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Preface

The study of Liaison in Algebraic Geometry has flourishedimghuring the last years,
thanks to the contributions of many authors. On one hanctisean interest in the theory in
itself, on the other liaison is a powerful tool for producisyecific examples.

On October 1-5, 2001 J. Migliore and U. Nagel were the mairalpes of the School/
Workshop “Liaison and related topics” held at the DepartnoéiMathematics of the Politecnico
di Torino.

The first part of this issue contains the notes of their laswith an open problems section.
The second part contains annoucements by some of the jpaméxof results which will appear
elsewhere in complete form. In the last part we collect sonegtsesearch papers.

The organizers would like to thank all the partecipants &Sbhool/Workshop, the contrib-
utors to this issue, and the Dipartement of Mathematicshiemtarm hospitality. Special thanks
go to the main speakers for their work before, during and #fie School/Workshop.

The School/Workshop was partially supported by Italian RIUh the framework of the
national project “Geometry on algebraic varieties” and B\GER.

G. Casnati, N. Chiarli, S. Greco, R. Notari, M.L. Spreafico
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Liaison and Rel. Top.

J.C. Migliore - U. Nagel

LIAISON AND RELATED TOPICS: NOTES FROM THE
TORINO WORKSHOP-SCHOOL

Abstract. These are the expanded and detailed notes of the lectuess lgywthe

authors during the school and workshop entitled “Liaisoch iaatated topics”, held
at the Politecnico of Torino during the period October 1-802 In the notes
we have attempted to cover liaison theory from first priresplthrough the main
developments (especially in codimension two) and the stahdpplications, to
the recent developments in Gorenstein liaison and a discus§ open problems.
Given the extensiveness of the subject, it was not possilge {nto great detail in
every proof. Still, it is hoped that the material that we @hesll be beneficial and
illuminating for the principants, and for the reader.

1. Introduction

These are the expanded and detailed notes of the lectusssigivthe authors during the school
and workshop entitled “Liaison and Related Topics,” helthatPolitecnico di Torino during the
period October 1-5, 2001.

The authors each gave five lectures of length 1.5 hours eaetatdémpted to cover liaison
theory from first principles, through the main developméagpecially in codimension two) and
the standard applications, to the recent developments rertein liaison and a discussion of
open problems. Given the extensiveness of the subjectsitaBpossible to go into great detail
in every proof. Still, it is hoped that the material that wesé will be beneficial and illuminating
for the participants, and for the reader.

We believe that these notes will be a valuable addition tditheature, and give details and
points of view that cannot be found in other expository wasksthis subject. Still, we would
like to point out that a number of such works do exist. In pattr, the interested reader should
also consult [52], [72], [73], [82], [83].

We are going to describe the contents of these notes. In flesigry Section 2 we discuss
the origins of liaison theory, its scope and several resultsproblems which are more carefully
treated in later sections.

Sections 3 and 4 have preparatory character. We recallaeesults which are used later
on. In Section 3 we discuss in particular the relation betwleeal and sheaf cohomology, and
modules and sheaves. Sections 4 is devoted to Gorenstais idbere among other things we
describe various constructions of such ideals.

The discussions of liaison theory begins in Section 5. Bessglving the basic definitions
we state the first results justifying the name, i.e. showiras indeed the properties of directly
linked schemes can be related to each other.

Two key results of Gorenstein liaison are presented in 8eéti the somewhat surprisingly

59



60 J.C. Migliore - U. Nagel

general version of basic double linkage and the fact thatlily equivalent divisors on “nice”
arithmetically Cohen-Macaulay subschemes are Gorengt&ad in two steps.

The equivalence classes generated by the various condditsame are discussed in Sec-
tions 7 - 10. Rao’s correspondence is explained in Sectiofit s a relation between even
liaison classes and certain reflexive modules/sheaveshvgiies necessary conditions on two
subschemes for being linked in an even number of steps.

In Section 8 it is shown that these conditions are also sefftdior subschemes of codimension
two. Itis the main open problem of Gorenstein liaison to dedi this is also true for subschemes
of higher codimension. Several results are mentioned wiiotide evidence for an affirmative

answer. Examples show that the answer is negative if one bgkcomplete intersections only.

In Section 9 we consider the structure of an even liaisorscl&or subschemes of codimen-
sion two it is described by the Lazarsfeld-Rao property. ddwer, we discuss the possibility of

extending it to subschemes of higher codimension. In Sedtibwe compare the equivalence
relations generated by the different concepts of linkaggalrticular, we explain how invariants

for complete intersection liaison can be used to distifga@mnplete intersection liaison classes
within one Gorenstein liaison class.

Section 11 gives a flavour of the various applications oftaitheory.

Throughout these notes we mention various open problemsneSd them and further
problems related to liaison theory are stated in Section 12.

Although most of the results are true more generally for shbses of an arithmetically
Gorenstein subscheme, for simplicity we restrict ourseteesubschemes &f".

Both authors were honored and delighted to be invited tothiedectures for this workshop.
We are grateful to the main organizers, Gianfranco CasNatija Chiarli and Silvio Greco, for
their kind hospitality. We are also grateful to the partiifs, especially Roberto Notari and
Maria Luisa Spreafico, for their hospitality and mathenadtidiscussions, and for their hard
work in preparing this volume. Finally, we are grateful todRoHartshorne and Rosa Miro-
Roig for helpful comments about the contents of these nated,especially to Hartshorne for
his Example 22.

2. Overview and history

This section will give an expository overview of the subjetliaison theory, and the subsequent
sections will provide extensive detail. Liaison theory fiagoots dating to more than a century
ago. The greatest activity, however, has been in the lastaquaentury, beginning with the work
of Peskine and Szpird [91] in 1974. There are at least theegpectives on liaison that we hope
to stress in these notes:

e Liaison is a very interesting subject in its own right. Thare many hard open problems,
and recently there is hope for a broad theory in arbitraryroedsion that neatly encom-
passes the codimension two case, where a fairly completggicas been understood for
many years.

e Liaison is a powerful tool for constructing examples. Sames a hypothetical situation
arises but it is not known if a concrete example exists to 6tttieoretical constraints.
Liaison is often used to find such an example.

e Liaison is a useful method of proof. It often happens that caie study an object by
linking to something which is intrinsically easier to studyis also a useful method of
proving that an object does not exist, because if it did thiamkavould exist to something
which can be proved to be non-existent.



Liaison and related topics: notes 61

Let R = K[Xp, ..., Xn] whereK is a field. For a sheaF of Opn-modules, we set

HLF) = P H @", F1)
teZ

This is a gradedr-module. One use of this module comes in the following notion

DEFINITION 1. A subscheme XC P" is arithmetically Cohen-Macaulaif R/Ix is a
Cohen-Macaulay ring, i.edim R/l = depthR/1, wheredim is the Krull-dimension.

These notions will be discussed in greater detail in comaugiens. We will see in Section
3 thatX is arithmetically Cohen-Macaulay if and onlykfl(Zx) = O for 1 < i < dim X. When
X is arithmetically Cohen-Macaulay of codimensigrsay, the minimal free resolution &% is
as short as possible:
O—-F—>F._1—> --—>F—>Ix—0

(This follows from the Auslander-Buchsbaum theorem anddéfinition of a Cohen-Macaulay
ring.) The Cohen-Macaulay typef X, or of R/Ix, is the rank ofFc. We will take as our
definition thatX is arithmetically Gorensteiiif X is arithmetically Cohen-Macaulay of Cohen-
Macaulay type 1, although in Section 4 we will see equivafentulations (Proposition 6).
For example, thanks to the Koszul resolution we know thatraptete intersection is always
arithmetically Gorenstein. The converse holds only in gaaision two. We will discuss these
notions again later, but we assume these basic ideas foutfent discussion.

Liaison is, roughly, the study of unions of subschemes, arphrticular what can be de-
termined if one knows that the union is “nice.” Let us begihaa very simple situation. Let
C; andC; be equidimensional subschemesPfhwith saturated idealsc,, Ic, C R (i.e. g,
andlc, are unmixed homogeneous idealsfh We assume that; andC, have no common
component. We can study the unigh= C; U Cp, with saturated idealx = Ic; N Ic,, and
the intersectiorz = Cq N Cy, defined by the idedlc, + Ic,. Note that this latter ideal is not
necessarily saturated, $g = (Ic, + Icz)sat. These are related by the exact sequence

1) 0—lc,Nlg, = Ig; @1, = Ic; +1c, — 0.
Sheafifying gives

0—>1Ix - 1Ic,®1Ic, > 1z — 0.
Taking cohomology and forming a direct sum over all twists, get

0— Ix = Ig,®lc, — 1z — HXZx) - Hl@c)e®HLTc,) — -
NS
Ic, +1c,
/N
0 0

So one can see immediately that somehﬂ;ﬂn(Ix) (or really a submodule) measures the failure
of I¢, + I, to be saturated, and that if this cohomology is zero thenddaliis saturated. More

observations about how submodulesl-d}}(Ix) measure various deficiencies can be found in
[72].

REMARK 1. We can make the following observations about our uog Cq U Cj:
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1. If HL(Zx) = 0 (in particular ifX is arithmetically Cohen-Macaulay) thép, +1c, =1z
is saturated.

2. Ix C g, andly C Ig,.

3. [Ix : Ig] = I, and [Ix : Ic,] = Ic, sinceCq andCp have no common component
(cf. [30] page 192).

4. ltis not hard to see that we have an exact sequence
0— R/Ix = R/Ic, ® R/Ic, — R/(I¢, + Ic,) = 0.
Hence we get the relations

degC1 +degC, = degX
paC1+ paC2 = paX+1—degZ (if C;yandC5 are curves)

where pa represents the arithmetic genus.

5. EvenifXis arithmetically Cohen-Macaulay, itis possible tlatis arithmetically Cohen-
Macaulay butC, is not arithmetically Cohen-Macaulay. For instance, cdeisthe case
whereC, is the disjoint union of two lines if*3 andCy is a proper secant line . The
union is an arithmetically Cohen-Macaulay curve of degree 3

6. If C, andC, are allowed to have common components then observationd 8 ahove
fail. In particular, even ifX is arithmetically Cohen-Macaulay, knowing something @bou
C1 and something abouX does not allow us to say anything helpful ab@y. See
Example 3.

The amazing fact, which is the starting point of liaison tlyeés that when we restrick
further by assuming that it is arithmetically Gorenstehert these problems can be overcome.
The following definition will be re-stated in more algebréaguage later (Definition 3).

DEFINITION 2. Let G, C; be equidimensional subscheme®daving no common com-
ponent. Assume that %= C1 U C5 is arithmetically Gorenstein. TheniGnd G are said to
be (directly) geometrically G-linked by, and we say that £is residualto C; in X. If X is a
complete intersection, we say that @nd G are (directly) geometrically Cl-linked

ExampPLE 1. If X is the complete intersection P of a surface consisting of the union of
two planes with a surface consisting of one plane thdimks a lineC4 to a different lineC.

Figure 1: Geometric Link




Liaison and related topics: notes 63

REMARK 2. 1. Given a schem€y, it is relatively easy (theoretically or on a computer)
to find a complete intersectiod containingC4. It is much less easy to find one which gives a
geometric link (see Example 2). In any cadeijs arithmetically Cohen-Macaulay, and if one
knows the degrees of the generatord ptthen one knows the degree and arithmetic genus of
and even the minimal free resolution g, thanks to the Koszul resolution.

2. We will see that wheiX is a complete intersection, a great deal of information gspd from
C1 to C,. For exampleC4 is arithmetically Cohen-Macaulay if and only@; is arithmetically
Cohen-Macaulay. We saw above that this is not true wKkds merely arithmetically Cohen-
Macaulay. In fact, much stronger results hold, as we shall e important problem in general
is to findliaison invariants

3. While the notion of direct links has generated a theliajson theory that has become an
active and fruitful area of study, it began as an idea thandidquite work. Originally, it was
hoped that starting withnycurveC; in P> one could always find a way to link it to a “simpler”
curve C, (e.g. one of smaller degree), and use information aluto studyC,. Based on
a suggestion of Harris, Lazarsfeld and Rao [63] showed thiatidea is fatally flawed: for a
general curveC C P3 of large degree, there is no simpler curve that can be olstdioen C in
anynumber of steps.

However, this actually led to a structure theorem for codisien two even liaison classes
[4], [68], [85], [90], often called thé.azarsfeld-Rao propertywhich is one of the main results
of liaison theory.

We now return to the question of how easy it is to find a comletrsection containing
a given schem€4 and providing a geometric link. Since our schemes are ordyraed to be
equidimensional, we will consider a non-reduced example.

EXAMPLE 2. LetCy be a non-reduced scheme of degree twdna so-callediouble line
It turns out (see e.g. [69], [48]) that the homogeneous ide&l; is of the form

Ic, = (xg, X0X1, xf, XgF (X2, X3) — X1G (X2, X3))

whereF, G are homogeneous of the same degree, with no common facfpoSeithat de§ =
degG = 100. Then it is easy to find complete intersectibgswhose generators have degree
< 100; a simple example isx = (xg, xf). However, any such complete intersection will have
degree at least 4 along the ling = x; = 0, so it cannot provide a geometric link f@: it is
impossible to writeX = C1 U C, as schemes, no matter wiag is. However, once we look in

degrees> 101, geometric links are possible (since the fourth genethen enters the picture).

As this example illustrates, geometric links are too regué. We have to allow common
components somehow. However, an algebraic observatiominaade above (Remark 1 (3))
gives us the solution. That is, we will build our definitiondatheory around ideal quotients.
Note first that ifX is merely arithmetically Cohen-Macaulay, problems casearas mentioned
in Remark 1 (6).

ExAamMPLE 3. Letlx = (Xg, x1)2 C K[xp, X1, X2, X3], let C1 be the double line of Exam-
ple 2 and leC be the line defined byc, = (Xp, X1). Then

[Ix 1 lgl =1, but [Ix :lc,] =lc, # lc;.

As we will see, this sort of problem does not occur when oukdliare byarithmetically
Gorensteirschemes (e.g. complete intersections). We make the faltpaeéfinition.
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DEFINITION 3. Let Cj, Co C P" be subschemes with X arithmetically Gorenstein. Assume
that Ix C Ic, NI, and that[lx : Ic,]1 = Ic, and[lx : Ic,] = Ic,. Then G and G, are said
to be(directly) algebraically G-linked by, and we say that £is residualto Cq in X. We write

C1 X C,. If X is a complete intersection, we say that &d G, are (directly) algebraically
Cl-linked. In either case, if @ = C, then we say that the subschemseédf-linkedby X.

REMARK 3. An amazing fact, which we will prove later, is that whXnis arithmetically
Gorenstein (e.g. a complete intersection), then such dgaroas illustrated in Example 3 and Re-
mark 1 (5) and (6) does not arise. That id,f C I, is arithmetically Gorenstein, and if we de-
fine Ic, = [1x : Ic,] then it automatically follows that
[Ix : Ic,] = Ic, wheneverC, is equidimensional (i.elc, is unmixed). It also follows that
degCq + degC, = degX.

One might wonder what happenddf is not equidimensional. Then it turns out that

Ix :[Ix : Ic,] = top dimensional part of,

in other words this double ideal quotient is equal to thersgetion of the primary components
of Ic, of minimal height (see [72] Remark 5.2.5).

EXAMPLE 4. Letlx = (XoX1,Xg + X1) = (X2, X0 + X1) = (X2, X9 + Xx1). Letlc, =
(X0, X1). Thenlg, :=[Ix : Ig;] = Ic,;. Thatis,Cy is self-linked byX (see Figure 2). The

Figure 2: Algebraic Link

question of when a scheme can be self-linked is a difficulttbathas been addressed by several
papers, e.g. [9], [27], [38], [60], [69], [96]. Most schema® not self-linked. See also Question
4 of Section 12, and Example 22.

Part of Definition 3 is that the notion of direct linkage is syetric. The observation above
is that for most schemes it is not reflexive (i.e. most scheanesot self-linked). It is not hard
to see that it is rarely transitive. Hence it is not, by itsetf equivalence relation. Liaison is the
equivalence relatiogenerateddy direct links, i.e. the transitive closure of the direcks.

DEFINITION 4. Let C c P" be an equidimensional subscheme. TBwrenstein liaison
class ofC (or theG-liaison class o€) is the set of subschemes which can be obtained from C in
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a finite number of direct links. That is,/ @ in the G-liaison class of C if there exist subschemes
C1. ..., Cr and arithmetically Gorenstein schemes, X. ., Xy, X;1 such that

X1 . X2 X Xr41
crC~.. R R

Ifr + 1is even then we say that C and @re evenly G-linked and the set of all subschemes
that are evenly linked to C is theven G-liaison classf C. If all the links are by complete
intersections then we talk about ti@-liaison class ofC and theeven Cl-liaison class o€
respectivelyLiaisonis the study of these equivalence relations.

REMARK 4. Classically liaison was restricted to Cl-links. The mosinplete results have
been found in codimension two, especially for curve§1’1°’n([4], [68], [94], [95], [85], [90]).
However, Schenzel [99] and later Nagel [85] showed that éteip and basic results for com-
plete intersections continue to hold for G-liaison as welany codimension.

As we noted earlier, in codimension two every arithmetic@lbrenstein scheme is a com-
plete intersection. Hence the complete picture which issknm codimension two belongs just
as much to Gorenstein liaison theory as it does to complétesiection liaison theory!

The recent monograph [61] began the study of the importdferedhces that arise, and
led to the recent focus on G-liaison in the literature. W délscribe much of this work. In
particular, we will see how several results in G-liaisonottyeneatly generalize standard results
in codimension two theory, while the corresponding statamor Cl-liaison are false!

Here are some natural questions about this equivalencs, eldsch we will discuss and
answer (to the extent possible, or known) in these lectureshe last section we will discuss
several open questions. We will see that the known resutig eften hold forevenliaison
classes, so some of our questions focus on this case.

1. Find necessary conditions f@; andC» to be in the same (even) liaison class (i.e. find
(even) liaison invarianfs We will see that the dimension is invariant, the propefthe
ing arithmetically Cohen-Macaulay is invariant, as is theperty of being locally Cohen-
Macaulay, and that more generally, for an even liaison ¢tesgraded modules! (Z¢)
are essentially invariant (modulo shifts), for<li < dimC. The situation is somewhat
simpler when we assume that the schemes are locally CoheatNégy. There is also a
condition in terms of stable equivalence classes of cerédiaxive sheaves.

2. Find sufficient conditions fo€4 andC, to be in the same (even) liaison class. We will
see that for instance being linearly equivalent is a sufftadendition for even liaison, and
that for codimension two the problem is solved. In particuiar codimension two there
is a condition which is both necessary and sufficient for talwesnes to be in the same
even liaison class. An important question is to find a coaditivhich is both necessary
and sufficient in higher codimension, either for Cl-liaismrfor G-liaison. Some partial
results in this direction will be discussed.

3. Is there a structure common to all even liaison classes®Athis is known in codimen-
sion two. It is clear that the structure, as it is commonlyextan codimension two, does
not hold for even G-liaison. But perhaps some weaker stractaes hold.

4. Are there good applications of liaison? In codimension e will mention a number
of applications that have been given in the literature, bete are fewer known in higher
codimension.
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5. What are the differences and similarities between Géiaiand Cl-liaison? What are the
advantages and disadvantages of either one? See RemarlSéetiwh 10.

6. Do geometric links generate the same equivalence relasoalgebraic links? For CI-
liaison the answer is “no” if we allow schemes that are noal@omplete intersections.
Is the answer “yes” if we restrict to local complete intetgats? And is the answer “yes”
in any case for G-liaison?

7. We have seen that there are fewer nice properties whenyte &llow links by arith-
metically Cohen-Macaulay schemes. It is possible to defineggivalence relation using
“geometric ACM links.” What does this equivalence relatlook like? See Remark 5.

REMARK 5. We now describe the answer to Question 7 above. Clearlg iirg going to
studygeometricACM links, we have to restrict to schemes that are locally @sMacaulay in
addition to being equidimensional. Then we quote the fdlhgwhree results:

e ([106]) Any locally Cohen-Macaulay equidimensional sutimmeC c P" is ACM-
linked in finitely many steps to some arithmetically Coheaddulay scheme.

e ([61] Remark 2.11) Any arithmetically Cohen-Macaulay solees CM-linked to a com-
plete intersection of the same dimension.

e (Classical; see [101]) Any two complete intersections & #ame dimension are ClI-
linked in finitely many steps. (See Open Question 6 on pagddrl#h interesting related
question for G-liaison.)

The first of these is the deepest result. Together they shatithiere is only one ACM-liaison
class, so there is not much to study here. Walter [106] dogsagbound on the number of steps
needed to pass from an arbitrary locally Cohen-Macaulagreehto an arithmetically Cohen-
Macaulay scheme, in terms of the dimension. In particular,ctirves it can be done in one
step!

So the most general kind of linkage for subschemes of piegespace seems to be Goren-
stein liaison. Recent contributions to this theory havenbe&de by Casanellas, Hartshorne,
Kleppe, Lesperance, Migliore, Mir6-Roig, Nagel, NotdPeterson, Spreafico, and others. We
will describe this work in the coming sections.

REMARK 6. To end this section, as a partial answer to Question 5, widdie to mention
two results about G-liaison from [61] that are easy to stelegnly generalize the codimension
two case, and aralsefor Cl-liaison.

e Let S ¢ P" be arithmetically Cohen-Macaulay satisfying prope@y (so that linear
equivalence is well-defined; see [50]). L@&f, C, C Sbe divisors such that, € |[C1 +
tH|, whereH is the class of a hyperplane section arelZ. ThenCq andC; are G-linked
in two steps.

e Let V C P" be a subscheme of codimensiorsuch thatly is the ideal of maximal
minors of at x (t + ¢ — 1) homogeneous matrix. Th&n can be G-linked to a complete
intersection in finitely many steps.

3. Preliminary results

The purpose of this section is to recall some concepts amdtsege will use later on. Among
them we include a comparison of local and sheaf cohomologymegtric and algebraic hyper-
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plane sections, local duality alkdsyzygies. Furthermore, we discuss the structure of defigie
modules and introduce the notion of (cohomological) minigtft.

Throughout we will use the following notatiorA will always denote a (standard) graded
K-algebra, i.eA = ®j>o[Alj is generated (as algebra) by its elements of degred]g, £ K
is a field and R; is the vector space of elements of degrée A. Thus, there is a homogeneous
ideall ¢ R = K[Xxg,...,Xn] such thatA = R/I. The irrelevant maximal ideal oA is
m = mp = @i o[ Al;.

If M is a graded module over the ringit is always assumed thadl is Z-graded andA
is a gradedK -algebra as above. AI-modules will be finitely generated unless stated other-
wise. Furthermore, it is always understood that homomamhibetween grade@modules are
morphisms in the category of grad&modules, i.e. are graded of degree zero.

Local cohomology

There will be various instances where it is preferable toosal conomology instead of the
(possibly more familiar) sheaf cohomology. Thus we redal definition of local cohomology
and describe the comparison between both cohomologiefybrie

We start with the following
DEFINITION 5. Let M be an arbitrary A module. Then we set
H%(M) ={meM | mkA -m = 0 for some ke N}.

This construction provides the functbh%(_) from the category oA-modules into itself. It
has the following properties.

LEMMA 1.
(a) The functor H,() is left-exact.
(b) H(M) is an Artinian module.
(c) If M is graded then I;QI(M) is graded as well.
EXAMPLE 5. Letl C R be an ideal with saturatiol®3! ¢ R then
HO(R/1) = 158y,

This is left as an exercise to the reader.

Since the functng(_) is left-exact one can define its right-derived functors gsmective
resolutions.

DEFINITION 6. The i-th right derived functor of ﬁ(_) is called the i-th local cohomology
functor and denoted by H(-).
Thus, to each short exact sequencéahodules
0-M—->M—->M =0
we have the induced long exact cohomology sequence

0> HAM") - HO (M) > HO(M") - HE (M) — ...



68 J.C. Migliore - U. Nagel

We note some further properties.

LEMMA 2.
(& All H]in(M) are Artinian A-modules (but often not finitely generated).
(b) If M is graded then all Iﬂl(M) are graded as well.
(c) The Krull dimension and the depth of M are cohomologjceliaracterized by
max(i | Hiy(M) # 0}
min{i | Hl,(M) # 0}

dimM
depthM

Slightly more than stated in part (b) is true: The cohomolsgguence associated to a short
exact sequence of graded modules is an exact sequence eflgradiules as well.

Part (a) implies that a local cohomology module is Noetheifaand only if it has finite
length. Part (c) immediately provides the following.

COROLLARY 1. The module M is Cohen-Macaulay if and only ifnl(-l\/l) = 0 for all
i #dimM.

As mentioned in the last section, a subschexne- P" is calledarithmetically Cohen-
Macaulay if its homogeneous coordinate rifRy | x is Cohen-Macaulay, i.e. a Cohen-Macaulay-
module over itself.

Now we want to relate local conomology to sheaf cohomology.

The projective spectrunX = ProjA of a gradedK -algebraA is a projective scheme of
dimension(dim A — 1). Let F be a sheaf of modules ovet. Its cohomology modules are
denoted by

HL(X, 7) = @ H (X, F(j)).
j€Z
If there is no ambiguity on the scher¥ewe simply writeH, (F).

There are two functors relating gradédmodules and sheaves of modules oXer One
is the “sheafification” functor which associates to each gradmoduleM the sheaM. This
functor is exact.

In the opposite direction there is the “twisted global sawil’ functor which associates to
each sheaf of modules oveiX the gradedA-moduIer(X, F). This functor is only left exact.

If F is quasi-coherent then the shea?(x, F) is canonically isomorphic t&. However, ifM

is a gradedA-module then the moduIHE(X, M) is not isomorphic toM in general. In fact,
even if M is finitely generatedHf(X, M) needs not to be finitely generated. Thus the functors
Zand HE(X, _) do not establish an equivalence of categories between @rxarodules and
quasi-coherent sheaves of modules oerHowever, there is the following comparison result
(cf. [105)).

PrRopPoOsSITIONL. Let M be a graded A-module. Then there is an exact sequence
0— Ho(M) > M — H(X, M) > HL(M) - 0
and for all i > 1 there are isomorphisms

HI(X, M) = HiFL (V).
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The result is derived from the exact sequence
0— HJ(M) > M — HO(M) - HL (M) - 0

whereHO(M) = lim Homg(m", M). Note thatHO(M) = HO(X, M).
n

COROLLARY 2. Let X ¢ P" = ProjR be a closed subscheme of dimensios ah — 1.
Then there are graded isomorphisms

Hi(Zx) = HIl (R/1x) foralli =1,....d+1.
Proof. SinceHlin(R) = 0ifi < nthe cohomology sequence of
0—>Ix > R—> R/Ix -0
implies an(R/IX) = Hf{rl(lx) for alli < n. Thus, the last proposition yields the claim.O

REMARK 7. LetM be a gradedR-module. Then it€astelnuovo-Mumford regulariig the
number

regM :=minfm e Z | [H]in(M)]j,i =0 forall j > m}.

For a subschemi c P" we put re@fx = regly. The preceding corollary shows that this last
definition agrees with Mumford’s in [84].

It is convenient and common to use the following names.

DEFINITION 7. Let X C P" be a closed subscheme of dimension d. Then the graded R-
modules H(Zx), i =1,...,d, are called the deficiency modules of X. If Xlisimensional
then I—;}(Ix) is also called théHartshorne-Rao modulef X.

The deficiency modules reflect properties of the scheme. ¥&mnple, as mentioned in the
first section, it follows from what we have now said (Corofldr and Corollary 2) thak is
arithmetically Cohen-Macaulay if and only H.(Zx) = 0 for 1 < i < dimX. Note that a
schemeX c P" is said to beequidimensionaif its homogeneous idedly C Ris unmixed, i.e.
if all its components have the same dimension. In particalaequidimensional scheme has no
embedded components.

LEMMA 3. For a subscheme X P" we have

(a) Xisequidimensional and locally Cohen-Macaulay if antydf all its deficiency modules
have finite length.

(b) Xisequidimensional ifand only iflim R/ Ann HL(IX) <i-1foralli =1,...,dimX.
By a curve we always mean an equidimensional scheme of dioreds In particular, a

curve is locally Cohen-Macaulay since by definition it does have embedded components.
Thus, we have.

COROLLARY 3. A 1-dimensional scheme X P" is a curve if and only if its Hartshorne-
Rao module Ij(IX) has finite length.
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Hyperplane sections

Let H c P" be the hyperplane defined by the linear fdrem R. Thegeometric hyperplane
section(or simply thehyperplane sectignof a schemeX ¢ P" is the subschemX N H. We
usually considetX N H as a subscheme d¢f = P"~1, i.e. its homogeneous idedkny is
an ideal ofR = R/IR. Thealgebraic hyperplane sectioof X is given by the idealx :=
(Ix +IR)/IR c R. Tx is not necessarily a saturated ideal. In fact, the saturatidy is just
IxnH . The difference between the hyperplane section and thémligehyperplane section is
measured by cohomology.

LEMMA 4. e
HA(R/Ix +1R) = I /Tx

If the ground fieldK contains sufficiently many elements we can always find a ipjaee
which is general enough with respect to a given schemén particular, we get dinX N H =
dim X — 1 if X has positive dimension. In order to relate propertiesXafo the ones of its
hyperplane section we note some useful facts. We use tlwevialy notation.

For a gradedA-moduleM we denote by and py its Hilbert function and Hilbert poly-
nomial, respectively, whetgy (j) = rank[M];. The Hilbert function and Hilbert polynomial of
a subschem& c P" are the corresponding functions of its homogeneous coatelitngR/1x .
For a numerical functioh : Z — Z we define its first difference byxh(j) = h(j) —h(j — 1
and the higher differences by' h = A(Al~1h) andA% = h.

REMARK 8. Suppos is an infinite field and leHd c P" be a hyperplane.
(i) If dim X > 0 andH is general enough then we have

IxnH = Tx ifandonlyif H1(Zx)=0.

(i) If X c P"islocally or arithmetically Cohen-Macaulay of positiverdinsion therXNH
has the same property for a general hyperpldn& he converse is false in general.

(i) Suppose X < PN is arithmetically Cohen-Macaulay of dimensich Let
I1,...,lg11 € R be linear forms such thah = R/(Ix + (I1,...,lgy1)) has dimension
zero. ThenA is called anArtinian reductionof R/1x. For its Hilbert function we hava; =
Ad+1hR/|X .

Minimal free resolutions

Let R = K[Xg, ..., Xn] be the polynomial ring. By our standard conventions a homwmem
phismg : M — N of gradedR-modules is graded of degree zero, pg.M]j) C [N]; for all
integersj. Thus, we have to use degree shifts when we consider the hompbismR(—i) — R
given by multiplication byxb. Observe thaR(—i) is not a grade& -algebra unless = 0.

DEFINITION 8. Let M be a graded R-module. Then 0 is said to be a k-syzygy of M
(as R-module) if there is an exact sequence of graded R-e®dul

O>NoFR X R 1—>...oF A M0

where the modulesjF = 1, ..., k, are free R-modules. A module is called a k-syzygy ifitis a
k-syzygy of some module.
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Note that ak + 1)-syzygy is also &-syzygy (not for the same module). Moreover, every
k-syzygy N is a maximalR-module, i.e. dinN = dim R.

Chopping long exact sequences into short ones we easilinobta
LEMMA 5. If N is a k-syzygy of the R-module M then
HL(N) = HIZKM) foralli < dimR.

If follows that the depth of &-syzygy is at leask.
The next concept ensures uniqueness properties.

DEFINITION 9. Lety : F — M be a homomorphism of R-modules where F is free. Then
¢ is said to be a minimal homomorphisnyif® idr/m : F/mF — M/mM is the zero map in
case M is free and an isomorphism in cases surjective.

In the situation of the definition above, N is said to be a malikrsyzygy of M if the
morphismspj,i = 1,...,k, are minimal. If N happens to be free then the exact sequsnce
called a minimal free resolution of M.

Nakayama'’s lemma implies easily that mininkagyzygies ofM are unique up to isomor-
phism and that a minimal free resolution is unique up to isqhism of complexes.

Note that every finitely generated projecti®Remodule is free.
REMARK 9. Let
Ps P1
O>Fs—>Fsg1—>...0FL—>F—>M-=>0

be a free resolution df1. Then it is minimal if and only if (after choosing bases f&y, . . ., Fs)
the matrices representing, . . ., ¢s have entries in the maximal ideal = (xg, . .., Xn) only.

Duality results

Later on we will often use some duality results. Here we gtaen only for the polynomial
ring R = K[Xo, ..., Xxn]. However, they are true, suitably adapted, over any gr&imenstein
K -algebra.

Let M be a gradedr-module. Then we will consider two types of dual modules,Rhdual
M* := Homgr(M, R) and theK -dualM" := ®jez Homg ((M]_j, K).
Now we can state a version of Serre duality (cf. [100], [105])

PROPOSITION2. Let M be a graded R-module. Then for allé Z, we have natural
isomorphisms of graded R-modules

HIL(M)Y = Ext® T (M, R)(=n — 1).
The K-dual of the top cohomology module plays a particular role.

DEFINITION 10. The module K := Ext’l‘;rl_dim M (M, R)(—n — 1) is called the canoni-
cal module of M. The canonical modulexkof a subscheme X P" is defined as IR/1x-
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REMARK 10. (i) For a subschem¥ c P" the sheafvy := @ is the dualizing sheaf of
X.

(i) If X c P"is arithmetically Cohen-Macaulay with minimal free regaa
0> Fe 5 Feqg—...>F—>lx—0

then dualizing with respect tR provides the complex

0> R—->Ff—>..— F(;’Ll&) F& — cokerp — 0

which is a minimal free resolution of cokgf = Kx (n + 1).

If the schemeX is equidimensional and locally Cohen-Macaulay, one caateehe co-
homology modules oK and its canonical module. More generally, we have ([100}oCary
3.1.3).

PrRoPOSITION3. Let M be a graded R-module such thain[-M) has finite length if i£
d = dim M. Then there are canonical isomorphisms feei2,...,d — 1

HIF (K = HEL (W)Y,
Observe that the first cohomologﬁl(M) is not involved in the statement above.

Restrictions for deficiency modules

Roughly speaking, it will turn out that there are no resiwics on the module structure of
deficiency modules, but there are restrictions on the degmere non-vanishing pieces can
occur.

In the following result we will assume < n — 1 because subschemesPfwith codimen-
sionn are arithmetically Cohen-Macaulay.

PrRoPOSITION4. Suppose the ground field K is infinite. Let c be an integer @ithc <
n—1andlet M,..., Mh—c be graded R-modules of finite length. Then there is an integra
locally Cohen-Macaulay subschemecXP" of codimension ¢ such that

H(Zx) = Mj(—t) foralli=1,....n—c

for some integer t.

Proof. Choose a smooth complete intersectibrc P" such that

n—cCc
lv = (f1..... fe_2) € () AnnM;
i=1
wherely =0ifc = 2.

Let Nj denote a(i + 1)-syzygy of M as R/ly-module and let be the rank ofN =
@®"FNj. Fors <« 0 the cokernel of a general mgp: R’ — N is torsion-free of rank
one, i.e. isomorphic td (t) for some integet wherel c A = R/ly is an ideal such that
dimA/l = dim A — 2. Moreover,| is a prime ideal by Bertini’s theorem. The preimagel of
under the canonical epimorphisf— A is the defining ideal of a subschertec P" having
the required properties. For details we refer to [79]. |
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REMARK 11. (i) The previous result can be generalized as followst Mg, ..., Mn_¢
be graded (not necessarily finitely generatBdnodules such tha(t/liv is finitely generated of
dimension< i —1foralli =1, ..., n—c. Then there is an equidimensional subschéme P"
of codimensiorc such that

HL(Zx) = Mj(-t) foralli=1,....n—c

for some integet. Details will appear in [86]. Note that the condition on thedulesMq, .. .,
Mn—c is necessary according to Lemma 3.

(ii) A more general version of Proposition 4 for subschemiesodimension two is shown
in [36].

Now we want to consider the question of which numbecan occur in Proposition 4. The
next result implies that with alsot + 1 occurs. The name of the statement will be explained
later on.

LEMMA 6 (BASIC DOUBLE LINK). LetO# J C | C R be homogeneous ideals such that
codiml = codimJ + 1and R/J is Cohen-Macaulay. Let & R be a homogeneous element of
degree d such that 3f = J. Then the ideal := J + f| satisfiescodiml = codiml and

HI(R/T) = Hl (R/1)(—d) foralli <dimR/I.
In particular, | is unmixed if and only if is unmixed.

Proof. Consider the sequence

@) 0> J—d) % Jal(—d) 5T =0

wheregp andy are defined by (j) = (fj, j) andy (j,i) = j — fi. Itis easy to check that this
sequence is exact. Its conomology sequence implies tha olathe dimension and cohomology
of R/I. The last claim follows by Lemma 3. a

PROPOSITIONS. Suppose that K is infinite. LetM= (M1,...,Mpn_¢c) (2 < ¢ < n)
be a vector of graded (not necessarily finitely generatedpdtiules such that M is finitely
generated of dimensiog i — 1foralli = 1,...,n — c and not all of these modules are
trivial. Then there is an integeptsuch that there is an equidimensional subscheme K" of
codimension ¢ with _

Hi(Zx) = Mj(—t) foralli=1,...,n—c

for some integer t if and only if £ tg.

Proof. If the ground fieldK is infinite we can choose the elemehtin Lemma 6 as a linear
form. Thus, in spite of this lemma and Remark 11 it sufficeshtmnsthat

H (Zx) = Mj(-t) foralli=1,....n—c

is impossible for a subschemec P" of codimensiore if t « 0. But this follows if dimX = 1
because we have for every cu@ec P"

3) hY(Zc(j — 1) < max0, h’(@Zc(j) -1 ifj<0

by [21], Lemma 3.4 or [70]. By taking general hyperplane et of X, the general case is
easily reduced to the case of curves. See also Propositiaf [18]. |
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The last result allows us to make the following definition.

DerFINITION 11. The integer ¢, which by Proposition 5 is uniquely determined, is called
the (cohomological) minimal shift of M

EXAMPLE 6. LetM, = (K). Then the estimate (3) for the first cohomology of a curve in
the last proof shows that the minimal sHiftof M, must be non-negative. Since we have for a
pair C of skew IinesH*l(Ic) = K we obtaintg = 0 as minimal shift of K).

4. Gorenstein ideals

Before we can begin the discussion of Gorenstein liaisonwileneed some basic facts about
Gorenstein ideals and Gorenstein algebras. In this sestosill give the definitions, properties,
constructions, examples and applications which will belwseliscussed in the coming sections.
Most of the material discussed here is treated in more datgiR].

We saw in Remark 8 that iX is arithmetically Cohen-Macaulay of dimensidrwith co-
ordinate ringA = R/l then we have thértinian reductionA of X (or of R/1x). Its Hilbert
function was given ab ; = Ad+1h R/Ix- SinceA is finite dimensional as K -vector space, we
have thah 4 is a finite sequence of integers

1Ch2 h3 hso

This sequence is called thevectorof X, or of A. In particular.c is theembedding codimension
of X. In other wordsc is the codimension oX inside the smallest linear space containing it. Of
course, the Hilbert function ok can be recovered from threvector by “integrating.”

Now suppose thaX is arithmetically Cohen-Macaulay and non-degeneraf@inof codi-
mensionc, and thatR/1x has minimal free resolution

0> Fc—>Fe_1—>:+—>F—>R—>R/lx >0

Suppose thae = EBirzl R(—a;) and leta = max {a; }. As mentioned in Section 2,= rankF¢
is called theCohen-Macaulay typef X (or of A). Furthermore, we have the relation

(4) a—c=s=reglyx —1

wheres is the last degree in which thevector is non-zero and rék is the Castelnuovo-
Mumford regularity ofZx (cf. Remark 7). We now formally make the definition referredrt
Section 2:

DEFINITION 12. The subscheme X P" is arithmetically Gorensteif it is arithmeti-
cally Cohen-Macaulay of Cohen-Macaulay type 1. We oftertlsatyly is Gorenstein or ¥ is
arithmetically Gorenstein.

ExAMPLE 7. Aline inP3 is arithmetically Gorenstein since its minimal free resiolu is
0— R(=2) - R(=1)2 = Ix — 0,

andR(—2) has rank 1. More generally, any complete intersectid®is arithmetically Goren-
stein thanks to the Koszul resolution. The last free modalthe resolution of the complete
intersection of forms of degredy, ..., dcis R(—d; — --- — d¢).
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REMARK 12. In Remark 8 (ii) it was noted that X is arithmetically Cohen-Macaulay of
dimensior> 1 then the general hyperplane sectdnH is also arithmetically Cohen-Macaulay.
(In fact this is true for any proper hyperplane section.) aswemarked that the converse is false
in general. However, there are situations in which the caevdoes hold.

First, if X is assumed to be equidimensional (l.g.is unmixed) and locally Cohen-Macau-
lay of dimension> 2 then it is not hard to show that the converse holds. Indexd, be a
general linear form defining the hyperplalhleand consider the exact sequence

HI @Zx(s— 1) =5 HI(Zx(9) = H @xanjn (9) = H 1 (Ix(s— 1) 25 HI(I(9))

If X N H is arithmetically Cohen-Macaulay and4d i < dmX N H = dimX — 1 then the
multiplication map on the left is surjective for aland the one on the right is injective for all
Both of these are impossible unlexss itself arithmetically Cohen-Macaulay, becau$&(Zy)

has finite length for ki < dim X (cf. Lemma 3).

Obviously if X is the union of an arithmetically Cohen-Macaulay schemesggpmaint (possi-
bly embedded) then it is not arithmetically Cohen-Macatdayits general hyperplane section is
arithmetically Cohen-Macaulay. Also, clearlyXfis a curve which is not arithmetically Cohen-
Macaulay then its general hyperplane section is arithrayicCohen-Macaulay since it is a
finite set of points, but agairX is not arithmetically Cohen-Macaulay. A fascinating qi@st
is whether there are conditions 6N H which force a curve X to be arithmetically Cohen-
Macaulay. The best results in this direction come wben H is arithmetically Gorenstein.
Several authors have contributed to this question, but waiorein particular [58] and [103].

There are several other conditions which are equivalentetogbarithmetically Cohen-
Macaulay with Cohen-Macaulay type 1, and which could be useithe definition of arith-
metically Gorenstein subschemesPof.

PROPOSITIONG. Let X ¢ P be arithmetically Cohen-Macaulay. The following are equiv
alent:

(i) X has Cohen-Macaulay type 1 (i.e. is arithmetically Gwtein);

(i) R/1x = Kx(¢) for somet € Z, where Ky is the canonical module of X (cf. Definition
10);

(iif) The minimal free resolution of R x is self-dual up to twisting by # 1.

Proof. Note that¢ is whatever twist moves the module so that it starts in de@re€he main
facts used in the proof are that

Kx = Exti(R/Ix,R)(-n—1)
and Ix = Annr(Kx)
Details of the proof can be found in [72]. |

COROLLARY 4. Let X be arithmetically Gorenstein. Théhy = wyx (£) for somel € Z.
COROLLARY 5. Let X be arithmetically Gorenstein. Then the h-vector of Xyimmetric.
Proof. This follows from the fact that the Gorenstein property ieg@rved in passing to the

Artinian reduction, and the Hilbert function of the canalimodule of the Artinian reduction is
given by reading thé-vector backwards (cf. [72]). |
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The integer in Proposition 6 is related to the integers in the equatigni(fact, we have
COROLLARY 6. Let X be arithmetically Gorenstein with minimal free resmn
0> R(-a)—>F._1—> ---—>F—>R—>R/Ix—>0
and assume thabx = wx (¢). Thend =n+1—a.

If Ais Gorenstein then the integsrthe last degree in which thevector is non-zero, is
called thesocle degreef A, the Artinian reduction oA = R/lx.

There is a very useful criterion for zeroschemes to be agtiwally Gorenstein. To explain
it, we will need a new notion. For now we will assume that ourosehemes are reduced,
although the necessity for this was removed by Kreuzer [62].

DEFINITION 13. Let Z C P" be afinite reduced set of points. Assume thiat s= req(Zx),
i.e. s is the last degree in which the h-vector of Z is non-Z€nen Z has th€ayley-Bacharach
property(CB) if, for every subset X Z consisting of Z| — 1 points, we have k|, (s — 1) =
hRr/1,(s—1). Z has theUniform Position propertyUPP) if any two subsets, ¥’ of (the same)
arbitrary cardinality have the same Hilbert function, whinecessarily is

hr/iy (1) = minfhg,, (1), Y]} forallt.

ExamMpPLE 8. The Cayley-Bacharach property is a weaker version of thiéotm Position
Property. For example, iR? consider the following examples.

h-vector 1 2 2 1 (complete intersection
on a conic)
This has UPP.

———o— h-vector 1 2 2 1 (complete intersection)

——o—o— This has CB but not UPP.

- - h-vector1221

- - . . This has neither CB nor UPP.

THEOREM1 ([31]). A reduced set of points Z is arithmetically Gorenstein if andy if
its h-vector is symmetric and it has the Cayley-Bacharacperty.

EXAMPLE 9. A set ofn + 2 points inP" in linear general position is arithmetically Goren-
stein. In particular, a set of 5 pointslﬁ?’ is arithmetically Gorenstein, so we see that 4 points
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in linear general position are G-linked to one point. Thiswuiae first illustration of the fact
that G-liaison behaves quite differently from Cl-liaissmce it follows from work of Ulrich and
others that 4 points in linear general position are not Gkdd to a single point in any number
of steps.

REMARK 13. Theorem 1 was used by Bocci and Dalzotto [12] to produce Yarify) nice
concrete examples of arithmetically Gorenstein sets aftpon P3, and this work is described
in this volume. Generalizations of this construction hagerbgiven by Bocci, Dalzotto, Notari
and Spreafico [13].

A very useful construction of arithmetically Gorensteilemes is the following.

THEOREM 2 (SUMS OF GEOMETRICALLY LINKED IDEALS). Let V4, Vo C P" be arith-
metically Cohen-Macaulay subschemes of codimension cneitommon component. Assume
that Vj UV, = X is arithmetically Gorenstein, i.ey] NIy, = Ix with R/1x Gorenstein. Then
Iy, + lv, is Gorenstein of codimensiorHe 1 (i.e. V) N V5 is arithmetically Gorenstein).

Proof. From the exact sequence (1) we can build up the diagram

0 0
i \

R(-a) Ac & B
i U

FC—l AC—l (&) BC—l
i \
i \
Fl A]_ (&) B]_
i "

0 — I —> lV:L (&) |V2 —> |V1+|V2 - 0

i -
0 0

The mapping cone then gives the long exact sequence
0—- R(-a) > FeL1®AcPBc—> Fe oD Ac_1®Be1— ...

el > F1®A2®BZ_>A1®B]. —> R — R/(IV1+IV2)_)O

NS
v, + v,
SN
0 0

Of course there may be some splitting. Howewér,N Vo has codimensior ¢ + 1 sinceVy
andV, have no common component. This resolution has homologig@rmkion at most + 1.
Therefore it has homological dimension exadtly- 1 andVi N Vs is arithmetically Cohen-
Macaulay of codimension + 1 with Cohen-Macaulay type 1, i.e. is arithmetically Goteirs
O

This construction has been used to good effect in constgicrithmetically Gorenstein
schemes with nice properties. To illustrate, let us comsidme natural questions.



78 J.C. Migliore - U. Nagel

QUESTION 1. What are the possible Hilbert functions (resp. minimakfresolutions) of
Artinian Gorenstein ideals?

QUESTION 2. What are the possible Hilbert functions (resp. minimeakfresolutions) of
the ideals ofeducedarithmetically Gorenstein subscheme$P8f

The general question of which Artinian ideals, or which mnjgs of Artinian ideals, can
be lifted to reduced sets of points is a very interesting aile.will discuss some of the known
answers to Questions 1 and 2 according to the codimension.

Case i Codimension 2

What are the possible arithmetically Gorenstein subschexite We know the beginning
and the end of the resolution:

0— R(—a) - (??) > R— R/lx — 0.

By considering the rank, the middle term in this resoluti@s o have rank 2. Therefore, we
have established the well known fact (mentioned beforef) eékary arithmetically Gorenstein
subscheme @&" of codimension two is a complete intersecti@his answers the question about
the minimal free resolution, so the Hilbert functions arekn as well. In fact, thda-vectors
must be symmetric of the form

123...s—1ss...ss-1...321

Case Il Codimension 3

Everything that is known in this case follows from the famatrsicture theorem of Buchs-
baum and Eisenbud [22]. For a Gorenstein ideale have a minimal free resolution

0— R(-a) = Fy - F; - R— R/l — 0.

One can choose bases so tiats skew-symmetric. In particular, the number of generators
must be odd! Diesel used this result to completely desclibegpbssible graded Betti numbers
for Artinian Gorenstein ideals. De Negri and Valla (and oshelescribed the possible Hilbert
functions. In particular, not only must it be symmetric, the “first half” must be a so-called
differentiable O-sequencelhis means that the first difference of the “first half” of tHébert
function must grow in a way that is permissible for stand&réhlgebras. For example, the
sequence

136797631

is not a possible Hilbert function for an Artinian Gorenatalgebra (even though it itself satisfies
Macaulay’s growth condition) since the first difference lué tfirst half” is

12312

and the growth from degree 3 to degree 4 in the first differema®eds Macaulay’s growth
condition (cf. [66]). This describes the answers to Questio

For Question 2, Geramita and Migliore [44] showed that anyograded Betti numbers
which occurs at the Artinian level in fact occurs for a redliset of points (or for a stick figure
curve, or more generally a “generalized stick figure” configion of linear varieties). The idea
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was to use Theorem 2 and add the ideals of geometricallydiskiek figure curves iP3 (or
suitable surfaces iit4, etc.) in suitable constructed complete intersectiongua and Zappala
[92], [93] have used the “sum of geometrically linked idéalsnstruction to obtain other nice
results on the Hilbert functions and resolutions of codigiem three Gorenstein ideals.

Case |l Codimensiorn> 4

To date no one has determined what Hilbert functions canrpscucertainly we do not
know what minimal free resolutions can occur. In codimemnsio5 it is known that the Hilbert
function of an Artinian Gorenstein algebra does not evereltasbe unimodal [10], [14], [15].
This is open in codimension 4. However, the situation thatwould expect to be the “general”
one is better understood:

DEFINITION 14. An Artinian algebra R has theWeak Lefschetz properif; for a general
linear form L, the multiplication map

xL: (R/Di = (R/Diy1

has maximal rank, for all i.

When the socle degree is fixed, a result of Watanabe [108]teayshe “general” Artinian
Gorenstein algebra has the Weak Lefschetz property.

When the whole Hilbert function is fixed, a similar result & possible in general because
the parameter space for the corresponding Gorensteinrakyebn have several components if
the codimension is at least four. However, since having teakN.efschetz property is an open
condition by semicontinuity, the general Artinian Gorestalgebra of a component has the
Weak Lefschetz property if and only if the component corga@ine algebra with this property.

In any case, Harima [46] classified the possible Hilbert fioms for Artinian Gorenstein al-
gebras with the Weak Lefschetz property, in any codimendioparticular, he showed that these
Hilbert functions are precisely the Stanley-larrobing) @&quences, namely they are symmetric,
unimodal and the “first half” is a differentiable O-sequence

For Question 2, Migliore and Nagel [77] have shown that ang&juence is thk-vector
of some arithmetically Gorenstein reduced set of pointsnore generally a reduced union of
linear varieties. The method of proof again used sums of géaeally linked ideals, but the
new twist here was that the ideals were G-linked and not iielil. Furthermore, they gave
sharp bounds on the graded Betti numbers of Gorensteinsi@éadny codimensionamong
ideals with the Weak Lefschetz properBartial results along these lines had been obtained by
Geramita, Harima and Shin [40]. In codimension 4, larroldnd Srinivasan (in progress) have
some results on the possible resolutions. There remairssa deal to do in this area.

REMARK 14. Theorem 2 shows how to use geometrically linked, codgiosrc, arith-
metically Cohen-Macaulay subschemesP8fto construct a codimension+ 1 arithmetically
Gorenstein subscheme. Later, in Corollary 12, we will seg twouse very special linked arith-
metically Cohen-Macaulay codimensiosubschemes (not necessarily geometrically linked) to
construct an arithmetically Gorenstein subscheme whielsis of codimension. In fact, every
Gorenstein ideal arises in this way (Remark 18)!

One problem with the construction of Theorem 2 is that it is/\d@esirable, from the point
of view of liaison, to be able to start with a scheieand find a “good” (which often means
“small”) Gorenstein schemx containing it. This is not so easy to do with sums of geomalic
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linked ideals. Another very useful construction for Goteisideals potentially will solve this
problem (based on experimental evidence). To describe Willaeed a little preparation.

Consider a homogeneous map

t+r

t
D R-a) 2 P R-bj).
i—1 =1

The mapyp is represented by a homogeneous(t +r) matrix. We assume furthermore that the
ideal of maximal minors of defines a scheme of the “expected” codimensienl. Let By be
the kernel ofp. ThenBy is aBuchsbaum-Rim moduléet My be the cokernel op. We have
an exact sequence

¢
0 - By — @IR-a) > @_;R-b) — My — O
Il I
F G
Sheafifying this gives
_ t+r 4 t )
0— By — @OP”(—?’N) — @Opn(—bj) — Mg — 0.
i=1 j:]_

If r = nthenM = 0 and B, is locally free. In any caseB, is the Buchsbaum-Rim sheaf
associated t@.

THEOREM 3 ([78], SECTIONS OFBUCHSBAUM-RIM SHEAVES). Assume that r is odd.
Let s be aegularsection oﬂ_5>¢. Let | be the ideal corresponding to the vanishing of s. Then t
top dimensional part of | is arithmetically Gorenstein oflamension r. Denoting by J this top
dimensional part, the minimal free resolution of Rcan be written in terms of F and G.

This can be used to find an arithmetically Gorenstein schefithé same dimension) con-
taining a given one by means of the following corollary.

COROLLARY 7. If codimV =r, aregular section of I;?(]P’“, L5>¢®IV) has top dimensional
part which is an arithmetically Gorenstein scheme, X, ciitg V.

Theorem 3 is just a small sample (the application relevahaison) of the possible results
on sections of Buchsbhaum-Rim sheaves, and we refer theegtéel reader to [78] for more
general results.

Our final construction requires a little preparation.

DEFINITION 15. A subscheme & P" satisfies condition Gif every localization of Rig
of dimensiork r is a Gorenstein ring. G is sometimes referred to as “Gorenstein in codimen-
sion<r”, i.e. the “bad locus” has codimensiom r + 1.

DEFINITION 16. Let SC P" be an arithmetically Cohen-Macaulay subscheme and let F be
a homogeneous polynomial of degree d not vanishing on anpaaent of S (i.e.d: F = Ig).
Then Ht is the divisor on S cut out by F. We callrHhe hypersurface section @& cut out by
F. As a subscheme Bf', HE is defined by the ideak|+ (F). Note that this ideal is saturated,
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since S is arithmetically Cohen-Macaulay. (The idea is #reesas that in Lemma 4 and Remark
8.)

Hartshorne [50] has developed the theory of divisors, apaiticular linear equivalence, on
schemes having at leaSt . Using the notion of linear equivalence, the following thera gives
our construction. In subsequent sections we will give samortant applications for liaison.

THEOREM4 ([61], TWISTED ANTICANONICAL DIVISORS). Let SC P" be an arithmeti-
cally Cohen-Macaulay subscheme satisfying @d let K be a canonical divisor of S. Then
every effective divisor in the linear systétrH — K |, viewed as a subschemeRS, is arithmeti-
cally Gorenstein.

Proof. (Sketch) LetX € |[dH — K| be an effective divisor. Choose a sufficiently large integer
such that there is a regular section.gf(¢) defining a twisted canonical divisof. LetF € Iy

be a homogeneous polynomial of degree- ¢ such thatF does not vanish on any component
of Sand letHg be the corresponding hypersurface section.

ThenX is linearly equivalent to the effective divisétg — Y and we have isomorphisms
(Ix/TI9) (d) = Ixs(d) = Os((d+ OHH — X) = Os(Y) = ws(f).
BecauseSis arithmetically Cohen-Macaulay, this gives
0 Ig— Ix — HYws)(¢ —d) — 0.

Then considering a minimal free resolutionlgfand the corresponding one firg = Hf(ws)
(cf. Remark 10) we have a diagram (ignoring twists)

0

\
0 R
\: \
Fc Ff
) \
} !
Fq Fék
\: \

0 - Isgs - Ix —» Kg — 0

) \
0 0

Then the Horseshoe Lemma ([109] 2.2.8, p. 37) showslthdias a free resolution in which the
last free module has rank one. Since codira- c, this last free module cannot split off, 30is
arithmetically Gorenstein as claimed. |

EXAMPLE 10. LetSbe a twisted cubic curve iB3. Th