samesolutionprovided is sufciently small;in fact,we require

Multiplying the secondsetof equationdy minusone,equation(3.6) becomes
(3.7)

andthusonecansplitthesystemmatrixinto asymmetriqpositive-de nite) andanti-symmetric
part

It is clearnow thatthethree-termGMRES methoddevisedfor the scalarcase] 1] will work
alsoin this case providedwe preconditiortheabove matrix centrallywith the Hermitianpart
of themodi ed matrix

Residuakornvergencewill thenbe automaticallymeasuredn thenorm

It is clearthat will bechosertobe ,while  will bein generalequvalentto , when
not identically equalto it. Thus, during the Arnoldi process,one canmonitor strictly the

-norm of the residual. Numericalexperimentdndicatethat the methoddoesnot affect
the corvergencerate of the outeriterationfor  sufciently small, the advantagebeingthat
onecanemploy ashort-termrecurrencdor theinneriteration.
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4. Experiments.

4.1. Testproblems. We usedtwo testproblemssuggestedn [4]. The rst is Stokes
o w in the unit squarewhile the seconds 2D Navier-Stokes o w in a cavity, which triesto
mimic the behaiour of the driven-caiity ow. Note thatthe formeris a symmetriclinear
problemwhile thelatteris a nonsymmetrimonlinearsystem.The problemswe solvedare

(4.1a) in
(4.1b) div in
(4.1c) on

and

(4.23.) in
(4.2b) div in
(4.2¢c) on

bothof which have the solution givenby

where

and aretwo realconstantshatcanbe usedto modify the o w behaior. The pressure
satis es

(4.3)

andthis is the type of condition one canuseto ensurethat equationg4.2) have a unique
solution.
The problemusedin our testscorrespondso the choice . Stream-
linesandpressurelotsfor thesevaluesof aregivenin Fig. 4.1
We solved (4.1), (4.2) using the discretemixed formulation (2.4) where the space
with . In particular we choseto work with thenorm

where and

Our discretespaces were nite elementspacespannedy quadraticbasisfunctions
in the caseof the velocity spaceandlinear basisfunctionsin the caseof the pressurespace.
We employedisotropicmeshegreatedby a generaimeshgeneratar
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0.5

0.5 1

(a) Streamlines (b) Pressure

FiG. 4.1. Exactsolutionfor

4.2. The linear case. We choseto comparethe stoppingcriterion (3.1) with both the
exact nite elementerror and interpolationerror measuredn the normsinheritedby the
problem.We computed

(i) FE: therelative errorsbetweenthe solutionat step andthe exact continuous
solutionof either(4.1) or (4.2

(ii) FIE: therelative interpolationerrorsinvolving theinterpolant  of

(i) HINV: the -normcriterion(3.1) with  estimatedn a coarsemesh

(iv) thestandard -normstoppingcriterion

We rst displayin Fig. 4.2theresultsfor MINRES precondltlonedN|th thenormin the
caseof the Stokes problem. In Fig. 4.2 (a) we plot the value of the global error while in
Figs.4.2 (b), (c), and(d), we plot the valuesof FE, FIE, HINV, and -norm of theresidual
for eachone of the component®f the velocity andthe pressurewhich in this caseappear
distributedunevenly. The pressureeomponenprovidesthe largesterror, while the velocity
componentappearo converge faster This will not be the casefor the nonsymmetricex-
ample. Moreover, the interpolationerror seemgo be higherthanthe enepgy in the caseof
the pressureandthis is alsore ected globally. Our guessis that this is to do with impos-
ing condition(4.3) numerically We remarkherethat Theorem3.1 is only applicableto the
globalsolution andthereis no reasorto expectthatthe criterion shouldwork
componentwise.

We alsoexaminedthe cornvergenceof the symmetricallynorm-preconditioneEMRES
appliedto the Navier-Stokesproblem.More precisely we computedhe solutionto the non-
linear problemusinga Picarditeration, but displayedonly the resultscorrespondingo the
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lastlinear systemsolve. As before,the convergencecanbe examinedglobally or separately
for thedifferentcomponent®f the solution. Thesecurvesareshownn in Figs.4.3and4.4 for
two valuesof thediffusionparameter: ,and . Again,thecriterionworks ne;
moreover, it seemsghatin this casethe componentorvergencecanbe describedby com-
ponentsof our criterion, a featurewhich did not work for MINRES. More precisely plots
(b), (c), and(d) seemto indicatethatvelocity and pressureesidualscan provide respectie
bounddfor the velocity andpressurdorwarderrors.

4.3. The nonlinear case. In this section,we presenthe resultsfor the fully nonlinear
Navier-Stokesproblem(4.2).

First, we show the simplerun of unpreconditionedsMRES asa solwer for the Picard
iterationappliedto thenonlineamproblem(4.2). ThePicarditerationtakestheform (3.3), but
we usedthe modi ed iteration(3.7), in orderto both exhibit its corvergencepropertiesand
highlight the relevanceof our stoppingcriteria.

Thechoice in (3.4) doesnotaffectthenumberof nonlinearterations
in ourtests.Notethatthenormin (3.4) is the Euclideanone. The purposeof this criterion,as

e=1; N=2113; solver=MINRES
T T T T

e=1; N=2113; solver=MINRES
T T T T

10° 10°
107 10?
10" T 10" N
o N 6 h S
10 10
NN .
8 ﬁg -8 x\
10 = 10 —
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0l o Fe 1 10 —— FIE
HINV HINV
107 — 2-‘norm 1072 — 2-‘n0rm
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uvp u
(a) Global(uvp corvemgence (b) Componenti corvergence
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10° | : S : ] 0%} S
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FiG. 4.2. Corvergencecriteria for preconditionedINRES.
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describedn [12] is to make GMRESwork hardonly whenit matterg(i.e., whentheresidual
is sufciently small).

The nonlinearcorvergencehistoryis displayedin Fig. 4.5. More precisely the 2-norm
of theresiduals , concatenateffom all nonlineariterations(7 in this case)is plottedto-
getherwith the enegy-errorandthe -norm of theresidual,which is computedexactly
for illustration purposes.Of course,in the caseof unpreconditionedsMRES:it is not clear
how onecouldderive anapproximatiorfor , exceptthroughdirectcomputation.

The errorsare of the order for the velocitiesand for the pressurggiven
solutionsof orderone),which indeedareof the orderof the FEM error.

In Fig. 4.6 we displaythe corvergenceof the 3-term GMRES methodin the last Picard
stepof thenonlineariterationof type (3.7) usingthe Hermitianpartto symmetricallyprecon-
dition the system.We point outthatthe choice in (3.6) did notchangethe number
of nonlineariterations.

Finally, we presentheresultsobtainedusingthe 3-termGMRESalgorithmsuggesteéh
Section3.2.2for solvingthe full nonlinearproblem.

e=0.1; N=2113; solver=SYM-PGMRES e=0.1; N=2113; solver=SYM PGMRES
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uvp u
(a) Global(uvp) corvergence (b) Componenti corvergence
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FiG. 4.3. Corvergencecriteria for symmetricallypreconditionedsMRE Sfor
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FI1G. 4.4. Corvemgencecriteria for symmetricallypreconditionedsMRESfor
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FIG. 4.5. Nonlinearcorvergencecriterion (3.5) vsstandad 2-normcriterion for unpreconditionedSMRESIn
thecase
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FIG. 4.6. Corvemgencecriteria for symmetricallypreconditioned3-termGMRES.
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FIG. 4.7. Corvegencecriteria for thefull nonlinearproblemusingsymmetrically-peconditimed GMRES-Picad

First, we notethat differentchoicesof

curves. We presenta typical examplein Fig. 4.7 (with
vergencepropertiedor severalchoicesof parameterin Tables4.1and4.2. In particular we

choseto work with

, for threevaluesof . We settol

will leadto differentnonlinearcorvergence

) and highlight con-

_out andhighlighted

the numberof iterationsneededfor this “classic” criterion comparedwith that suggested

in the algorithmabove wheretol _out

for and

for

. We worked with
; we notethatthis leadsto a robust

and

stoppingcriterion which we highlight in the vertical lines acrossthe corvergencecurvesin

Fig. 4.7. As expected,a small value of

leadsto bestperformancen the -

norm. In particular the GMRES-Picardalgorithmis mostwastefulwhenwe attemptto solve
eachiterationto the full FEM errorlevel, i.e., when

, the corvergencss relatively robustwith respecto the parameter

. Onthe otherhand,when

5. Conclusion. We shavedhow theresultsdescribedn [1] canbeusedandextendedn
theframework of mixedandmixed-hybrid nite-elementapproximatiorof partialdifferential
equationsystemsn saddle-poinform.
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TABLE4.1
Total numberof preconditionedGMRESiterations for the full nonlinear solution of our test problemwith
usingboththeclassic( ) anddual stoppingcriteria

dual classic| dual classic| dual classic
26 83 30 125 31 175
31 112 33 155 37 199
45 170 49 215 52 257

TABLE 4.2
Total numberof preconditionedGMRESiterations for the full nonlinear solution of our test problemwith
usingboththeclassic( ) anddual stoppingcriteria

dual classic| dual classic| dual classic
229 914 309 1440 | 405 1928
317 1261 | 405 1754 | 495 2205
544 1949 635 2385 | 722 2747

Moreover, we describechow the dual norm of the residualcan be easily usedwithin
classicaKrylov methodgo obtainreliableandef cient stoppingcriteria.

Finally, we describechow to generalizeéhesetechniquego the nonlinearcase thusob-
taining a considerablegainin ef ciency. In particular we shaved how the useof the dual
normof theresidual(essentiallythe enegy normof the error) canbe successfullcombined
with ashorttermrecurrencésMRESin orderto solve nonlinearsaddle-poinproblemssuch
asNavier-Stokesequations.
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