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FOR THE BIHARMONIC PROBLEM ™!
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Abstract. We study a weakly over-penalized symmetric interior penaltthoefor the biharmonic problem that
is intrinsically parallel. Botha priori error analysis ane posteriorierror analysis are carried out. The performance
of the method is illustrated by numerical experiments.

Key words. biharmonic problem, finite element, interior penalty methodakvever-penalization, Morley ele-
ment, fourth order

AMS subject classifications.65N30, 65N15

1. Introduction. Recently, it was noted irf] that the Poisson problem can be solved by
a weakly over-penalized symmetric interior penalty (WOPBShethod 10, 12, 25] with high
intrinsic parallelism. The WOPSIP method satisfies the sama estimates as the standard
P; finite element method and also the same condition numbenatsts after precondition-
ing. Furthermore, there exist two orderings (edge-wiseelathent-wise) of the degrees of
freedom (dofs) so that the stiffness matrix for the WOPSIRhoet is the sum of two matri-
ces, each of which is block diagonal with respect to one cféhte/o orderings. In fact, the
matrix representing the piecewise Dirichlet form I3as 3 diagonal blocks with respect to
the element-wise ordering of the dofs, while the matrix espnting the jumps across edges
hasl x 1 or 2 < 2 diagonal blocks in the edge-wise ordering. The simple prditmner is
also block diagonal withh < 1 or 2 %< 2 blocks in the edge-wise ordering of the dofs. These
properties of the WOPSIP method make it an attractive canelibr iterative solvers for the
Poisson problem.

In this paper, we extend the WOPSIP approach to fourth onddslgms and develop a
method that also has high intrinsic parallelism. For sigiplji we consider the biharmonic
problem on a bounded polygonal dom&n[_R¥.

Letf [I1(Q). A weak form of the biharmonic problem is to find [H3(Q) such that

(1.1) au,v) = (f,v)  MCH(Q,
where
1
a(w,v) = D?w:D?vdx Mw CHZ(Q),
Q
| S—v. ¥ 2
D?w : D?%v = v

ij=1 aXian aXian '

and(, -) denotes thé., inner product. Here and throughout the paper, we follow thedard
notations for Sobolev spacek [L6].
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Conforming finite element methods fot.() require C* finite elements 3, 15] that
involve higher order polynomials and hence are quite corafgid. Alternatively, one can
solve (L.1) by nonconforming finite elements that involve only low argelynomials. The
WOPSIP method in this paper is based on the Morley elen&ht26]. By removing the
continuity conditions of the Morley element through wealelepenalization, we obtain an
intrinsically parallel finite element method fat.().

Our goal is to demonstrate theoretically and numericalbt the performance of the
WOPSIP method is similar to the performance of the Morleytdiriement method (in terms
of the magnitudes of the discretization errors), and thaeféinient adaptive algorithm is
available for the WOPSIP method. This is an important stéprbehe intrinsic parallelism
of the WOPSIP method is further exploited.

The rest of the paper is organized as follows. We introduceesbasic definitions in
Section2. The WOPSIP method is defined in Secti®rSectiond contains some preliminary
estimates. The priori analysis anda posteriori analysis of the WOPSIP method in the
energy norm are carried out in Sectidnand6. Some extensions of the WOPSIP method are
discussed in Section Results of numerical experiments are reported in Se&j@nd we
end with some concluding remarks in Secttbn

2. The set-up. Let T, be a simplicial triangulation a®. We adopt the following nota-
tion:
h; = diameter ofT (h = maxr ;3 hy)
he = the length of the edge
|T| = the area of the trianglé
me = the midpoint of the edge
E! = the set of all the interior edges of (the trianglesTaf)
ER = the set of all the boundary edges of (the trianglesTqf)
En = Ej CEY
Vi = the set of all the vertices of (the triangles @f)
V+ = the set of the three vertices of
Er = the set of the three edgesDf
Te = the set of the triangle(s) if, such that [E}
Ep, = the set of edges iBy that share the common vertpx[V},
Ve = the set of the two endpoints of the edge
v+ = V|t, the restriction of the functiom on the triangler
Let k be a nonnegative integer. We define the piecewise Sobolee sp¥Q, Tr,) asso-
ciated with the triangulatiofy, by

HX(Q,Th) = {v CIL(Q) : v, CH*(T) LCT CTh},

and the semi-norm |k q 7,y by

1
(21) |V||2—|k(Q,Th) = |V|2Hk(-|—)
T [Od

Lete IZE}, be a common edge of the triangles [T}. Forv CH(Q, Th), we define
the jump[v]e of v acros= (in the sense of trace) by

[Vle = v+ —v—,

wherevy = V%L. If v [CH?(Q, Th) andp belongs to the closure ef we define

Iv(PIe = IVIe(p) = v+(p) — v-(p).
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Let ne be the unit normal o pointing fromT_ to T+ andt. be the unit tangent vector
of e obtained by rotatinge through a counterclockwise right angle (cf. Fig@ré). For any
v [H?(Q, Th), we define the jumps and means of the normal and tangentightiees ofv
acros by

"%&":": 0V+E_6V_E and []%\I;[I:I]i E GVE

one one

on an
Ea& = oV E_ ov_ E 72_5 E
ot ote ote 5 R ote '3 ate s

e e

If v CH3(Q, Th), the pointwise values of the jumps and means of the derastive well-
defined. Similarly, for anw [CH®3(Q, Ty), we define the jumps and means of the second
order derivatives of across by

I I EI 1
% 0%V, E aZV_H v 1%v+E E
u:fznz 6r21§ s 6n22 2 2 I:algg S ang2 e O

% 0%V 0°v_ } = 0°v_
ondt ,  Anedte'y Onedte a at 2 0nedtey]  onedte '
P+
LI 11
LA 1]
C 1" 1
L1 nNe 1
1 L1 [
A | N [ gl
C 1t e 1
1 1
L1 T L1
C—1'- [ 1
I
L1 11
P

FIGURE 2.1. Two neighboring triangle§— and 7'y that share the edge with the unit normak.. pointing
fromT— into T'y.

Lete IZE,E be an edge of the triangle [T},. We define

[l%[lll:vh: _VT@ ﬂ%] ) Lvl l:Bl(QrTh)y
v 0w and o E V1 CH2(Q, Th),
an on ot ote
3 =1, 1
oV 9V and oo o [V CA3(Q, Th)
onz _~ onZ L ondt . 0nedte - o

whereng is the unit normal o€ pointing towards the outside 6f andt; is the unit tangent
vector ofe obtained by rotatingl. through a counterclockwise right angle.

The finite element spad4, for the WOPSIP method is the space of discontinuous piece-
wise quadratic polynomials associated with The Morley finite element spadg)”’ asso-
ciated withTy, is a subspace ofy,. A functionv [V}, belongs td7h“" if and only if (i) v is
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continuous at the vertices M, and(ii) dv/dn is continuous at the midpoints of the edges
in En. The dofs forv))" are the values of a function at the vertices and the meanwaliies
normal derivative on the edges. The interpolation operhtor H?(Q) —— \7h“" is defined
by the following conditions:

(2.2) (1) (p) = L(p) Lpl LV},
0(Ind) _  9¢
(2.3) Me one l'leane Cel CE,

where the projection (mean value) operdiar: L,(e) — Pg(e) is defined by
1

1
Mev = — ds.
eV h evs

It follows from (2.2)—(2.3) and integration by parts that
1] 1

(2.4) D?C : D?vdx = D?(Ixl) : D?vdx L CH?(Q), v [\, T CT.
T T

Moreover, the Morley interpolation operator satisfies ttamdard 6] error estimate

(2.5) [+ 1nl 0 (ry + he [T = Wl ey + b2 (2 = Indlnzery < ChS [T ws )

forall{ [H3(T),2<s<3andT LTj}.

REMARK 2.1. Throughout this paper we uSe(with or without subscripfsto denote a
generic positive constant that depends onlyoand/or the shape regularity ©f. To avoid
the proliferation of constants, we also use the notaflort B to represent the inequality
A < (constan}- B, where the constant only depends@and/or the shape regularity of.

Note thatl, mapsH3(Q) into VM = {v V™ : v vanishes at the vertices ®f, along
0Q anddv/0n vanishes at the midpoints on the boundary egiges

Finally, we recall the definition of the Hsieh-Clough-Tocliiaite element space,*"
associated with a triangulatior, [13, 16]. A function v belongs toV7*" if and only if
(i) v Ca(Q) n HZ(Q) and(ii) v is piecewise cubic on each [T}, with respect to the
partition generated by connecting the three vertices & the center off . The degrees of
freedom of a function iV{**" are the values of the function and its first order derivatates
the interior vertices and the mean values of its normal dévig on the interior edges.

3. A Weakly Over-Penalized Interior Penalty Method. The WOPSIP method for
(1.1 is to findup, [V} such that

(3.1) an(un,v) = (f,v) [V,
where
1
(3.2) an(w,v) = D?w : D?v dx + ha? (Me[ow/an]e) (Me[dv/0n]e)
T T e [Ed
+ he *Iw(E)le[v(P)Ie-
p OV e [EJ)

REMARK 3.1. The bilinear forman (-, ) is independent of the choices ®f. in the
definitions of the jumps.
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REMARK 3.2. Note that, by the midpoint rule, we have

ﬂ:(?& [I:I]: I]:aﬂv [

an a?(me) .

e

Me vl [V}, e CE}.

REMARK 3.3. We refer to this method as a weakly over-penalized nietiezause the
over-penalized terms are well-defined BI?(Q), the Sobolev space where the weak form
(1.1) of the biharmonic problem is posed.

REMARK 3.4. Forv [V andw [V + HZ(Q), we have

an(v,w) = D?v : D?w dx.
Trog T

Thus, the WOPSIP method becomes the Morley nonconformirtgadevhen restricted to
the Morley finite element space.

We will use the function values at the vertices and the vatifeke normal derivatives
at the midpoints of the edges as dofs for the finite elemerdesa There are two natural
orderings for the dofs. In the first ordering, where the defsoaiated with a triangl€ [T},
are always consecutive, the bilinear form

D?w : D?v dx
Trog T

is represented by a block-diagonal matrix wéthx 6 diagonal blocks. We will refer to this
ordering of the dofs as the element-wise ordering.

In the second ordering, where the dofs associated with aware always consecutive
and the dofs associated with a midpoint are always consegtitie bilinear form

1 C 11T 1
hg? (Me[ow/dn]e) (Me[ov/on]e) + he *Iw(p)le[v(p)Ie
elEd p LVd e [Ed

is represented by a block-diagonal matrix. The diagonatibtmrresponding to a midpoint
is eitherl x 1 (boundary midpoint) o % 2 (interior midpoint), while the diagonal block
corresponding to a vertex | < m, wherem is the number of triangles ifi, that share the
vertex as a common vertex. We will refer to this ordering &f dofs as the vertex-edge-wise
ordering.

In view of this splitting of the stiffness matrix, the opecat of multiplying a vector
representing the dofs of a finite element function by théngtffs matrix can be easily paral-
lelized. Thus the WOPSIP method is intrinsically parallel.

The ill-conditioning of the WOPSIP method due to over-peraion can be remedied
by a simple preconditioner. Let the bilinear fobg(-, -) onVy, x Vi, be defined by

, Oy, O, 5
br(w, v) = wr (p)Vr (p) + h2 Mes Mo
TLId p e[Ed
11 1
+ Me[ow/on]e Me[ov/dn]e

e

+ hg 2[w(p)lelv(p)Te-
p OV e [EJ
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The following lemma shows that the discrete problem resgftiom the WOPSIP method
behaves like a typical fourth order problem after precaoding by the operator associated
with bn (-, ).

LEMMA 3.5. Let the operatoré\,, By, : Vi, — Vthe defined by

[Byw,viF ap(w,v) and [Bpw,VvIFE by(w,V) vjw [V,

where[-]- [0k the canonical bilinear form okih‘jx Vh. Then the following condition number
estimate holds for a quasi-uniform triangulatidp :
A EI—1A -
(3.3) M gh "N ch,
}\min Bh Ah
Where)\maX(B,TlAh) (resp.)\min(BglAh)) is the maximungresp. minimueigenvalue of
By, 'An.
Proof. First we note that all the eigenvaluesﬁlAh are positive since bothn(, -)
andbn (-, -) are symmetric positive definite bilinear forms 8. From scaling, we have
2 —2 - 2 2 ov
|V|H2(T) /S hT \Y (p) + hT nea? |J_L| I:Eb(T)!
p OV e B4

and hence
ALV, VIE an(v,v) <h 2bp(v,v) = h 2By, v [V LV},
which together with the Rayleigh quotient formula implies

1 1 BV, vl
(3-4) }\max Bh lAh = max hv,V <

Cch™2.
vIvi\{o} (Bpv,vLT

In the other direction, it follows from a Poind#riedrichs inequality for piecewis¢? func-
tions [14] that
- = O -
(35 Mg < Mot he *[VIZ + hg* Tle[ov/on]e = ds
elEq ©

for all v [CV},. Furthermore, we have, by scaling and a standard intefpolatror estimate
[13, 18],
1 1
h.3[v]2ds < 2 ho® [v—v']2+[v']? ds
(Ed € Ed €
° = C 1 1 1
h73(v —v')?ds + he ?Iv(P)I2
aT
|:T|Em :El:lpma eclg_g_'
S M@y *+ he “Iv(p)12 v LV,
p [V e [Ed

(3.6)

A

wherev' is the piecewise linear polynomial such thvatagrees with/; at the vertices of
forall T [CT}. Note also that (again from scaling)
S e, B
37 h? v¥(p) +h? Meo> S NIEq,  DACPK(T), T [T
p O e [E4
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Combining the estimate8.(6)—(3.7), we find
=, B

h? v(p) +h? o~ < N,
T [TH pEIa e [E4 T [TY -
S My + h?Ive)Is +  (Melov/onle)? TV,

p V] e [Ed elEd
which implies
h? BV, vEF h?bn(v,v) < an(v,v) = Bpv, v LV,
and hence by the Rayleigh quotient formula

1 ] [Bhv,vl]
. -1 — : hV, ~ 2
The estimate3.3) follows from (3.4) and (3.9). a

REMARK 3.6. Note that the matrix representing the bilinear fdigg-, -) is block-
diagonal(with small diagonal blocKsin the vertex-edge-wise ordering of the dofs. Therefore
the preconditioning can also be easily performed in pdralle

4. Preliminary estimates. In this section we establish several results that are ugaful
the error analysis of the WOPSIP method.

We begin by constructing a linear operaky : Vy, — V" by averaging. LeN be
any (global) degree of freedom Wf*", i.e., N (w) is either the value of a functiow or its
first order derivatives at an interior vertexf or the mean value of the normal derivative of
w on an interior edge. For [V}, we define

1 1
(4.1) N(Env) = Tl N (Vr),
T [N

whereTy is the set of triangles iy, that share the degree of freeddhand|Ty| is the
number of elements dfy .

LEMMA 4.1. The operatotEy, has the following properties

— —— ]
(4.2) h* - EpviE]ry < C he 3[v]2 + hot[av/on]? ds,
T L[TY elEd &
]
(4.3) IV = EnVIi2r,y = C hg 3[v]2 + hot[ov/an]? ds,
elEqd ©
for all v [\},.

Proof. Letv [V}, be arbitrary anadv = v — E,v. From scaling, we have

—
(4.4) h* - Env ] )

o I 2II:II D2' 2 2 L] I:2I 2 -
< o n W2 (p) + h2 | CEEXp)2 +  h2|(0ws /on)(me)l? .
T [TH pIva s=
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It follows from (4.1), scaling, and a standard inverse estimag; 16] that

11 [ B - —=h
(4.5) h7>  wi(p) S  h? OIS h *[vl2ds,
TLTd p D T T4 p V3 e [EJ - e ?IE%I] €
\' \"
| Cazk(p)|* < ﬁ(p) + afn(p)
T [Td p OV TI[Tdp ml% e e
1 1
(4.6) < hot  [ov/at]? + [ov/an]? ds

e[Ed e
]

< ha3[vl2 + ho[ov/an]? ds,

S
— — [ e DR —
(4.7) 1w /an)(me)[? < s-(me) < hg' [ov/on]ids.
T O e (4 T [OId e (4 €  e[Ed €

The estimate4.2) follows from (4.4)—(4.7). The estimate4.3) in turn follows from @.1),
(4.2), and an inverse estimate. 0O

COROLLARY 4.2.We have

|
A4 = Env ]y + 72V = EnvIZ
T [Td

(4.8) I:'I" IV = EnvIfizca1) + [EnVifiz ) .

2 L5 =2 2
=C WMz *+ Me[ov/on]e = + he “Iv(ple
e [EH p[VH e [EJ

for all v [CV,.

Proof. Letv [V}, be arbitrary and' be the piecewise linear polynomial such thatand
v} agrees at the vertices ©ffor all T [T}, It follows from scaling, a standard interpolation
error estimate and the trace theorem that

ho1[av/an]3ds
elEq ©
—1 - 1 L?“ I_—E'—I—l 1 2
< hg = Mefov'/on]e “ds + hg “[0(v — v')/on]sds
elEq & elEq_°©
—1 o |_2__| —1 1 2
4.9 < he = Me[ov/on]e “ds + hg “[0(v — v')/0on]zds
elEq © eE e
L 11 PYJ — L
< Me[ov/on]e ~ + h; o(v—v")/0n “ds
e T oT
SRR A TS R v
e[Ed T [1d

) —1
The estimate for | h 4 - Epv @(T) follows from (3.6), (4.2) and @.9). The rest of
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the estimates then follow from inverse estimates and thadte inequality. O
COROLLARY 4.3. We have

[—
(4.10) h! | vk Env)|?ds
T TR aT
|:|2 C 11 Py I:EI;ZI 5 L1
S M@y Mefov/on]e ~ + he “Iv(pIe
elEd p Ve lEd
forall v [CV4,.
Proof. From scaling, we have
— , 1
hy | L0 Epv)f2ds < h7* - Env ] 1y,
TITH oT TITH

which together with4.8) implies @.10). 0
The following result shows th& I, can be treated as a quasi-interpolation operator.
LEMMA 4.4. Let{ [HS(Q) for2 = s < 3and 1, Iﬁﬁ" be the Morley interpolant
of . We have

(4.11) [+ EnlndlL,@) + hIZ = Enlndlni@) + h?I0 — Enlnllhz@) < Ch®|Ths(oy.-

Proof. Since( — Ep1,{ = 0 if C is a quadratic polynomial, the estimateX1) follows
from the Bramble-Hilbert lemma6g] 19] applied to element patches. (Details for similar
results can be found ir8]). a

REMARK 4.5. The construction d&y, and the derivation of its properties exploit the fact
that the Hsieh-Clough-Tocher element i€ &relative of the Morley element. Suemriching
operators appeared in the analysis of domain decompositgihods and multigrid methods
for nonconforming finite element§[8] and in the a posteriori error analysis o€4 interior
penalty method for the biharmonic problef].

Next, we recall two estimates fromi ], 22] that generalize the local efficiency estimates
in thea posteriorianalysis. They are derived by the technique of bubble fanstp, 29.

LEMMA 4.6. Letu be the solution of1.1). We have

I:4| 1 ]
(4.12) h? FIE] 1y < C U= Vl|n2(a 1, + Osc(F, Th) vl [V,
T [1d
[— Y . 5l
(4.13) he = ds<C [u—V|n2eT,) + Osc(F, Th) vl [V,
o [En e ONZ
where
Cir— a1 _ Lifh
(4.14) Osc(f, Tn) = hi E-F ey

T CTH

andf is the piecewise constant function that takes the mean wdifien eachT [T}, i.e.,

-
f‘%:i f dx.
ITl -
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Finally, we observe that, by replacingvith u — v in (3.6) and ¢.9), we have

[ — [ —
(4.15) hy®  [v]2ds = ho®  [u—v]3ds
e e
e[EQ 1 e[EQ 1
=C |U — V|2H2(Q,Th) + he._zl[(u - V)(p)]lg v LV,
p OV e [EJ
r 1 gv el L — g(u —V) =
(4.16) hg — ds= hg —~—~ ds
o[En e ON o[En e on o
L1 ) | I | py
=C u—V[gzqT,)* Mefo(u —v)/on]e vl V.
elEd

A standard inverse estimate ard1(6) immediately yield the following estimate:

— R P = L1
(4.17) he St ds<C U—VEaqr,* Me[o(u — v)/an]e
e[E] € € e[EQ

for all v [\},.

5. A priori error analysis. We measure the error in the energy norm

—1
(5.1) [MIxl=  an(V,v)
]

= |v[? h2 (Me[ov/on]e)? ho4 2
= ety e (Me[ov/on]e)” + e IvmIe
eEd p [V e [EJ

Following the ideas in42], we will show that the WOPSIP method is quasi-optimal in the
energy norm up to terms that are of ord#¢h), using only the weak probleni (1) and the
tools developed in Sectioh Thus, the proof of the theorem below does not rely on any
elliptic regularity theory for the biharmonic problem.

THEOREMb5.1. Letu andup be the solution of1.1) and(3.1) respectively. We have
] - — Lok -

(5.2) [— up < C Vi&;g (- v G H hilulfeery  +Osc(F, Th) .
TL[TH

Proof. Letv [V}, be arbitrary. First, by duality, we have

(5.3) [l uplpls M- ViRH V- up [l - vigH  max an(v — un, W)
w [VA\{0} il ]

Next we write, using1.1) and @.1),

an(v —up,w) = an(v,w) — (f,w)
(5.4) = an(v,w — Enw) + an (v, Epw) — (f,w)
= ap(v,w — Enw) —an(u — v, Epw) — (f,w — Eqw)
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and record the obvious estimates

(5.5) |an(u—vV,Epw)| = % D?(u—v) : D?(Epw) dx%
T T
< U= Vl]nz2 1) |[EnWlH2(0) < W= v Twil,]
(| — PV EE S— Lid
(5.6) |(F,w = Enw)| < hi I:ﬂ:|2_:|2(T) hT_4 W — Epw |:|2_:|2(T)
1 T

S U= V|heT,) + Osc(f, Tr) Dwily]

that follow immediately from4.8), (4.12), and 6.1).
It remains to estimate the terap (v,w — Epw). We have

an(v,w — Epw) = D?v : D?(w — Epw) dx
T
R —
(5.7) +  hg?(Me[ov/an]e)(Me[d(w — Enw)/an]e)
b -
+ he *IV(P)Ie[(W — Enw)(P)]e-
p V4 elEd
Using (6.1), the two last terms on the right-hand side Bffj can be easily estimated:
L1

hg 2(Me[0v/on]e)(Me[d (W — Enw)/0n]e)

elEd —
+ h *[v(P)Te[(W — Enw)(p)]e
pMde
(5.8) = h;2(Me[o(v — u)/on]e)(Me[ow/dn]e)
elEd
+ hg *[(v — u)(P)Ielw(p)]e
p V] e [Ed
< [W— v [y TWIL]

For the first term on the right-hand side 6f7), we find from integration by parts that
D?v : D?(w — Epw) dx

Ty T
ﬁg ":"%J](w Ehw)
n2

on

elEq © e
'ﬂ]z w— E w
(5.9) o o u%? n ) ds
ﬂ g(w Ehw)
orEy © onot ot
I]:I]
ﬂz @W_Ehw)
d
— onot ot

=81 +Sy+S3+ Sy,
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and we can estimate the four sums as follows.
From direct calculations, scaling, arél {), we have

. e P
S1=- oz e 5 O
elEd © e e
T g, o
- e 3.0 e N

- onz on
h4

Vv an m— L Y )
© o he” M Gn
- o )
—
S hiV[Eeery  DWICR]

(5.10) <

A
>
N

DU = Ve * lUlfieer (wily)

and

Iﬁ; u:n%ﬂ ()|
— oV ow ds
ey © onot _ odt
< 2 2L oh2 o wll
= e Fnat e P)le
e [Ed e p OVd
g, o
(5.11) < hi — 2hg Tw(p)Ie
onot
el[Ed el[Ed p DVd
IZI|:2|2 Lo
S h VI Ty e
T[TH

2 2 2
hT U= V[ ey + |Ulfzen (il
T [TH

ng

N

From Corollary4.3, (4.13), (4.17), and 6.1), we have

I L L= e W 1
(512 S;=  he o ds o OW—Enw)
[EQ € an e e an e
< U= Vlnz,T,) + Osc(f, Th) Dwily]

and

5810, B poo——at 50, g ) Tl aa
(5.13) S; = he ds h —= ds
e Onot ¢ e ot
e[Ed e

S = v G Twilg]

e e[Ed
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It follows from (5.9)—(5.13 that
D?v : D?(w — Epw) dx

Ty T
- - — Lk -
< - v hZ Ul (r) + Osc(f, Tn) [Mls)
TL[Td
which together with%.4)—(5.9) imI%Iiles

_ Ci—1 G -
an(v — up,w) 5 5
— = < [~ h + Osc(f, T
e T vIpH ] Tlultizery sc(f, Th)
and, in view of 6.3), the estimateq.2). a

We now invoke the elliptic regularity theory for nonsmootbnaains p, 17, 20, 21] to
obtain a concrete error estimate. According to the regyldneory there exists a number
a [(A/2,1] such that the solution ofi(1) satisfies

(5.14) m+a(g) =Cq |I|:|J—2+cx(9)

when the right-hand sidé [H™2"%(Q) (~[L,(Q)). We shall refer tax as the index of
elliptic regularity for the biharmonic problem.

THEOREMS5.2. Leta be the index of elliptic regularity for the biharmonic preih. We
have

(5.15) [~ U [hl< Ch® [FI] (q).

Proof. Let ILu be the Morley interpolant afi. From @.5), (4.14), (5.2), and 6.14), we
deduce - '
- un = C W= Il hd (U, + 0= F 3
=l o =
< C h*ul2saqq) + N*|UlR2(q) + W FIE] () =Ch* L] . O
6. A posteriori error analysis. We will use the following residual-based error estimator
in our analysis:

Dzﬁb
(6.1) Nh = Ny
j=o0
where
Clr— LA
Mo = ht O]y
TLCTH .

Ch Lo
n= he® [unlids

e
S

Cr 1 Lo
N2 = ho! [dun/on]?ds

e[E4 e
Glb

:l:_zlj
Nz = he < Me[oun/on]e ,

e [Ed
]

11 _1 ,
Na = he I[uh(p)]]e
p OV e [Ed
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THEOREM®G6.1. Letu andup be the solution of1.1) and (3.1) respectively. We have
(6.2) U~ up k1= Cnp.

Proof. From the definition.1), we see that
(6.3) (01— Un [31= |U = Un[fy2(q7,) *+ N3 + 13-
Furthermore we have, from Lemndal,

(6.4) [U—Unh|H2(0,7h) = |U— EnUnlHz) + |EhUn — Un|H2,T0)
< Ju = EnUn|Hz@) + N1 + N2,

and by duality,

a(u — Enun, 9)

(6.5) [u—EnUn|Hzq) = max
@7 @ 1®lH2(0)

Leto [CHZ(Q) be arbitrary. We write, usinglL(1) and @.1),

(6.6) a(u — Enun, @) = (f, @) — an(un, ) + an(un — Enun, 9)
= (f, 0 — 1h@) —an(un, @ — 1h9) + an(un — Enun, ).

From 2.4), (2.5, (3.2), and Lemmat.1, we find
an(un, @ — 1h9) = D2up, : D?(@ — 1h9)dx =0

i —
(f.o—1lho) =< HL ] ¢y [pl— Tho L]y

T T4
L L
= hy EEIﬁg(T) hy " [pl— |h(P|§2_:|2(T)
T [TH T CTH
< Nol®lhizeoy,
an(un — Enun, 9) = D?(uh — Enup) : D?@dx
Ty T

< |uh = EnUn|Hz@,m)l0lH2(Q) S (N1 +N2)10lHz2(),
which together with§.5—(6.6) implies
(6.7) |U—EnUnlhz@,1h) S No + N1+ N2

The estimateq.2) follows from (6.1), (6.3—(6.4), and 6.7). 0

Theorem6.1shows thaty, is a reliable error estimator. The next theorem, which state
thatny, is also an efficient error estimator, follows immediatelyrir (4.12), (4.15), (4.16),
(5.1, and 6.1).

THEOREM®6.2. Letu andup, be the solution of1.1) and (3.1) respectively. We have

1 1
Nh < C —uyH OSC(f, Th) .
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7. Extensions. Letun [V}, be the solution of%.1). We can viewEpup, [CVF" as a
C? solution of (L.1) obtained by post-processing.

THEOREM 7.1. The following error estimate holds for the post-processeltiton
Enup :

|U - Ehuthz(Q) < Ch® IIIE(Q).

Proof. This is a direct consequence @f%), (4.9), (4.11), (5.14), and £.15.
|u— EnUn|H2(Q) < U= EnlnUlpz@) + [En(IhU — Un)lH2()
S u—Enlhulnpz) + hu — up [5]
S u—Enlnulyz ) + hu — ulpH [Ul—up L]
< h I L) 0

Following the ideas ing], we can also derive other error estimatesEpuy,. The key is
to understand the adjoint opera®f—' H3(Q) —- Vj, defined by

(7.1) an(Epdv) =a(@,Env) L@ [H{(Q), v [V

REMARK 7.2. It follows from (..1) and (7.1) thatEld! [V}, satisfies
an(Efd,v) = (f,Epv) V1 CV4,.

ThereforeE [t is the solution of a modified version of the WOPSIP method tzat be
applied to (..1) for a general right-hand side CH™3(Q), where—2 < s < 0.

We begin with a technical lemma.

LEMMA 7.3. Leta be the index of elliptic regularity for the biharmonic preph. We
have

—=h
(7.2) D<C : D*(W — Enw) dx[ Ch® [T b+ a oy WIL]
H 27 2 =l o

.
(7.3) ﬁ D?C: D*(1h¢ — Enlng) dX& Ch?® [Tk +a(qy [QLRk+ oy,
Ty T
forall { CH?*%(Q),w [}, andg [CH?*%(Q) n H3(Q).
Proof. Letw [V}, be arbitrary. We have, by Corollady2and 6.1),
S O %
(7.4) D : D“(W — Epw) dX= [{|12(0) W — EnW]H2(@,T0)
Ty T
< C|ln2 Wikl [UCH?(Q).
ForZ [CH3(Q), it follows from integration by parts that

D2C : D?(w — Epw) dx

T T
—=h — 1
(7.5) =— . [(AL) - [(wl— Epw)dx — # [E?jlr\: ds
Ty elEg © e e
3 I—E|62Z l]:anwﬂ:[l

ey e ONedte ot ds,
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and the three terms on the right-hand side can be estimafeticaegs.
We apply Corollaryt.2and 6.1) to bound the first term:

= S
(7.6) . LAL) - LOW— Enw) dX= [Clhs @)W — ErW|Hio,Th)
TL[T4

< Ch|{|n2(q) Dals]

For the second term, we write

= .

o [ e0NZ on - -
e, O, &b
= — 72—(),)9 67 dS— (A)erle ai dsy
ol © on3 n . ol © n
where
vz b0
T] g onZ

is the mean value a#?7/0n? over a trianglel [T}. We then find by using49), (5.1), the
trace theorem, and a standard interpolation error estithate

Eha S TR

e ONZ
e, —
(7.7) < hilhs ) he an 0+ hefwe| - [Mefow/on]e|
e [Ed € e e [Ed
N — PV N S Y
S ks () Dl hiw? h.2 Tle[ow/on]e
e[EQ elEH

S D[]z @) MILaH h|L |12 (q) DMLLTS h [ICTHb o) DMl ]

For the third term, we write

1
~ =57 =, ,
e ONedte Ot
1| 1
by i 3,
=— —Te —— ds— Te —— ds,
olEy © Ongdte ot olEy © ot
where
-,
SR S S

T T] 1 0nedte

is the mean value @?/dn.0t. over a trianglel [CT3. We then obtain by using(6), (5.1),
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the trace theorem, and standard interpolation error aretsevestimates that

HI_—EHBZZ ﬂ%]W da

e ONOte Ot
s L (WL L e S —
%lo)]]eH

S hl]hs () hy* 3t ds + | Te|
e [Ed Ie:| e e [Ed pvd

E.:_a] 5
(7.8) < hldhs@) he® [wlgds
e[EQ e
I I | Ly 101
+ heté he* w2
e (Ed elEd  pIvd
S [ @)W G H- D[] 2 o) [IW LIS h TSk oy [|w Ll

Combining {.5—(7.8), we have

=h

(7.9) D2Z : D*(w — Epw) dx[ ChZIgko WH] [ CH3(Q).
e T Y- B s
Ty T

The estimateq.2) follows from (7.4), (7.9), and interpolation between Sobolev spadeg!|
27, 29).

Next, we derive 1.3) by a similar approach. Leg CH2*%(Q) n HZ(Q) be arbitrary.
We have, by 2.5 and @.11),

=4
DC: D(Inho — Enlho) dx
Q 27 D¥( )d Q
T T
(7.10) = |Z|H2(Q)|I|:ti(P— Enlh®lhz@ )
< |lnz2@) [Th® — Olhz@,1) + 10 — Enln®lhz(o)
< Ch%|{|2(q) [@LHb+a(q) [ CA*Q).

For{ [CH3(Q), it follows from integration by parts that

D27 : D2(1h¢ — Enlp) dx

R
== . [(AX) - [(@do — Enlne) dx
[TH
(1]
710 B gt S L% i 0
' . e ONZ On _ O0negdte Ot
=- [(AX) - L(LA¢ — Enlho) dx
T T
= @](lhcp o
ormy © on2 We

by 'ﬂ](lhcp @

B 5 e onedt,
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Using .5, (4.11), the trace theorem, and a standard interpolation erronat#, we obtain
from (7.17)

—=h
(7.12) D2Z : D2(In¢ — EnIn@) dx
3 b -
Ty T
< Ch*™|{|3(q) [@LRk+a(q) Qa3 Q).

The estimateq.3) now follows from (7.10), (7.12), and interpolation between Sobolev spadés.
We are now ready to establish the propertieEpf
LEMMA 7.4. Leta be the index of elliptic regularity for the biharmonic prebh. We
have

(7.13) [~ EfZh< Ch® [{Tb+a(q) LA (Q) n H3(Q).

Proof. We have the following standard estimate for nonconfornmireghods:

[+ EL8 < [ vigH - ELTL]

an(v — EfZ w)
7.14 < il
( ) [+ v+ . sug{o}
an( — ELZ w)
<2 L L A vl .
[(F v+ . sug{o} (VS
Letw [V} be arbitrary. Sincé [HZ(Q), we have
an( —EfZw) =an(,w— Epw) = D?Z : D?(w — Ejw) dx.

T T
It then follows from {7.2) that
an({ — ELZ w) < Ch® [T b gy Wl
which implies

sup an({ — EfZ\w)

< Ch%[Txbra(q).
w DIN\{0} Wilp1 ©

Finally, by takingv = 1,{, we obtain from 2.5

(7.15) [+ vigl= [ 16 1= | — Inllh2(o,m) = ChO [T Rkta(q).

The estimateq.13 follows from (7.14—(7.15). a
LEMMA 7.5. Leta be the index of elliptic regularity for the biharmonic prebh. We
have

lan(Z — ERZ, 1h0)| < Ch?® [Tk +a(q) [@Lnkra(q)
forall {,0 CH?"%(Q) n H3(Q).
Proof. In view of the fact that

an({ — ELZ 1h0) = an(C, 1h® — Enlng) = D2Z : D?(In® — Enlnho) dx,
T T
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the estimate follows immediately fron7.@). a
Next, we will derive error estimates in the norm of the SobapaceH?~%(Q). The
following duality formula is useful:

o)

m Y CH29(Q).
2+ (@\0} [QL-2+a(q) HiEH (@)

(7.16) Lk —a(g) = 0

Given anyp [CH™2%9(Q), let§ [H3(Q) satisfy

(7.17) a@v)=o()  [IICH(Q).
Then elliptic regularity (cf. $.14) implies

(7.18) [ETnb i) < Co [@Ink21a(q)-

LEMMA 7.6. Leta be the index of elliptic regularity for the biharmonic prebh. We
have

(7.19) T+ En(EfD)rb-a(q) < Ch**[Clnkiaiq)  COCH(Q) n HE(Q).

Proof. Letq [CH™2*%(Q) be arbitrary and [HZ(Q) satisfy (.17). It follows from
(2.9, (7.1), Lemma7.4, Lemma7.5 and (/.18 that

0 — EnERd) = a€, { — EnERD)
=a(€ Q) —an(ELE ELD
=an(€ —EfE ) +an(EfE I~ EfD)
=anE—EfE ) +an {—ED) —anE - EfE T - ERD)
=an(€ — ELE 1h0) + an(E — ELE T — 1hY)
+an(Ihg, { — EfD) +an(€ — 1hE, L~ EfD)
—an( —EpE {—ELD)

S WPk va(q) [@Ll-2+a (),

which together with7.16) implies (7.19. a

THEOREM 7.7. The following error estimate holds for the post-processeldition
Enup :

[— Enun [ab-agq) < Ch?* FL ] q),

wherea is the index of elliptic regularity for the biharmonic pravh.
Proof. Letq¢ [CH™2*%(Q) be arbitrary and [H3Z(Q) satisfy (.17). It follows from
(1.9, (2.9, 3.1, (4.1, (5.19, (5.19, (7.1), Lemma7.4, and (.18 that

@(En(un — Ext)) = a(&, En(un — Ept))
= ap(EfE'— 1n&, un — Eft) + an(Ing, un — Efitl)
= ap(ELE'— 1h&, up — Eft) + an(In, un) — a(EnIng, u)
= ap(Ep€'— In&, up — Eft) + (F, 11 — Enlnk)
< h?* koo L (o) + h* ™ [ELbra(o) L (o)
< WU QL2 e ) L) oy,
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which together with7.16) implies

[Eh (U — Eft) [ib—a(q) < Ch** L] (o),
and hence, in view ofy(14) and Lemma/ .6,

[T~ Epunp [ab-aqq) < M= EnEpt!lgk—ag) + [Eh(Un — Eqt) [b—a(q)
< Ch?® EEIE(Q). 0

The following corollary is immediate.
COROLLARY 7.8. Leta be the index of elliptic regularity for the biharmonic preih.
The following error estimate holds for the post-process#dton Enu :

[ul— Enun @(Q) = Chza[:ﬂg(g).
REMARK 7.9. Sincea = 1 whenQ is convex, we have

(7.20) [ Epul]q) < - Enulkq) < Ch? L] o)

for a convex domaim.

REMARK 7.10. We see from Theorem1, Theorem7.7, and Corollary7.8 that the
post-processed solutidy, Uy, satisfies all the correct error estimates. Therefore the BIPDP
method is also relevant for computi@f solutions of (.1).

We can now establish dn, error estimate for the solutiam, of (3.1).

COROLLARY 7.11.Leta be the index of elliptic regularity for the biharmonic preioh.
We have

[ un [ o) < Ch** (T (q).
Proof. Using Corollary4.2, (5.1), Theorenb.2, and Theoren?.7, we find
W= un (o) = W= Enun b)) + [h — Enun [ (o)
Shzam(g)*‘hz%@ -
< W29 E T (q) + h? T Un [eH |uliz ()
S, O

Finally, we have a convergence theorem for the modified WOR®thod (Remark.2)
when the right-hand sidgis in H~2+%(Q).
THEOREM 7.12.The following error estimates hold for the modified WOP S| khog:

(7.21) [ EftLnl< Ch® L l2+a(q),
(7.22) [U— EnEftTab—a(qy < Ch* FTGl-2+a(q),
(7.23) - EfUl @) < Ch?* EL k-2 a(q),

wherea is the index of elliptic regularity for the biharmonic pravh.
Proof. The estimates7(21) and (7.22 follow directly from (5.14), Lemma7.4, and
Lemma7.6. Together with Corollaryt.2, these estimates imply 23):

[l Eptfl (o) < (- EnEptlo) + [EhEnd — Eftl (o)
< M- EnEqudliab-a(gy + h* ERulH]
< WPk raggy + h? TERU — Ul |ulhz2(q)
S E|y—sag). 0O
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8. Numerical results. In this section we report the results of several numericpeex
ments. For the first set of numerical experiments, we @atebe the unit squar@, 1) < (0, 1)
and the exact solution of (1) to be

u(x,y) = 100x%(1 — x)?y?(1 — y)2.

We compute the solutiony, of (3.1) on several uniform grids with mesh siZes= 1/2' for
i=1,2,---5. The errors in the energy norm and the norm together with their orders of
convergence are presented in Table These numerical results clearly match the theoretical
results in Theoremd.2and Corollary7.11

TABLE 8.1
Errors and orders of convergence for the WOPSIP method.

ho| llw = unlln | order | |lu—upnllp, | Order
1/2 | 17.19724755943720] - 1.716371062750963 —

1/4 | 7.101544418782296| 1.2759 | 0.277965054420832 2.6263
1/8 | 3.201633853279419| 1.1493 | 0.05803785490434Q 2.2598
1/16 | 1.537650668307142| 1.0580 | 0.013567912004911 2.0967
1/32 | 0.758213520169036 1.0200 | 0.003314694892577 2.0332

For comparison, we compute the solutions of the Morley nofaroning method on the
same grids and tabulate the errors and their orders of cgernee in Table3.2. It is evident
that the magnitudes of the errors of these two methods atiasim

TABLE 8.2
Errors and order of convergence for the Morley nonconforgnimethod.

h ‘ [lu —up||n ‘ order ‘ lu —unllz, ) ‘ order
1/2 | 6.97722906289096 - 0.32343932920439 -
1/4 | 4.774226099723017 0.5474 | 0.141179892106251 1.1960
1/8 | 2.628590625177154 0.8610 | 0.041796714441572 1.7561
1/16 | 1.354472363700791 0.9566 | 0.011013849766270 1.9241
1/32 | 0.682957077321058 0.9879 | 0.00279536581491(0 1.9782

We also compute the post-processed solufigny, and present thie, error and the order
of convergence in Tablg.3. These numerical results match the theoretical estinTagg)(
Table8.4 contains the condition number of the preconditioned syﬁ-ﬁrﬁAh and its order

TABLE 8.3
Error and order of convergence for the post-processed smiut

h ' \|u—EhuhHL2(Q) ' Order
1/2 | 1.69540729010434 -
1/4 | 0.276528870979329 2.6161
1/8 | 0.058428415656511 2.2427

1/16 | 0.013603479656276 2.1027
1/32 | 0.003317111091565% 2.0360

of growth (in terms oh™1). The order of growth is clearly 4, as predicted by Lenfiria

For the-second set gfpumerical experiments we @k be theL-shaped domain
(—1,1)2\ [0,1) x (—1,0] , and consider the model problerh {) on Q with the following
singular solution?1, p.107]:

u(r,8) = (r?cos®6 — 1)*(r?sin® 6 — 1)’r**?)g(@),
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TABLE 8.4
Condition numbers of the preconditioned system and ordegsoovth.

h Condition number OB;IA;L Order of growth
1/2 2.127683603246884e+001 -

1/4 4.501699323404198e+001 1.0812
1/8 2.910422778240135e+002 2.6927
1/16 3.526267672393217e+003 3.5988

1/32 5.927291290250981e+004 4.0712

wherez = 0.544483736782464 is a noncharacteristic root efn?(zw) = z2sin(w) with
— 3
W=,
1 1

sin((z —Dw) — sin((z + Dw)

9(0) = z—1 z+1

>I<:[|cos((z —1)8) —cos((z + 1)8)]

1
- Z_13|n((z—1)9)—Z+1

x [cos ((z — 1)w) —cos ((z + D)w)],

1
sin((z + 1)0)

and(r, 8) are the polar coordinates. We compute the discrete solutioon a sequence of
adaptive meshe§y generated by bisecting the marked triangles and edgég-af, where
the triangles and edges are marked according to the buéciariof Dorfler [18]. The error
estimator captures the singularities of the solution thhmut the mesh refinement process;
cf. Figure8.1

0.8

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

-0.8

PR
_, BB ‘
1 -05 0 0.5 1

FIGURE 8.1. Adaptive mesh after 30 refinement steps.

The energy error and the error estimator are plotted agdiestumber of dofs in the log-
log plot in Figure8.2, which demonstrates that the error estimator is reliablee¢fem6. 1)
and that the performance of the adaptive algorithm is optima
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10°
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FIGURE 8.2. Error and estimator for the problem on the-shaped domain.

The efficiency index given by, / [ul— up, [,dis computed as a function of the number of
dofs and then plotted in Figui&3, which shows that the error estimator is efficient (Theo-
reme6.2).

1.9 T T T

= = — L
~ 34 o ~
L L L L

Efficiency Index

=
w
L

12¢ 1

11 1

1 1 1 1
10° 10° 10 10° 10°

Degrees of freedom

FIGURE 8.3. Efficiency of the error estimator for the problem on theshaped domain.
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9. Concluding remarks. Even though the number of dofs of the WOPSIP method is
three times the number of dofs of the classical Morley nofmoning method, the intrinsic
parallelism of the WOPSIP method can potentially be exptbib result in a much faster
algorithm. As a first step, we have shown in this paper thapgréormance of the WOPSIP
method is similar to the performance of the Morley methodmis of the magnitudes of the
discretization errors, and that reliable and efficientreesiimators are available for adaptive
solvers.

The WOPSIP method developed in this paper can be appliedrtergjefourth order
problems. It can also be applied to a fourth order singulatupeation problem of the
form 2N2u — Au = f, provided the second order term is correctly discretizeuh 430
The WOPSIP approach can also be used to construct an intilysparallel version of the
Nilssen-Tai-Winther finite element metho#¥] that is designed to handle fourth order singu-
lar perturbation problems. Research in this direction lélreported elsewhere.
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