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ANALYSIS OF THE FINITE ELEMENT METHOD FOR TRANSMISSION/MIXED
BOUNDARY VALUE PROBLEMS ON GENERAL POLYGONAL DOMAINS

HENGGUANG LP, ANNA MAZZUCATO?, AND VICTOR NISTOR

Abstract. We study theoretical and practical issues arising in theemgitation of the Finite Element Method
for a strongly elliptic second order equation with jump distiouities in its coef cients on a polygonal domainthat
may have cracks or vertices that touch the boundary. We cansigarticular the equation div( Ar u) = f 2
H™ 1() with mixed boundary conditions, where the matfixhas variable, piecewise smooth coef cients. We
establish regularity and Fredholm results and, under somiigi@tal conditions, we also establish well-posedness
in weighted Sobolev spaces. When Neumann boundary condérenisnposed on adjacent sides of the polygonal
domain, we obtain the decomposition= ureg + , into a functionureg with better decay at the vertices and
a function that is locally constant near the vertices, thus proving-pesedness in an augmented space. The
theoretical analysis yields interpolation estimates thatl@en used to construct improved graded meshes recovering
the (quasi-)optimal rate of convergence for piecewise pmiyials of degreen 1. Several numerical tests are
included.

Key words. Neumann-Neumann vertex, transmission problem, augmented tedi§lobolev space, nite ele-
ment method, graded mesh, optimal rate of convergence

AMS subject classi cations. 65N30, 35J25, 46E35, 65N12

1. Introduction. In this paper we study second-order, strongly elliptic apans in di-
vergence forrP =  div Ar on generalized polygonal domains in the plane, where the
coef cients are piecewise smooth with possibly jump digeuuities across a nite number
of curves, collectively called thiaterface

Let be abounded polygonal domain that may have curved bousdarecks, or ver-
tices touching the boundary. We refer to such domaindoasains with polygonal structure
(see Figure2.1 for a typical example). We assume that [ ;, where ; are disjoint
domains with a polygonal structure such that the interfase [ @ ; r @ is a union of
disjoint, piecewise smooth curveg. The curves i are allowed to intersect transversely.
We are interested in theon-homogeneous transmission/mixed boundary valuegrobl

1) Pu=fin ; Du=guon@ ; u=g on@ ;
' ur =u and DP*u=D" u on ;

and the convergence properties of its Finite Elg,men'_[ digetions. HereA = (Aj) is
the symmetric matrix of coef cients d®, D = = . 'Aj @ is the conormal derivative
associated t®, and the boundar@ is partitioned into two disjoints se® , @ with
@ aunion of closed sides @ .

Transmission problems of the form in Equatidnlj (also called “interface problems” or
"inclusion problems” in the engineering literature) appiamany practical applications, in
particular they are likely to appear any time that more thae type of material (or medium)
is used. Therefore, they have been studied in a very largebeuwf papers devoted to
applications. Among those, let us mention the paper by R48l¥, LeVeque and Li p1],

Li and Lubkin [B5], Yu, Zhou, and Wei §0]. See also the references therein. By contrast,
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relatively fewer papers were devoted to these problems thenpoint of view of qualitative
properties of Partial Differential Equations. Let us néleless mention here the papers of
Kellogg [44], Kellogg and Aziz p], Mitrea, Mitrea, and Shig1], Li and Nirenberg $3],

Li and Vogelius p4], Roitberg and Sheftel7[l, 72], and Schechter7p]. Our paper starts
with some theoretical results for transmission problend #ien provides applications to
numerical methods. See also the papers of Kelldghdnd Nicaise and &dig [67], and the
books of Nicaise§6] and Harutyunyan and Schulz&(].

The equatiorPu = f in  has to be interpreted in a weak sense and then the disconti-
nuity of the coef cientsAll leads to “transmission conditions” at the interfaceSince is
a union of piecewise smooth curves, we can locally chooseditey of the non-tangential
limits us andu of u at the smooth points of the interface We can label similarlyp P *
andDP the two conormal derivatives associatedPtat the two sides of the interface. Then
the usual transmission conditiond = u andDP*u = DP u at the two sides of the
smooth points of the interface are a consequence of the weatdufation, and will always be
considered as part of Equatioh {). This equation does not change if we switeh™to “ "
so our choice of labeling is not essential. At tihen-smoottpoints of , we assign no mean-
ing to the interface conditioB”*u = DP u. The more general condition8 u = hy
andDP*u DP u = h; can be treated with only minor modi cations. We also allowe th
cracks to ramify as part @@ .

It is well-known that when@ is not smooth there is a loss of regularity in elliptic
boundary-value problems. Because of this loss of regylaiguasi-uniform sequence of
triangulations on doesnot give optimal rates of convergence for the Galerkin apprexim
tionsuy, of the solution of {.1) [78]. One needs to considgradedmeshes instead (see for
example , 12, 70]). We approach the probleni () using higher regularity in weighted
Sobolev spaces. For transmission problems, these resellitew (see Theorends1-3.3).

We therefore begin by establishing regularity results fot)(in the weighted Sobolev
spacesK{: () , where the weight may depend on each vertex dfsee De nition @.7)).
We identify the weights that make Fredholm following the results of Kondratie¥§] and
Nicaise p€]. If no two adjacent sides are assigned Neumann boundaditcams (i. €., when
there are no NelIJmann—Neumann vertices), we also obtainlgpusgdness result for the
weight parametean close to 1. In the general case, we rst compute the Fredhotiex of
P, and then we use this computation to obtain a decomposit®ru,eg +  of the solution
of u of (1.1) into a function with good decay at the vertices and a fumctlmat is locally
constant near the vertices. This decomposition leads tavanedl-posedness result if there
are Neumann—Neumann vertices.

Our main focus is the analysis of the Finite Element MethadEguation (.1). We are
especially interested in obtaining a sequence of meshegpitdes quasi-optimal rates of
convergence. For this reason, in this paper we restrict toaifes in the plane. However,
Theorems3.1, 3.2, and3.3 extend to 3D (see5p] for proofs in the absence of interfaces and
[16] for a proof of the regularity in the presence of interfaaesidimensions). We assume
that has straight faces and consider a sequépaef triangulations of . We let

Sy Hi()= HY) \fu=0on@ g

be the nite element space of continuous functions atinat restrict to a polynomial of degree
m 1 on each triangle of,, and letu, 2 S, be the Finite Element approximation of
de ned by equationq.1). We then say thab, providesquasi-optimal rates of convergence
forf 2 H™ () if there existsC > 0 such that

(1.2) ku unky: Cdim(S,) ™2%kfkym 1]
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forallf 2 H™ () . We donotassumeu 2 H™*1 () . (In three dimensions, the
powerm=2 has to be replaced witm=3.) Hence the sequen& provides a quasi-optimal
rate of convergence if it recovers the asymptotic order ofvecgence that is expected if
u 2 H™1 () and if quasi-uniform meshes are used. See the papers of @redui, and
Sung R€], Brannick, Li, and Zikatanov44], and Guznan [38] for other applications of
graded meshes. Corner singularities and discontinuousiegs have been studied also
using “least squares method<1] 22, 29, 50, 49]. Here we concentrate on improving the
convergence rate of the usual Galerkin Finite Element Mikthm approximate singular so-
lutions in the transmission problerh.(). Thenewa priori estimates in augmented weighted
Sobolev spaces developed in Sectibplay a crucial role in our analysis of the numerical
method.

The problem of constructing sequences of meshes that grauidsi-optimal rates of
convergence has received much attention in the literatwre mention in particular the work
of Apel [2], Babwska and collaboratorg[11, 12, 13, 37], Bacuta, Nistor, and Zikatanof],
Bacuta, Bramble, and X fi], Costabel and Daug&8], Dauge B4], Grisvard B6], Lubuma
and Nicaise $6], Schatz, Sloan, and Wahlbir74]. Let us mention the related approach
of adaptive mesh re nements, which also leads to quasiwgdtrates of convergence in two
dimensions?3, 59, 63]. Similar results are needed for the study of stress-intefactors P25,
28). However, the case of hyperbolic equations is more diftd6l0]. Cracks are important
in Engineering applications, se84 and the references therein. Transmission problems are
important in optics and acoustic3(]

We exploit the theoretical analysis of the operafoto obtain ana priori bound and
interpolation inequalities. These in turn allow us to wetiat the sequence of graded meshes
we explicitly construct yields quasi-optimal rates of cergence. For transmission problems,
we recover quasi-optimal rates of convergence if the data ™ *( ;) for eachj. To
account for the pathologies in, we work in weighted Sobolev spaces with weights that
depend on a particular vertex a more general setting thanribeconsidered inlg]. The
use of inhomogeneous norms allows us to theoreticallyfjusite use of different grading
parameters at different vertices when constructing gradeshes. A priori estimates are a
well-established tool in Numerical Analysis; see e.4,. 5, 8, 10, 20, 27, 31, 39, 45, 62, 77].

At the same time, we address several issues that are ofshiereoncrete applications,
but have received little attention. For instance, we carsidacks and higher regularity for
transmission problems. Regularity and numerical issugsdnsmission problems were stud-
ied before by several authors; see for example Nic&6egnd Nicaise and &dig [67] and
references therein. As in these papers, we use weightedeévyaigaces, but our emphasis is
not on singular functions, but rather on well-posednesslt®sThis approach leads to a uni-
ed way to treat mixed boundary conditions and interfac@sraission conditions. In particu-
lar, there is no additional computational complexity iratieg Neumann—Neumann vertices.
Thus, although the theoretical results we establish aferdiit in the case of Neumann—
Neumann corners than in the case of Dirichlet—-Neumann golgiDirichlet boundary con-
ditions, the numerical method that resultshe samen all these cases, which should be an
advantage in implementation.

The paper is organized as follows. In Sectipnve introduce the notion of domain with
polygonal structure and discuss the precise formulatioth@ftransmission/boundary value
problem (L.1) in the weighted Sobolev spads’:é;1 () . In Section3, we state and prove pre-
liminary results concerning regularity and solvabilitytbé problem {.1) when the interface
is smooth and no two adjacent sides ofare given Neumann boundary conditions (Theo-
rems3.1, 3.2, 3.39). In Section4, we consider the more dif cult case of Neumann-Neumann
vertices and non-smooth interfaces. We exploit theseteeanll spectral analysis to obtain
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Types of singularities

Geometric verex

Arti cial vertex (b.c. changes)
D Dirichlet boundary condition
N  Neumann boundary condition
I Interface or crack
RI  Rami ed interface

FiIG. 2.1. A domain with a polygonal structure.

a new well-posedness result in a properly augmented Spégle() + Ws, andarbitrarily

high regularity of the weak solution in each subdomain; (Theoremst.5and4.7). For
simplicity, we state and prove these results for the modahmpte ofP = div( Ar u), A a
piecewise constant function, which will be used for nunertests. By contrast, when in-
terfaces cross, compatibility conditions on the coef ¢&eneed be imposed to obtain higher
regularity inHs() ,1<s < 3=2[69. In Section5, we tackle the explicit construction of
graded meshes giving quasi-optimal rates of convergendadéd-EM solution of the mixed
boundary/transmission problerfi.{) in the case of a piecewise linear domain, and derive
the necessary interpolation estimates (TheorBriid and5.12). In Section6, we test our
methods and results on several examples and verify the alptate of convergence.

We hope to extend our results to three dimensional polyheédraains. The regularity
results are known to extend to that cad€]] The problem is that the space of singular
functions is in nite dimensional in the three dimensionake. Further ideas will therefore
be needed to handle the case of three dimensions.

2. Formulation of the problem . We start by describing informally the class of “do-
mains with a polygonal structure”, a class of domains introduced (with different names and
slightly different de nitions) by many authors. Here we lfa most closely B4]. Next we
describe in more detail the formulation of the transmisgiored boundary value problem
(1.1) associated t® and interface . The coef cients ofP may have jumps at.

2.1. The domain. The purpose of this section is to provide an informal desicrip
of the domains under consideration, emphasizing their sichcture and their suitability
for transmission/mixed boundary value problems. In Figuife we exemplify the various
types of singularities, some of geometric nature, othenmsting from solving the transmis-
sion/mixed boundary value probler.{). These singularities are discussed in more detail
below.

We consider bounded polygonal-like domainghat may have cracks or vertices that
touch a smooth part of the boundary. Recall that polygonadaios are not always Lipschitz
domains, however, the outer normal to the boundary is welhetl except at the vertices. If
cracks are present, then the outer normal is not well-desiece@ 6 @ . In order to study
cracks, we model each smooth part of a crack as a double ngwara smooth curve. We then
distinguish the two normal directions in which we approauh houndary. This distinction
is also needed when we study vertices that touch the bound&hen cracks ramify, we
need further to differentiate from which direction we apgrb the point of rami cation. This
distinction will be achieved by considering the connecteidhborhoods dB (x;r)\ , when
X is on the boundary, as in Daug@4]. More precisely, we will distinguish for each point
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of the boundary the side from which we approach it. This ds,rieformally, the “unfolded
boundary"@ of . What is most important for us in this concept, is that eachamo
crack pointp of  will be replaced in@ by two points, corresponding to the two sides of
the crack and the two possible non-tangential limitg af functions de ned on .

We really need the distinction between the usual boun@rgnd the unfolded boundary
@ , sinceitplays arole in the implementations. Moreover, aede ne the “inner-pointing
normal” vector consistently- at every smooth point o , even at crack points (but not
at vertices). Theouter normalto @ is dened by =~ Similarly, we de ned the
“unfolded closure™ = [ @ . The test functions used in our implementation will be
de ned onY andnoton (this point is especially relevant for the dif cult and imgant
case of cracks that are assigned Neumann boundary corsddiorach side). More details
will be included in a forthcoming papesf).

When considering mixed boundary conditions, it is well kndvat singularities appear
at the points where the boundary conditions change (frontidat to Neumann). These
singularities are very similar in structure to the singitiles that appear at geometric vertices.
We therefore view “vertices” simply as points on the bougdaith special properties, the
geometric vertices being “true vertices” and all othersagéfarti cial vertices.” The set of
arti cial vertices includes, in particular, all points wieethe type of boundary conditions
change, but may include other points as well (coming frominkerface for example). This
choice allows for a greater generality, which is convenieistudying operators with singular
coef cients.

We therefore x a nite setV @ , which will serve as the set where we allow
singularities in the solution of our equation. We shall ¢h# setV the set of verticesf
The set of vertice¥ will contain at a minimum all non-smooth points of the bourydar
of the interface, all points where the boundary conditionange, and all points where the
boundary intersects the interface, but there could be gibiats inV as well. In particulary
is such that all connected componentg®f r V consist of smooth curves on which a unique
type of boundary condition (Dirichlet or Neumann) is givémparticular, the structure on
determined by is not entirely given by the geometry and depends also ongeei ss of
the transmission/boundary value problem. This structargyrns, when combined with the
introduction of the unfolded boundary, gives rise to theasgt of adomain with a polygonal
structure introduced in 4] and discussed at length iB§| (except the case of a vertex
touching a smooth side).

2.2. The equation. We consider a second ordscalar differential operator with real
coefcientsP : G () 'C ¥ ()

X2 )
(2.1) Pu:= div Aru = @A" @Qu:
i =1

We assume, for simplicity, th#! = AJ' . The model example, especially for the numerical
implementation, is the operat® = div Ar , whereA is a piece-wise constant function.
Under some mild assumptions on ‘ge Iower order cqgf cigthts results in the paper extend
also to operators of the forid = i =1 @A @+ {_, B@+ c. Our methods apply
as well to systems and complex-valued operators, but weatet the scalar case for the
sake of clarity of presentation. 15§, we studied the system of anisotropic elastidty=

div. C r in3dimensions (in the notation abov& 1), Al =[Cpq]! )
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We assume throughout the paper tRais uniformly strongly elliptici.e.,

x
(2.2) Al (x);; CkKk?
i =1

for some constar€ > Oindependentok 2 and 2 R2.
We also assume that we are given a decomposition

(2.3) = a
where ; are disjoint domains with a polygonal structure, and de meinterface
(2.4) = [Le;ro;

whichwe assume to be the union of nitely many piecewise smootresuy. We allow the
curves i tointersect, but we require these intersections to beveass, i. e., not tangent. We
take the coef cients of the differential operaterto bepiecewise smootim  with possible
jumps only along , that is, the coef cients oP on ; extend to smooth functions ory .
Also, we assume that all the vertices of the domains with ygoolal structure ; that are
on the boundary of are already included in the s&t of vertices of .

To formulate our problem, we introdugghomogeneouseighted Sobolev spaces, where
the weight depends on the vertex, considered beforgdn Let d(x; Q) be the distance from
X to Q 2 V, computed using paths th and let

Y
(2.5) #x)=  d(x;Q):

Q2v

Let'a = (ag) be a vector with real components indexed@y2 V. We denotet + a =
| 1
(t + ag), but writet instead ofa if all the components o are equal ta. We then set

! Y |
(2.6) #* 2 (x) = d(x; Q)2 = # (x)#2 (x);
Q2v

and de ne themth weighted Sobolev space with Wei!ghby
(2.7) KT():= ff: 1 G 4 @f 2L2() ; forallj j mg:

The distance functio# is continuous o but it is not smooth at the vertices. Whenever
derivatives of# are involvedwe implicitly assume that has been replaced by a more regular
weight functiorr . This weight function is comparable foand induces an equivalent norm
on K’;‘ One can describe the spade% () also using certain dyadic partitions of unity.
See [L, 33, 47, 58] for example. Such patrtitions of unity allow also to de neasps on the
(unfolded) boundary of , K!Sa(@ ) , s 2 R, for which the usual interpolation, duality, and
trace properties still apply.

Our rst goal is to study solvability of the problent (1) in K{Z*l() ,m 0. The
boundary conditions are given each siden the unfolded boundar@ , where we assume
that

gd=-@ @ ;, @ \@ = ;;
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suchthat@® a union of closed sides of. We impose Neumann datg 2 Kf: i:(@ )

and Dirichlet datayp 2 K ':: z(@ ) ,m 0. By the surjectivity of the trace map, we can
reduce to the casg = 0 (in trace sense).

Form = 0, the problem {.1) must be interpreted in an appropriate weak (or variatjonal
sense, which we now discuss. For each 2 H() , we de ne the bilinear fornBp (u; v)

x Z
(2.8) Bp (u;v) = A' @u@v dx; 1 ij 2
ij
and denote by " the conormal derivativeoperator associated B, given by
X }
(2.9) (DPu):= Al @:
ij

The de nition of DP u is understood in the sense of the trace at the boundary. ticyar,
whenu is regular enougi® P u is de ned almost everywhere as a non-tangential limit, con-
sistently with being de ned only almost everywhere @ . We recall that is de ned on
@ except at the vertices because the smooth crack poirg@ afre doubled ir@

Since is a nite union of Lipschitz domains, Green's Lemma holds fonctions in
H2() [36], thatis,

(2.10) (Pu;v)Lz(y = Bp(u;v) (DPuv)iz@) ; u;v2 H?2() :
Hence, we let

— 1 . — .
(2.11) Hy = fu2K1+!a() ;u=0o0n@ g¢;

and we de ne the weak solution of equation {.1) with go = 0 as the uniqueu 2 H
satisfying

(2.12) Be(uiv)=( v) forall v2H . :

where 2 (H +) isdenedby ( u)= R fudx + R@ On U dS(X), the integrals being
duality pairings between distributions and (suitable)cfions.

Whenu is regular enough, problen () is equivalent to the following mixed boundary
value/interface problem

8
% Pu-=f in

(2.13) o ::gD:0 ng @
3DPu =gy on@ @

ut =u andDP*u=DP u on ;

where it is crucial thaty and@ are subsets of thenfolded boundary (Recall that
the unfolded boundary is de ned by doubling the smooth moftthe crack. In particular,
one can have Dirichlet boundary conditions on one side oftaek and Neumann boundary
conditions on the other side of the crack.) 13, u* andu denote the two non-tangential
limits of u at the two sides of the interface This choice can be done consistently at each
smooth point of . Similarly, D?* andDP denote the two conormal derivatives associated
to P and the two sides of. Note that the singularities in the coef cients Afare taken into
account in the de nitions obP* andD® . If uis only in Kzla+1 () and satisfy2.12), then
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the differenceD®*u  DP u may be non-zero (s®(13 is not strictly satis ed), but may
be included as a distributional termfin

Thus the usual transmission conditiaris= u andDP*u = DP u atthe two sides of
the interface are a consequence of the weak formulationydlalways be considered as part
of equation {.1). The slightly more general conditions u = hgandDP*u DP u=
h; can be treated with only minor modi cations, as explained@i]. More precisely, the
termhg can be treated using extensions similarlyfo the tgsmThe termh; can be treated
by introducing in the the weak formulation the termh;uds, whereds is arc length on .

In order to establish regularity and solvability @&.{3), under the hypothesis thet is
uniformly strongly elliptic, we shall use coercive estimsit We say thalP is coercive on
Ho:=H. if there exists > Oand 2 R such that
(2.14) Br(u;u) (1 u;r vz (# 2u;v) z(y 5 forall upv2Ho:

If this inequality holds for some < 0, we say thaP is strictly coercive orH (or strictly
positivg and writeP > 0. The operatoP in (2.1) is always coercive ohl. If there are no
Neumann—Neumann vertices and the interfaéesmooth, thet® is strictly coercive o,
as it will be discussed in the next section.

3. Preliminary results. Our approach in studying singularities for problethl@ is
based on solvability in weighted spaces rather than on Endunctions expansions. We
begin with three results on regularity and well-posednesdte boundary-value problem
(2.13, which we rst state and then prove. Sekr[ 18, 42, 43, 44, 6, 46, 47, 65, 66, 67]
for related results. In particular our result should be carad with 6], especially Theorem
3.12. By “well-posedness” we mean “existence and unigqueagsolutions and continuous
dependence on the data.” Recall that for transmission gnabive assume that all the vertices
of the domains with a polygonal structurg that are on the boundary of are included in
the set of vertices of . Below, if no interface is given, we take= ;. When 6 6 ;,
we have groper transmission problem.

We rst deal with the general case of an interface that is thiemniof nitely many piece-
wise smooth curves with transverse intersecti@ml establish that the transmission/mixed
boundary probleml(.1) satis es a regularity property. We assume that the nonegmpoints
ofthe interface are included in the vertices of the adjacent domaingéthe self-intersection
points, which are assumed to be transverse, are also icindee set of vertices). This reg-
ularity result is crucial in obtaining the necessarpriori estimates for quasi-optimal rates of
convergence in Sectidnhfor transmission problems.

We rst state our main results on regularity and well-posesinand then we prove them.

THEOREM 3.1. Assume thaP =  div Ar is a uniformly strongly elliptic, scalar
operator in divergence form on with piecewise smooth coef cients. Also, assume that
u: ! Rwithu?2 Kiﬂ () is a solution of the transmission/mixed boundary problem

(1.1. Letm 0, and suppose thagy 2 Kf: ii(@ ), oo 2 Kf:::;(@ ) , and

f: ! Rissuchthafj 2K i( i). Thenuj | 2 K!’;‘:( i), for eachj, and we
have the estimate

X

kUkK!]:»,\ﬂ() +kukK:w+11( j) C kf kK|m 11( k) + ng kKW 1:2(@4 ) +
a+ k=1 a a 1=2

ngka+1=2

!
‘a +l =2

@) T Kuker 0
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for a constan(C that is independent af and the datd , gy , andgp .
Note that, in the above result, the spaKé;§ i( k) are de ned intrinsically, i. e., with-

out reference td, , using as weig e distance to the set of vertices gfwhic
t ref tMZi ht the dist to the set of vert fwhich

includes also the points of; where is not smooth or where it rami es.

The next two results deal with solvability of the probleini], in the case of a smooth
interface and whe@ contains no adjacent sides with Neumann boundary conditi@e
condition that is smooth in particular implies thatis a disjoint union of smooth curves.)
These results are also the basis for the analysis in Seétinrthe presence of Neumann-
Neumann vertices and general interfaces (TheoreBend4.7, where an augmented domain
for the operator is required). Recall that the weak solutiags given in equation4.12) with

=( f;gn) 2H Y (because we takg, =0).

THEOREM 3.2. Assume thaP is a uniformly strongly elliptic, scalar operator on.
Assume also that no two adjacent sides aére given Neumann boundary conditions and
that the interface is smooth. TheR is strongly coercive oy and for each vertex) of

there exists a positive constarng with the following property: for any 2 H Y with

jagj < o, there exists a unique weak solutiar? K%Hl () ,u=0on@ of equation
(2.13, and we have the estimate

for a constantC = C(!a) that is independent of .

When the data is more regular, we can combine the above twoetinsanto a well-
posedness result for the transmission/mixed boundarylgarob We note that continuous
dependence of the solution on the data immediately folloemfthe estimate below since
the boundary-value problem is linear.

THEOREM 3.3. Letm 1. In addition to the assumptions of Theor@?, assume

thatgy 2 K" 1%@) gDZK.m+1 %@) andthatf : ! Rissuchthafj 2

K{: i( i ). Then the solution 2 Kiﬂ () of equation(2.13 satis esuj ; 2 K{:E( i)
for all j, and we have the estimate

X
kUkaﬂ( ) C kf ka 1 k)+ ng kK‘m 11:2

+ Kgp Ky, m+1 =2
‘a +1 K a 1 :2(@) K!a+

@)

P .
IfP = |2, - @AY @+ 2. U@+c thatis, |rowerordercoef cients aremcluded

our results extend to the case wigerr b Oin and b Oon@ whereb = (b).
Let us denote byPv = ( Pj , ;DPY) = (Pvj ;15 PYf ,DPv) decorated with
various indices. As a corollary to the theorem, we estaltlistfollowing isomorphism.
COROLLARY 3.4. We proceed as ingg]. Let m 1. Under the assumptions of
Theoren.3 the map

P = HJ;DW:fuZKl 0O ; ij(jxu:OOn@ ;
+ P+ = P | km 1, m 1=2
u u andD""u=D" uon g! JK[a 1( i) K Y 1=2(@)
is an isomorphism fofagj < . See p§] for more details of this method.

We next turn to the proofs of Theorerfdl, 3.2, and3.3. We will only sketch proofs and
concentrate on the new issues raised by the presence daaesy referring for more details
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to [1, 17, 58], where similar results were established for mixed boupdatue problems in
homogeneouK' spaces.

Proof of TheorenB8.1 Using a partition of unity, it is enough to prove the result on
the model problema.13 with = R" and = fx, = 0g, thatis, no boundary and one
interface. We can assume without loss of generalityuhss compact support on a xed ball
B centered at the origin. Then by known regularity result§ [see also§6] and references
therein), ifu 2 H3(B) andPujg 2 H™ Y(R"),ujg 2 H™(R"): O

We next turn to the proof of well-posedness for the transioigsiixed boundary prob-
lem (2.13, namely, to the proofs of Theorends2 and3.3. As before, we denotel: =
fu2kK ; " () ;u=00n@ g, where@ is assumed non empty, and we Bt = H!O.
Strict coercivity ofP on Hg then ensues in the standard fashion from a weighted form of
Poincaé inequality, which we now recall.

LEMMA 3.5. Let R? be a domain with a polygonal structure. L#¢z) be the
canonical weight function on and let@ be a non-empty closed subset of the unfolded
boundary@ suchthat@ = @ n@ is aunion of oriented open sides of no two
of which are adjacent. Then there exists a cons@nt> 0 such that

Z . .
2 _u@j? : 2
kung() = #2)? dz C jr u(z)jcdz

foranyu 2 HY() satisfyingu =0 on@

In particular, anyu 2 H'() satisfying the assumptions of the above theorem will be
automatically inK9() . This estimate is a consequence of the corresponding éstionaa
sector, which can be proved in the usual way, given that alse oitely many vertices and
that near each verteQ, U is diffeomorphic to a sector of angle< 2 [17, 65 (the
angle is2 at crack tips).

Proof of Theorem8.2and3.3. We rst observe that

Z y Z
Bp(u;u) = AT (x)@u(x) @u(x)dx  Cp jr u(x)j*dx;  u2Ho;
i
using the strong ellipticity condition, equatiop.?). By Lemma3.5, is strictly coercive
onHg, given the hypotheses @@ . Therefore, ifu 2 H g
Z y Z
Bp(u;u) = Al (x)@u(x) @u(x)dx Cp jr u(x)j®dx Cp. kukﬁg() ;

ij

The rst part of TheorenB.2is proved.
Next, we employ the maps

P =( Pj ;DP): fu2Ki+1() Luj 2K{::( i;u=0o0n@ ;

+ = P+u=DP LK™ mo1=
u u andD""u=D" uon g! JK!a l(J)K!a 1:2(@)

of Corollary3.4. To prove the rest of the Theoreri2 and3.3, we will show thatP . is

an isomorphism fom  Oandjagj < . SinceBp is strictly coercive orH, it satis es

the assumptions of the Lax-Milgram lemma, and helage: Ho | H  is an isomorphism,

whereB, (u)(v) = Bp (u; V). Thatis,Po.o is an isomorphism. Hence, Theoreth&and3.3
|

are established fon =0 anda =0.
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To extend the results to the cases 0 withjagj < o, we exploit continuity. Let be
a smoothing o outside the vertices. As in[58], the family of operators 2 Pt ra act

on the same space and depend continuousl'g oBincePy. is an isomorphism, we obtain
thatPo;xa is an isomorphism fon close to0. In particular, there existso > 0 such that for

jagj < a, PO;!a is an isomorphism. The proof of Theorel®2 and 3.3 are complete for

m=0.

It only remains to prove Theoreh3form 1. Indeed, Theorer.1gives thatP’m; L
is surjective fofjagj < o, since itis surjective fom = 0. This map is also continuous and
injective (because it is injective fon = 0), hence it is an isomorphism. Consequerﬁw s
jagj < @, is anisomorphism by the open mapping theorem.

The above three theorems extend to the case of polyhedraidamthree dimensions
using the methods obp] and [16]. The case of three dimensions will be however treated
separately, because the 3D Neumann problem is signi camtise complex, especially when
it comes to devising ef cient numerical methods. The casBl@fimann—Neumann adjacent
faces in 3D cannot be treated by the methods of this papee ghunvever.

4. Neumann-Neumann vertices and nonsmooth interfacedn this section, we obtain
a new type of well-posedness for the probleln) in the spaceK{;‘ that applies also to gen-
eral interfaces and to Neumann-Neumann vertices. Ourtresmbines the singular function
decompositions with more typical well-posedness res@liisgular function decompositions
for interface problems have been discussed alsé3r42, 66, 67] and more recentlyq9], to
give just a few examples.

We restrict to a special class of operatBrsfor which the spectral analysis is amenable.
Speci cally, we consider the case of the Laplace operatorwhen there are Neumann-
Neumann vertices but no interface, and the case div Ar , with A piecewise constant,
when there are interfaces. In this last case, the operastitlia multiple of the Laplacian on
each subdomain. Except for the explicit determination efdbnstantsq, our results extend
to variable coef cients. In both cases, we can compute eitplithe values of the weight
ag for which the operatoP is Fredholm. These values will be used to construct the grade
meshes in Sectioh.

4.1. The Laplace operator. WhenP = , the Laplace operator, it is possible to
explicitly determine the values of the constangsappearing in Theoreng&2and3.3. In this
subsection, we therefore assume tRat and there are no interfaces, that iss 1.

Recall that to a Fredholm operatdr: X ! Y between Banach spaces is associated a
unigue number, called thadex de ned by the formuland(T) = dimker( T) dim(Y=X).
For a discussion of Fredholm operators, see €7§], [
For each vertexQ 2 V, we let o be theinterior angle of @ atQ. In particular,
o =2 if Qisthetip ofacrack, andg = if Qs an arti cial vertex. We then de ne

wherek 2 Z if Q 2V is a Neumann—Neumann vertéx2 Zr fOgif Q 2 V is a Dirichlet—
Dirichlet vertex, anck 2 1=2 + Z otherwise. The operator penélh ( ) (or indicial family)
associatedto atQisPq( ):=( {)? @, where(r; ) are local polar coordinates at
Q. The operatoPq ( ) is de ned on functions itH 2([0; o]) that satisfy the given boundary
conditions, and is obtained by evaluating

(4.2) (rtr (p=rt 20 () @ ()
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P( ) isinvertible forall 2 R, aslongas 62 q.
We are again interested in the well-posedness of the probleih when Neumann—
Neumann vertices exist. We therefore consider the operator
~ = . L m+l ; — | m 1 m 1=2 .
(4.3) = (@) Kla+l() \f Ujg 0g!'K i l() K " 1:2(@) ;

a

which is well de ned form  1: Recall that we can extend!a to the casen = 0 as
(4.4) ToHO b H o (Tuv) = (rugr v);

whereu 2 H. andv 2 H . (recall thatH: isde ned in 2.11). For transmission prob-
lems, a similar formula allows to extend the operg®r@ ) to the casen = 0.

Following Kondratiev {16] and Nicaise (for the case of transmission probler6§) yve
can prove the result below, using also the regullarity thedrd.

THEOREM4.1. LetP = ,m 0,anda = (aq). Also, let™ be the operator

de ned in equationg4.3) and (4.4) for the case when there is no interface. Theq is
Fredholm if, and only ifag 62 o. Moreover, its index is independentrof

Proof. The Fredholm criterion is well knowrtf, 48, 76]. (The casem = 0 was not
treated explicitly, but it is proved in exactly the same Wwawe prove that the index is in-
dependent ofn. Indeed, ifu 2 H._ is such that  u = 0, then the regularity theorem,
Theorem3.1, implies thatu 2 K; 1? () The same observation for the adjoint problem

shows that the index is mdependenmf a
See also32, 48, 76] and references therein.
The casen = 0 is relevant because in that case
(45) =~ = =~ -

a a’

an equation that does not make sense (in any obvious way)ttier alues ofm. It is
then possible to determine the index of the operatogsby the following mdex calculation.

Recall that in this subsection we assume the interface tonijgye Let a = (ag) and

b = () be two vectorial weights that correspond to Fredholm opesdh Theorem. L
Let us assume that there exists a ver@such thatag < bg butar = bz if R 8 Q.
We count the number of values in the §ab;bg) \ o, with the values corresponding to
k = 0 in the de nition of ¢, equation 4.1), counted twice (because of multiplicity, which
happens only in the case of Neumann—Neumann boundary mgjit LetN be the total
number. The following result, which can be found B8] (see also 32, 46, 47, 64, 65)),
holds.

THEOREM4.2. Assume the conditions of Theordm are satis ed. Also, let us assume
thatag < bg butar = bz if R 6 Q, and letN be de ned as in the paragraph above. Then

ind( !b) ind( )= N:

This theorem allows to determine the index ©f . For simplicity, we compute the
index only forag > O and small. Let o be the minimum values &2 o\ (0;1 ). Then
o = = g, if both sides meeting & are assigned the same type of boundary conditions,
and by2 o = = ¢ otherwise.

THEOREM 4.3. Assume the conditions of Theordni are satis ed and letNy be the
number of vertice® such that both sides adjacent @ are assigned Neumann boundary

conditions. We assume the interface to be empty. Thers Fredholm forO < ag < g
with index

ind(~.)= No:
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Consequently;” . hasindex NoforO<agq <

For transmission problems, we shall couniNg also the points where the interface
is not smooth. Each such point is counted exactly once. Oottier hand, a point where a
crack rami es is counted as many times as it is covered irktolosure" , so in effect we
are counting the vertices th and notin .

Proof. Since the index is independentraf 0, we can assume that = 0. A repeated
application of Theorem.Z(more precisely of its generalization for = 0) for each weight

aq gives thatind( ™) ind(~ ) = 2No (each time when we change an index from
aQ to aQ we Iose a 2 in the mdex because the value 0 is counted twice). Since
= T we havend(~ . )= ind( ™ ), and therefore the desired result. 0O

a

We now proceed to a more careful study of the invertibilitpgerties of™_ . In partic-
ular, we will determine the constantg appearing in Theoren2and3.3.

For each verte 2 V we choose a functiong 2 C! () thatis constant equal to 1 in
a neighborhood o and satis es@ o =0 on the boundary. We can choose these functions
to have disjoint supports.

Let W be the linear span of the functions, that correspond to Neumann—-Neumann
verticesQ. (For transmission problems, we have to take into accountthks points where
the interface is not smooth. This is achieved by including a function of tben o for
each pointQ of the interface where the interface is not smooth. The ¢@m@ o = 0
on the boundary becomes, of course, unnecessary.) We sgteallthe following version of
Green's formula.

LEMMA 4.4. Assume alag  Oandu;v 2 Kfiﬂ ()+ Ws. Then

(uv)+(rurv)=(@Qu;V)e :

Proof. Assume rstu andv are constant close to the vertices, then we can apply thé usua
Green's formula after smoothing the vertices without chiagghe terms in the formula. In
general, we notice th&(u;v) :=( u;v)+(r u;r v) =( @u;Vv)g depends continuously
onu andv (since by hypothesiag  08Q ) and we can then use a density argument. [

Recall that we assume the interface to be empty. Then we haveltowing solvability
(or well-posedness) re§ult.

THEOREM4.5.Leta = (ag) withO<ag < g andm 1. Assume®d 6 ;. Then

for anyf 2 K!: i() and anygy 2 qu = 2() there exists a unique = Ureg + Ws,

Ureg 2 K{::() ,Ws 2 Ws satisfying u=f,u=00on@ ,and@u = gy on@
Moreover,

kureng?;ll() + kwgk  C kf kK!rZ 11() + ng r: 1122() ;
fora constanC > Oindependent df andgy . When@ = ; (the pure Neumann problem),
the same conclusions hold if constant functions are fadtors.
Proof. Using the surjectivity of the trace map, we can reduce tocisegp, = 0 and
gy =0.LetV =fu2 K':: () ;Uig =0; @ujg =09+ Ws. Sincem 1, the map

(4.6) DVIK T ()

is well de ned and continuous. Then Theorén3implies that the map of equatiod.¢) has
index zero, given that the dimension\&f; is Ng. When there is at least a side@ , this
map is in fact an isomorphism. Indeed, it is enough to show ibjective. This is seen
as follows. Letu 2 V be such that u = 0. By Green's formula (Lemm4.4), we have
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(ruru)=( u;u) + (@u;u)e = 0. Thereforeu is a constant. If there is at least one
Dirichlet side, the constant must be zero, ues 0. In the pure Neumann case, the kernel
of the map of equatior4(6) consists of constants. Another application of Green'snida
shows thaf u;1) = 0, which identi es the range of in this case as the functions with
mean zero. a

The same argument as in the above proof gives thats injective, provided all compo-

nents ofa are non-negative, a condition that we shall writeaas 0). From equation4.5),
it then follows that™ . is surjectivewhenever it is Fredholm. This observation implies

Theorem3.2for a = 0. Note that™q is Fredholm precisely when there are no Neumann-—
Neumann faces. For operators of the forndiv Ar with A piecewise smooth, we have to
assume also that the interfacds smooth, otherwise the Fredholm property for the critical
weighta =0 is lost.

We can now determine the constangsin Theorems3.2and3.3.

THEOREM4.6. Assumé® = . Then we can takeg = ¢ in TheorenB.2

Proof. Assume thajagj < q. Then™. is Fredholm of index zero, sincé, depends
continuously ona and it is of invertible fora = 0 as observed above in the context of
Theorem3.2. Assume ther™: u = 0 for someu I2 H . The singular function expansion

of u close to each vertex implies 2 H for all b = (ho) with 0 < bg < o [47, 66],
where g is the exponers of the rst singular functiorr® (), in polar coordinates centered
atQ. Slnce*zb is injective forbg > 0, ™ is injective forjagj < . Hence it must be an
isomorphism, as it is Fredholm of index zero. 0

4.2. Transmission problems.The results of the previous section remain valid for gen-
eral operators and transmission problems with [ ;, with a different (more complicated)
de nition of the sets . We consider only the case = divAr u= A, whereAisa
piecewise constant functioifhen, on each subdomain, a is a constant multiple of the
Laplacian and the associated conormal derivative is a antstultiple of@, the unit outer
normal. We assume all singular points @ on the boundary of are in the set of ver-
tices of the adjacent domaing. Moreover, we assume that the points where the interfaces
intersect are also among the vertices of some

Then for each verte, the set ¢ is determined by P g, where ranges through
the set of eigenvalues of @A@ onH 2([0; o]) with suitable boundary conditions. When
Q aninternal singular pointwe consider the operator@A@ onH ?([0; 2 1) with periodic
boundary conditions. We still takey > 0to be the least value ing \ (0;1 ).

We de ne again™y = ( a;@) butonly form =0 orl. Form =0, itis given as
in equation 4.4) with (Tau;v) = (Ar u;r v). Form = 1, the transmission conditions
ut = u andA*@u = A @ u must be incorporated. He®* andA are the limit
values ofA at the two sides of the interface(notice thatA is only locally constant on). In
view of Corollary3.4, we set

- o . . 0 1=2 .
@47) T,=( 1@ :D, 1K 2 () K7 (@) ;
D, :=fu: ! Rjuj, 2Ki+1( i) U@ =0;
ut =u ; andA*@u=A @ ug:

For higher values of, additional conditions at the interface are needed. (Thesditions
are not included in4.13.) We will however obtain higher regularity on each subdoma
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The theorems of the previous section then remain true farémsmission problem with
the following changes. In Theoreml, we take onlym = 0 orm = 1. In Theorem4.3, we
again assume onlyn = 0 orm =1 and inN we also count the number of internal vertices
(that is, the vertices on the interface that are not on thentbary). The proofs are as in
Kondratiev's paper46]. Theoren¥.2is essentially unchanged. In particular, we continue to
counttwicel 2 (ag;bg)\ g, sothaiNy is the number of Neumann—Neumann vertices plus
the number of internal vertices. The points where the bogynctanditions change (Dirichlet-
Neumann pointsdre notincluded in the calculation dflo.

Let us state explicitly the form of Theore#n5, which will be needed in applications. In
the following statemeniVs is the linear span of the functions, with Q corresponding to
Neumann—-Neumann verticaadinternal vertices. We require that all the functiong have
disjoint supports. Also, recall that for each Neumann—-NaumvertexQ, the function
satises g =0on@ and@ o =0 on@ . However, the functionsg corresponding
to internal vertice®) needI not satisfy any boundary conditions.

THEOREM 4.7. Leta = (ag) with0 < ag < o andm 1. Assume that
@ 6 ;. Then for anyf : ' Rsuch thatfj , 2 K{: i( i), forall j, and any

N 2 Kf: i:;(@ ) , we can nd a uniquel = Urg + Ws, Ueg © ! R, Upegj ; 2
Kf::i( i), Ws 2 W satisfying divAru=f,u=0on@ ,@u= gy on@ ,and

the transmission conditions® = u andA*@u = A @ u on the interface . Moreover,
X X
ku,eng!la+1 o+ | ku,engE?1 (n?t kwsk C ' kf kK!: 11( 0t kon kK?; 1;22(@ y
i j

for a constantC > 0O independent of andgy. The same conclusions hold for the pure
Neumann problem if constant functions are factored.

Proof. Assume rstm = 1. Then the same proof as that of Theorérd applies, since
in this case we can restrict to the boundary and apply Grdéemsula. For the other values
of m we use the casem = 1 to show the existence of a solution and then use the regularit
result of Theoren3.1in each ;. O

We conclude this section with a few simple observationsstrf all, any norm can
be used on the nite-dimensional spadé;, as they are all equivalent. Secondi \

K%Hl () = 0 , wheneverag > 0 for any Neumann—Neumann vert€x or internal Q.

Finally, the conditiorag 2 (0; ) can be relaxed tgagj < o for the vertices that are
either Dirichlet-Dirichlet or Dirichlet-Neumann. We cafsa increaseag, provided that
we include more singular functions. Most importantly, givs \ K iHl O H() ,it

follows that the solution provided by the Theordn7 is the same as the weak solution of the
Neumann problem provided by the coercivity of the fdBm onH () .

5. Estimates for the Finite Element Method. The purpose of this section is to con-
struct a sequence of (graded) triangular meshesn the domain that give the quasi-
optimal rate of convergence for the Finite Element appraxion of the mixed boundary
value/interface problen®(13).

For this and next section we make the following conventidis.assume that the bound-
ary of and the interface are piecewise linear and we x a constamt2 N corresponding
to the degree of approximation. For simplicity, we also assuor the theoretical analysis
that there are no cracks or vertices touching the boundargt ts that = Y . The case
when 6 ! can be addressed by using neighborhoods and distantes in

5.1. A note on implementation. We include a numerical test on a domain with a crack
in Section6. In these tests, the “right” space of approximation funtdioonsists of functions
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denedon' , and noton (we need different limits according to the connected congpon
from which we approach a crack point). Therefore the noded ursthe implementation will
include the vertices d¢f , countecas many times as they appear in that §éte same remark
applies to ramifying cracks, where even more points haveetodmsidered where the crack
rami es.

5.2. Approximation away from the vertices. We start by discussing the simpler ap-
proximation of the solutiom far from the singular points. We recall that all estimates in the
spacesK{;1 localize to subsets of.

LetT be a mesh of . By a mesh or a triangulation of we shall mean the same thing.
We denote by5(T ; m) the Finite Element space associated to the nfeshhat is,S(T ; m)
consists of all continuous functions: ! R such that coincides with a polynomial of
degree m on each triangld 2 T . Eventually, we will restrict ourselves to the smaller
subspac&(T;m)  S(T;m) of functions that are zero on the Dirichlet part of the bougda
@ . To simplify our presentation, we assume = 0 in this section although our results
extend to the casgy 6 0. Then, the Finite Element solutians 2 S(T; m) for equation
(2.13 is given by

ez
(5.1) a(us;vs) := A @u, @vndx = (f;vs); 8vs 2 S(T;m):
ij =1

We denote by, = u;.t.m 2 S(T;m) the Lagrange interpolant af 2 C() . We
recall its de nition for the bene t of the reader. First, @w a triangl€T, let[to;t1;t2] be the
barycentric coordinates oh. The nodes of the degree Lagrange triangld are the points
of T whose barycentric coordinatéis; t1; to] satisfymt; 2 Z. Thedegreem Lagrange
interpolantuy. r ., of u is the unique functiom;- 1., 2 S(T;m) such thau = uj.t., at
the nodes of each triangle 2 T . The shorter notation, will be used when only one mesh
is understood in the discussion (recall thais xed). The interpolant; has the following
approximation propertyg, 27, 31, 77).

THEOREM5.1. Let T be a triangulation of . Assume that all triangle$; in T have
angles and sides of length h. Letu 2 H™*1 () and letu; := u.t.m 2 S(T;m)
be the degreen Lagrange interpolant ofi. Then, there exist a constan® ;m ) > 0
independent ofl such that

ku u kHl() C(,m )hmkUka+1 O -

The following estimate for the interpolation error on a pgopubdomain of then fol-
lows from the equivalence of the¢ ™ () -norm and theK!:() -norm on proper subsets.
Recall the modi ed distance functiot de ned in equation Z.5). If G is an open subset of

, we de ne

(5.2) KP(Gi#)=ff: | C #2@f 2 L%(G); forallj j mg:

and we lekukg m (%) denote the corresponding norm.

PrROPOSITIONS.2. Fix > Oand0< < I LetG be an open subset such that
#> onG. LetT =(T;) be atriangulation of with angles  and sides h. Then for

each given Weigh!a, there exist€ = C(; ;m; !a) > O such that

ku' urkiyem  ChMKUKeps (g 8u2 KT () :
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The next step is to extend the above estimates to hold neaettiees. To this end, we
consider the behavior of tHé{: under appropriate dilations. Let us denoteByQ; ™) the

ball centered at a verteQ with radius™ We choose a positive numbesuch that
() the setsv; .= \ B(Q;;") are disjoint,
(i) #(x) = jx QijonVi,
(i) #(x) =2outside the se¥ := [ V;.
We note that the spade_f;‘ (Vi;#) depends only on the weighb, . Hence we will denote it
simply byK3' (Vi; #) witha = ag, .

For the rest of this subsection, we x a vertéx= Q;, and with abuse of notation we
setV := V; = \ B(Q;NN. We then study the local behavior with respect to dilatiohs o
a functionv 2 K f: () with support in the neighborhood of a vertexQ. Therefore, we
translate the origin to agree with Q and call ag@iny) the new coordinates. L& be a
subset ofvV suchthat ~ #(x) TonG. Forany xed0< < 1,wesetG’:= G =
f x j x2 Gg. Then, we de ne the dilated function (x) := v(x ); forall (x;y) 2 G.
We observe that sincé is a (straight) sector, &  V thenG® V. The following simple
dilation lemma can be proved by direct calculation.

LEMMA 5.3. LetG VandG’°= G,0< < 1 Ifu (x):= u(x);then
ku Kqm (g = 2 Tkukgm (gos) foranyu 2 KJ'(V;#).

Lemmab.3 and Propositiorb.2 easily give the following interpolation estimate near a
vertexQ.

LEMMA 5.4.LetG® V be asubsetsuchth&> > 00nG° LetT be triangulation
of G°with angles  and sides h. Givenu 2 K;“:ll (V; ),a 0, the degreen Lagrange
interpolantu;. r of u satis es

ku u;rkeiosy  C(iim ) 2(h=)"Kukgma oy

with C(; ;m ) independent of, h, a, andu.
This lemma will be used for ! 0, while Propositiorb.2 will be used with a xed .

5.3. Approximation near the vertices. We are now ready to address approximation
near the singular points. To this extent, we work with the lfndinite Element Space
S(T; m) de ned for any mesiT of as

(5.3) S(Ty;m):=S(T;m)\H . =f 2S(T;m); =00on@ g;

whereH: = fu 2 KL !a() ;u=0o0n@ g This de nition takes into account that the
variational space associated to the mixed boundary valeeface problemi(1)isH:_ .

REMARK 5.5. We recall that when the interface is not smooth or thezeNe@umman-
Neumann vertices, by Theored2 for anyjagj < ¢ the variational solutiom of (1.1) can

spaceWs is the linear span of functions 2 Cl (V;), one for each Neumann-Neumann or
interface vertexQ;, such that ; equals 1 orv; and satised@ ; = 0 on @ . For each

vertexQ, we therefore xag 2 (0; @), and we let = minfagg. With this choice, we
have thatieqg 2 H* () C () , sothat the interpolants afcan be de ned directly, since
W consists of smooth functions. Moreover, the condition that* )ueq be integrable
in a neighborhood of each vertex shows tbag; must vanish at each vertex. Therefore
u(Q) = w(Q) for each Neumann-Neumann or interface ver@ex
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—_— b
L
O O
FIG. 5.1.0ne re nement of the triangl& with vertexQ, = I1=l;.

We now ready to introduce the mesh re nement procedure. &dn gertexQ, we choose
anumber g 2 (0;1=2]and set =( g).

DEFINITION 5.6. Let T be a triangulation of such that no two vertices of belong
to the same triangle of . The re nement of T, denoted by (T) is obtained by dividing
each sidéAB of T in two parts as follows. If neithek nor B is a vertex, then we divid&B
into two equal parts. Otherwise, X is a vertex, we divid&B into AC andCB such that
JACj = qjAB].

This procedure will divide each triangle into four triangles. (See Figurg.1). Let
us notice that the assumption that no two vertices dielong to the same triangle of the
mesh is not really needed. Any reasonable division of aralriifangulation will achieve this
condition. For instance, we suggest that if two vertices dfelong to the same triangle of
the mesh, then the corresponding edge should be divideeqtal parts or in a ratio given
by the ratio of the correspondingconstants.

DEFINITION 5.7. We de ne by inductiol,+; = (T,), where the initial mesHy is
such that every vertex of is a vertex of a triangle Ty and all sides of the interface
coincide with sides in the mesh. In addition, we chofissuch that there is no triangle that
contains more than one vertex and each edge in the mesh tgih len=2 (with ~chosen as
in Section5.2).

We observe that, near the vertices, this re nement coirscii¢h the ones introduced in
[3, 12, 17, 70] for the Dirichlet problem. One of the main results of thisnwas to show
that the same type of mesh gives optimal rates of convergencoeixed boundary value and
interface problems as well.

We denote byu;., = U;:1,.m 2 Sp := S(Tn;m) the degreen Lagrange interpolant
associated ta 2 C() and the mesf,, on , and investigate the approximation properties
afforded by the triangulatiofi, close to a xed vertexQ. The most interesting cases are
whenQ is either a Neumann-Neumann vertex or a vertex of the interféVe shall therefore
assume that this is the case in what follows. With abuse ddtioot we leta = ag and

= gWwith o 2 (0;2 ™?9). We also x atriangleT 2 T, that hasQ as a vertex. Then
Theoren¥.7 gives that the solution of our interface problem decomposesias Ureg + Ws,
With Ureg 2 K5 (T #) andws 2 W, if f 2 K{;‘ i( )andT .

We next letT » = "T 2 T, be the triangle that is similar t& with ratio ", has
Q as a vertex, and has all sides parallel to the sideE.ofThenT Tn.aforn 1
(with T o = T). Furthermore, since < 1=2 and the diameter of is =2, we have
T; V=B(0;7)\ foralln 0. Recallthatwe assume all functionsWy are constant
on neighborhoods of vertices. We continue toTx 2 Ty with vertexQ. The following
interpolation estimate holds.

LEMMA 5.8.Let0< = o 2 ™@c and0<a = ag < q. Letus denote by
Tw = NT T the triangle with vertexQ obtained fromT afterN re nements. Lety
be the degreen Lagrange interpolant ofi associated td'y . Then, ifu 2 Kg":f (V; #) +
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Ws \f ujg =0gonT~ 2Ty, we have
N .
ku ' uin ki €27 kureng;Tff (T n#)

whereC depends om and , but not onN .

Proof. By hypothesisi = Uyeg + W, With Ureg 2 K;”;f () andw 2 Ws. To simplify
the notation, we let = ueg. By Remark5.5, if N is large enough we can assume that
w = u(Q) a constant ol ~ . We again denote the dilated function(x;y) = (x;y ),

where(x;y) are coordinates @ and0< < 1. Wechoose = N 1 Then, (x;y)2
K;“jll (T ;#) by Lemma5.3. We next introduce the auxiliary function = onT,
where : T ! [0;1] is a smooth function that depends only #rand is equal to 0 in a

neighborhood o), but is equal to 1 at all the nodal points different fr@m Consequently,

k k2 Ck K2

2 :
kvk KM (T ) KM (T )

KM (T )
whereC depends om and the choice of the nodal points. Moreover, sin¢®) = 0 by
Remark5.5, the interpolant o/ if given byvy, = (), =( ;) onT . We also observe
that the interpolant olv on T ~ is equal tow, because they are both constants, and hence
u u = | - Therefore

kuurkicpr =k K e = K Ky
=k ViV ke o K Vkerery kv Kexr
= k VkK%(T #) + kV V| kK%(T #) Ck kK%(T #) + CkaKrln+1 (T #)

Ck kK%(T #) + Ck kKTﬂ (T #) = Ck kK%(T N ) + Ck kKTﬂ (T

N
C MK kg r )

N #)
N — N .
Cc2 m k ngw++11 (T n#) = Cc2 m kureg kK?:ll (T n i#)

which gives the desired inequality. The second and the leigklations above are due to
Lemma5.3, and the sixth is due to Propositiémn. a
We now combine the bounds dnw of the previous lemma with the bounds on sets of
the formT ; r T ;. of Lemmab.4to obtain the following estimate on an arbitrary, but xed,
triangleT 2 Tg that has a verte® in common with  (the more dif cult case not handled
by Propositiorb.2).
PROPOSITION5.9. LetT 2 Tg such that a verte® of T belongs toV. LetO< ¢
2 M@0 0<ag < g. Then there exists a constadt> O, such that
ku upn keirigy  C2 mN KUregKm 1 (7.’
for all u = Ureg + W, Wherew 2 Ws andureg 2 K1,; () is such thatueg 2 KI5 (),
forall j.
Proof. As before, we setg = andag = a. As in the proof of Lemm&.8, we have
U U = Ueg Ureg; . We may thus assume that u.eg. The restis as ini[7, 18]. 0
REMARK 5.10. If T denotes the union of all the initial triangles that contaéntices of
, thenT is a neighborhood of the set of vertices inFurthermore, the interpolation error on
Tis obtained aku  ukgi(ryy C2 N KUreg kK;n&l (T:#) by summing up the squares of
the estimates in Propositian9 over all the triangles, as long ag is chosen appropriately.
We now combine all previous results to obtain a global irdéation error estimate on.
THEOREM 5.11. Letm 1 and for each verteQ 2 V x 0 < ag < ¢ and
0 < o < 2 ™A@c, Assume that the conditions of Theoréri are satis ed and letu
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be the corresponding solution problef@.13 withf : ! R such thatf 2 K{: i( i)

for all j. LetT, be the n-th re nement of an intial triangulatiom, as in De nition 5.7.
LetS, := S, (T,; m) be the associated Finite Element space given in equdfid) and let
Un = Us, 2 S, be the Finite Element solution de ned{8.1). Then there exist€ > 0 such
that

X
kU UnkK%() C2 mn kf kK:“ 1

moC)
i a 1!

Proof. LetT; be the union of initial triangles that contain a given vei@gx Recall from
Theorem4.z,that the solution of prol?_JemZ(la can be written a8 = Ureg + W wWithw 2 W
andkwk + kureng!m::;( ) C jKiker ) Becaus@l Uj = Ureg Ureg; ON

V;, we use the previous estimates to obtain

ku UnkK%() Ci;é] Uy kK%() X
C ku Uy kK%( L TH) + kureg Ureg;l kK%( I\ Ti#)

j
X
C2 ™ kukgpa(rprim t o Kiegkp ()
mn >J< J mn X .
Cc2 ™ ' kureng!:z( j)+kwk) C2 . kka!n; '
J I

The rstinequality is based on&'s Lemma and the second inequality follows from Propo-
sitions5.2and5.9. 0

We can nally state the main result of this section, nameg/dlnasi-optimal convergence
rate of the Finite Element solution computed using the meshe

THEOREM 5.12. Under the notation and assumptions of Theoftl, u, = us, 2
Sh = S(T,; m) satis es

X
ku Uunkc:y Cdim(Sy) ™% Kkfken 1)
J. a 1

for a constanC > 0independent of andn.

Proof. Let againT,, be the triangulation of aftern re nements. Then, the number of
triangles i90(4") given the re nement procedure of De nitioh.6. Thereforedim(S,) ' 4"
so that Theorerd.11gives

X X
ku Unkery €2 ™ Kiken oy Cdim(Sy) ™2 Kiken o
j i

()"

The proof is completdl]

Using thatH™ ( ;) K ’;‘ i( i) if ag 2 (0;1) for all verticesg, we obtain the
following corollary.

COROLLARY 5.13.LetO<ag minfl, ggand0< o < 2 M@c for each vertex
Q 2 V. Then, under the hypotheses of Theoke?,

Ku Unkpiy  Cku  Unkgry — Cdim(Sn) ™2kfkym 1) ;

for a constantC > Oindependentdf 2 H™ () andn.
Note that we do not claim that2 K () (which is in general not true).



ETNA
Kent State University
http://etna.math.kent.edu

FINITE ELEMENTS ON POLYGONS 61

TABLE 6.1
Convergence history for a crack domain.

jn | e: =011 e: =0:2 e: =03 e: =04 e: =05
3 0.76 0.79 0.79 0.83 0.77
4 10.88 0.90 0.89 0.82 0.76
5 0.94 0.95 0.91 0.79 0.70
6 0.97 0.97 0.92 0.76 0.63
7 0.99 0.98 0.91 0.73 0.57
8 0.99 0.98 0.91 0.71 0.54
9 1.00 0.99 0.90 0.69 0.52

6. Numerical tests. In this section, we present numerical examples which testhi®
quasi-optimal rates of convergence establisagudliori in the previous section. The conver-
gence history of the Finite Element solution supports ogults. Recall the Finite Element
solutionu, 2 Sy is de ned by

Z
a(un;vp) = Al @u, @vndx = (f;vn); 8V, 2 Sy
i =1

To verify the theoretical prediction, we focus on the moral&nging problem where
Neumann-Neumann vertices and interfaces are present. alfebgttesting different con-
gurations of mixed Dirichlet/Neumann boundary condit&rbut no interface, on several
different domains for the simple model probleéi),

(6.1) u=1lin ; u=0on@ ; @Q@u=0 on @

In particular, we consider non-convex domaingvith a crack. In this case, the optimal grad-
ing can be computed explicitly beforehand. We then perfotes&for the model transmission
problem

(6.2) div(a(x;y)ru)=1in ; u=0 on @;

wherea is a piece-wise constant function. We have run also a fews teishm = 2, which
also seem to con rm our theoretical results. However, meeament steps seem to be
necessary in this case to achieve results that are as conyias in the casen = 1. Thus
more powerful (i. e., faster) algorithms and codes will neele used to test the case= 2
completely.

6.1. Domains with cracks and Neumann-Neumann verticesWe discuss the results
of two tests for the mixed boundary value problel). In the rst test, we impose pure
Dirichlet boundary conditions, i.e., we tal® = @ but on a domain with a crack. Speci -
cally, welet = (0 ;1) (0;1)r f(x;0:5);0<x< 0:5gwith a crack at the poin0:5; 0:5);
see Figures.1. The presence of the crack forces a singularityHar solutions at the tip of
the crack. By the arguments in Sectidnany mesh gradin@ < a < = =2 =1=2
should yield quasi-optimal rates of convergence as londgy@slécay ratio of triangles in
subsequent re nements satis es= 2 17 < 2 ¥ = 0:25 near the crack tip. In fact, in
this case the solution id 2 away from the crack, butis only iHS,s < 1+ = 1:5, near
the crack (following £6]). Recall that the mesh siZeafterj re nements isO(2/). Thus,
quasi-uniform meshes should give a convergence rate ner lie#nh®° [78].
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FIG. 6.2. Initial triangles for a Neumann-Neumann vert€x(left); the triangulation after one re nement,
=0:2 (right).

In the second test, is the non-convex domain of Figu&@?2 with a reentrant vertex
Q. The interior angle a@ is 1:65 . We impose Neumann boundary conditions kmth
sides adjacent to the vert&€}, and Dirichlet boundary conditions on other edges. Again,
anH 2 solution will have a singularity at the reentrant cornerhistcase, the arguments of
Sectionst and5 imply thatwe cantak®@<a< = =165 0:61 for the mesh grading,
and consequently, the quasi-optimal rates of convergemmald be recovered as long as the
decay ratio of triangles in subsequent re nements satisess 2 17 < 2 17 0:32
nearQ.

The convergence history for the FEM solutions in the twostesé given respectively in
Table6.1 and Table6.2. Both tables con rm the predicted rates of convergence. [Efte
most column in each table of this section contains the nuober nements from the initial
triangulation of the domain. In each of the other columnslisteéhe convergence rate of the
numerical solution for the problens (l) computed by the formula

- Ui 1 Ujlne,.

(6.3) e IogZ(juj T

whereu; is the Finite Element solution aftemesh re nements. Therefore, since the dimen-
sion of the spac&,, grows by the factor of 4 with every re nement for linear niedement
approximationsge should be very close to 1 if the numerical solutions yield Sipmptimal
rates of convergence, an argument convincingly veri edhia two tables. In Tablé.2, for
example, we achieve quasi-optimal convergence rate wkertkg decay ratio < 0:32,
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FiG. 6.3. The numerical solution for the mixed problem with a Neumbleaimann vertex.

TABLE 6.2
Convergence history in the case of a Neumann-Neumann vertex

jn |e: =01 e: =02 e: =04 e: =05
3 0.91 0.93 0.95 0.94
4 | 0.96 0.97 0.97 0.96
5 0.98 0.99 0.98 0.95
6 0.99 1.00 0.98 0.93
7 1.00 1.00 0.97 0.89
8 1.00 1.00 0.96 0.84

sincee ! 1 after a few re nements. On the other hand, ¥ 0:32, the convergence rates
decrease with successive re nements due to the effect o$itigularity atQ. In fact, for

= 0:5 we expect the values @fto approact0:61, which is the asymptotical convergence
rate on quasi-uniform meshes for a functiorHn 6.

6.2. Domains with arti cial vertices. We discuss again a test for the model mixed
boundary value problent(l), but now we test convergence in the presence of an arti cial
vertex, where the boundary conditions change on a given Bigetake the domain to be the
unit square = (0 ;1) (0;1) and we impose the the mixed boundary conditi@s =
f(x;0);0<x< 059, @ = r @ (see Figures.4). In this case, the solution i42
near all geometric vertices, as the interior angle=ig , but it does possess a singularity at
the arti cial vertexQ = (0 :5; 0), where the boundary conditions change. Near such a vertex,

the maximum mesh grading from Sectidris o = 0:5= = 0:5. Then, quasi-optimal
rates of convergence can be obtained on graded meshes iéthg catio of triangles in
subsequent re nements satis @&< =2 17 < 2 ¥ = 0:25near the singular point

(0:5;0). The optimal rate is again supported by the convergencerhistf the numerical
solution in Table5.3.

6.3. Transmission problems.We discuss nally a test for the model transmission prob-
lem (6.2), The singularities in the solution arise from jumps in tlefccient a across the in-
terface. As discussed in Sectibnquasi-optimal rates of convergence can be achievedt
ori by organizing triangles in the initial triangulation sotleach side on the interface is a side
of one the triangles as well. We verifyposteriorithat this construction yields the predicted
rates of convergence. We choose the domain again to be theesqu( 1;1) ( 1;1)
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FIG. 6.4. The domain with an arti cial vertex: initial triangles (I€f; the triangulation after four re nements,
= 0:2 (right).

TABLE 6.3
Convergence history in the case of an arti cial vertex.

jn |e: =01 e: =02 e: =03 e: =04 e: =05
3 0.84 0.87 0.87 0.84 0.81
4 0.91 0.93 0.91 0.85 0.77
5 0.95 0.95 0.91 0.82 0.70
6 0.97 0.96 0.91 0.78 0.63
7 0.99 0.97 0.90 0.75 0.57
8 0.99 0.98 0.90 0.72 0.54
9 1.00 0.98 0.89 0.70 0.52

with a single, but nonsmooth, interfaceas in Figure6.5, which identi es two subdomains
i j =1;2. We also pick the coef ciena(x;y) in (6.2) of the form

(

1 on ;
XY= 3 on ;

The large jump across the interface makes the numericaysinahore challenging. The
solution of 6.2) may have singularities iH 2 at the point€Q; = ( 1;1), Q» = (1;0) where
the interface joins the boundary, andat = (0 ; 0), which is a vertex for the interface (there
are no singularities again i?2 at the square geometric vertices).

Again based on the results of Sectiahand5, for each singular poin®;, i = 1;2;3,
there exists a positive number, depending on the interior angle and the coef cients, such
that, if the decay rate; of triangles in successive re nements satis@s ; < 2 1% i near
each vertexQ1, quasi-optimal rate of convergence can be obtained for tiite element so-
lution. We observe that the solution belongéé in the neighborhood of a vertex, whenever

i 1, and therefore, a quasi-uniform mesh near that vertex isisof in this case.

Instead of computing; explicitly, as a formula is not readily available, we tedtetient
values of ; < 0:5 near each singular points until we obtain valueg approachinglL. This
limit signals, as discussed above, that we have reachedopt@sal rates of convergence for
the numerical solution. The value efs given in equation@.3). Once again, the convergence
history in Table6.4 strongly supports the theoretical ndings. In particulao, special mesh
grading is needed near the poiftsl; 1) and(1; 0). Near the internal vertef0; 0), however,
we found the optimal grading ratio to bg 2 (0:3;0:4), in agreement with the results of
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FiG. 6.5. The transmission problem: initial triangles (left); thaangulation after four re nements, = 0:2
(right).

FIG. 6.6.The numerical solution for the transmission problem.

Theorem4.7 and Theorenb.12 Figure 6.5 shows the mesh re nement ne@; 0) when
=0:2.

We notice that our tests involve values otfhat are very small, yet the optimal conver-
gence rate is preserved. We expect, however, thatbiécomes even smaller, it may take
longer to observe the optimal rate of convergence. On therdtand, the angle condition
is not an issue, by the results of Balka and Aziz, who have shown that the problem arises
when some angles of the triangles become lagyeh fact, in our re nement, the maximum
size of the resulting angles does not increase with eacteraent. This maximum size can
also be chosen not to be too large in the initial triangutgtemnd hence in all triangulations.
However, as becomes smaller, our procedure leads to smaller and sraaliges, although
the minimum size of these angles do not decrease with eademgent. Even the smallness
of the angles can be dealt with by choosing a different metiiatividing the triangles close
to the singularities, leading to a slightly different gredeesh, as ing2]. The constant g
associated to each singular poipiwill be the same in the new family of graded meshes.
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TABLE 6.4
Convergence history for the transmission problem.

jn | e: =01 e: =0:2 e: =03 e: =04 e: =05
3 0.82 0.83 0.84 0.83 0.78
4 0.91 0.91 0.91 0.90 0.83
5 0.97 0.97 0.96 0.94 0.86
6 0.99 0.99 0.98 0.95 0.85
7 1.00 0.99 0.99 0.95 0.82
8 1.00 1.00 1.00 0.95 0.80

The methods used in this paper can be generalized to deapwalighedral domains in
three dimensions. Seé&q] and the references therein. However, the resulting &lyoris
signi cantly more complicated and it leads to meshes thahadibsatisfy the minimum angle
condition. On the other hand, for point singularities sushtee ones arising in the study
of Schibdinger operators, this procedure simpli es and is almdsntical to the one in two
dimensions presented hetis[ 41].

6.4. Conclusion. It is well known that the singular solutions of elliptic edigens in
polyhedral domains can be conveniently studied using thighted Sobolev spacesy'.
However, the classical results on solvability (i. e., wadlsedness) in weighted spade$
do not extend to the case of boundary-value problems whgaeet sides of a corner are
endowed with Neumann boundary conditions, or to transworisproblems. In this paper,
we succeed to establish new a priori estimates (well-passgmegularity and the Fredholm
property) for the solution of the transmission probleiril) in augmented weighted Sobolev
spaces (see Sectial) in the presence of non-smooth interfaces and Neumann—alaum
vertices. Using these theoretical results, we construtass ©f graded meshes that recover
the optimal rate of convergence of the Finite Element appration. Our numerical tests for
different problems give convincing evidence of the improeat in the convergence rate on
these graded meshes. The use of augmented weighted Sopat@ss$n the analysis of other
numerical methods for these transmission problems, fangiain the study of the adaptive
Finite Element Method, is a promising future direction of cesearch9, 63].
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