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Abstract. After a brief historical review on minimal surfaces in Euclidean spaces
E? and in Heisenberg spaces Hs, R3(—3), the Beltrami formula and parallel surfaces
are investigated in these Heisenberg spaces respectively.
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1. Minimal surface in E3?

The generalization from the straight lines, as 1-dimensional objects, being the lines of shortest
length in the Euclidean plane E?, to 2-dimensional objects, i.e. surfaces, in the 3-dimensional
Euclidean space E2, yields the notion of the so-called “minimal” surfaces. More precisely, a
surface M in E? is called minimal when locally each point on the surface has a neighborhood
which is the surface of least area with respect to its boundary [12], i.e. when M satisfies
the problem of J. A. F. Plateau [25]. The study of the minimal graphs as surfaces in E?
was historically one of the first applications of the variational problem for double integrals
[25]. As a result, J. L. Lagrange in 1760 obtained the following non-linear elliptic partial
differential equation: A surface as graph of a function z = f(z,y) is minimal if and only if

faalL+ ()] = 2fayfafy + Fin(L + (£)] = 0,

_ 0 _ 9 _ 9 _ 9 _ 9%f
where fz— _f’ y 9 and fww—_cha fyy—_]zca fwy— .
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J. B. Meusnier in 1775 showed that the condition of minimality of a surface in E? is equivalent
with the vanishing of its mean curvature function, H = 0.

Examples. The first non-trivial examples of minimal surfaces in E?, — i.e. non-planar
minimal surfaces — were found by L. Euler in 1744, considering the class of surfaces of
revolution. As a result, he found that the only (non-trivial) minimal surfaces of revolution
are the catenoids. Euler called the catenoid as alysseid. Around 1775 Meusnier found a
second class of non-trivial minimal surfaces, namely the helicoids, and E. Catalan in 1842
proved that the helicoids are the only non-trivial minimal ruled surfaces. H. F. Scherk in
1835 found other examples, the so-called minimal translation surfaces of Scherk, as graph of
functions z(z,y) = g(x) + h(y) with separated variables.

2. Minimal surfaces in Hj

In non-Euclidean spaces, in particular in Heisenberg spaces the problem of minimal surfaces
was recently studied in [2], [3], [10], [27], [15], for surfaces of revolution with constant mean
curvature or Gaussian curvature are studied by R. Caddeo, P. Piu and A. Ratto [7], [8] and
P. Tomter [24].
First I would like to mention different metrics that will be used in this paper. We shall

denote R?® endowed with the following metrics:

1. dsi =dz® + dy® + (dz + %dz — £dy)?,

2. ds? = dx? + dy? + (dz + zdy)?,

3. ds3 = 1(dz® + dy?) + (dz — ydz)?
by Hj, R*(—2), and R3(—3), respectively. On the 3-dimensional Riemannian manifold Hj is
called the Heisenberg 3-space. We can define the Lie group structure on R* by a multiplication
law as follows: _ _

(#.5,2) % (@,9,2) = (2 + 2,5+ y,2+ 2+ 5 = ).

Then the metric ds? is left invariant metric on Hs. We can take the following left invariant
orthonormal frame:

"Tor 2 827 P oy 2 02 0z
This orthonormal frame satisfies
[615 62] = €3, [615 63] = 05 [625 63] = 0

The sectional curvatures are given by:

-3 1 1
T’ K(€1,€3) = Z’ K(€2,€3) = Z

The identity component Iy(Hs, ds?) of the isometry group is given by the following ([2], [14],

[11]):

K(ela 62) -

z cosf —sinf 0 T a
y | — [sind cosfd 0 y |+ b ], (2.1)
z A B 1 z c
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where 6, a,b, and ¢ are real numbers and
1, . 1 .
A= §(asm0 —bcosh), B= i(acosﬁ + bsin6).
The identity component Iy(Hs,ds?) of the isometry group contains the rotations (6,0, 0, 0)
of R® around the z-axis and the left translations (0,a,b,c). The Lie group Iy(Hs, ds?) is the

semi-direct product of  (2) and Hs,  (2) H;. In [14], the authors define an imbedding
of Hy into the real general linear group (3 R) :Hz; —» (3 R)

(z,y,2) =

o O =
o = R

vyl
1

where is defined by (z,y,2) =z + %xy. With respect to this imbedding, the left invariant
metric ds? is expressed as dz? + dy? + (dz — %xdy)Q. It easy to see that is an injective Lie
group homomorphism. Hence the Heisenberg group Hj is identified with the following closed
Lie subgroup of (3 R) via :

I
o O =
o~ 8

y z,y, R
1

The Lie algebra n is naturally identified with the tangent space of  at e = (0,0,0)

0 z
= 0 0y z,y, R
0 0O
The exponential mapping exp : — is given explicitly
0 1 +3
exp |0 O =101
0 0 0 0 0 1
In particular the exponential mapping is a diffeomorphism onto . See also [11]. The left
invariant orthonormal frame e, e,, e3 corresponds to the basis A;, Ay, Az of given by
010 0 00 0 01
A ;=10 0 0], A,=10 0 1}, A3=10 0 O
0 00 0 00 0 0O

In1 1, Bekkar [2] found the equation of minimal surfaces as graphs of functions z = f(z,y):

T\ x Y Yvoy _
fm[l + (fy - 5) ] - Qfxy(fy - 5)(fx + 5) + fyy[l + (fm + 5) ] =0.

In 1 2, M. Bekkar and T. Sari [3] classified the ruled surfaces in Hs.
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heorem 2.1. e minimal v led s races  Hs r led by s raig lines are p  is me ry
Hs pars

—_

. planes
2. yperdb lic parab | ids z = %
3. elic ids
4

. sracesde nedby ee ain
=503 (1+x2)+10g(3:+ (1+:1:2)> - =

5. § races 1t parame risa i n

ere anda ares | 1 ns e sys em

1+ 2+ 2 —(14+2a) =0,
1+ 2+ 2)a—(1+2 a)(a— )=0.
emark 2.2. [3] The parts of helicoids are ruled only by geodesic straight lines, but parts

of planes and parts of hyperbolic paraboloids are possibly ruled by straight line geodesics
and by straight lines which are not necessary geodesics.

Example 2. . The surface as graph of the function
1 - -
i=5 0 (1+a:2)+log(ac+ (1—|—x2)) _x_2y

is a minimal surface in H3. This surface is ruled by straight lines  spanned by the vectors
(0,1, — ) passing through the points

(,0,% z (1+x2)+10g(a}+ (1+x2)> ),

which are not geodesics.

emark 2. . [15, 13] Let  be a Lie group with left invariant metric and , be two
vectors in the Lie algebra of  such that = and . If the metric of is
biinvariant then the mapping r : R2 —  defined by

r(, )=exp( )exp( )

is a at minimal surface in . If we choose =FE? and = (1,0,0)and = (0,1,0), then
this surface is the zy-plane in E*. If the metric of is only left invariant the mapping r is
not necessarily immersion or harmonic map. In the case = = Hj, if we choose = = A; and

ea = Ay or eg = Ay and e; = Ay, then

r (z,y) =exp(zA;) * exp(yAs,),
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and
r (z,y) =exp(zds) * exp(yA;),

are (non at) minimal surfaces in Hs. The minimal surfaces r are explicitly given by
r (z,y) = +3zy and r (z,y) = —izy. These surfaces r and r may be considered as
x-analogues in Hj of zy-plane in F?.

Example 2. . (Translation surfaces [15]) It is well-known that only the minimal translation
surfaces in E? are planes or Scherk s minimal surfaces. In Hj, we can consider *-translation
minimal surfaces of nonparametric form:

r(z,y) = (2,0, (2))*(0,y, )= (2,9, ()+ @)+ )
The minimal surface equation for the function f(z,y) = (z)+ (y)+ % is

wl+ D=(aty) y+ w 1+(o+y)? =0 (2.2)

We shall solve this differential equation under the assumption that either or is constant.

(1) (y) =constant:

In this case (2.2) becomes ., = 0. Hence we get

Y

z=7+a:c+b, a,b R (2.3)
(2) () =constant:
In this case (2.2) becomes
d? d
—(1+y*) - —y=0. 2.4
dyQ( + ) i (2.4)
Solving this equation we get
Ty — —
z:?—kc Y 1+y2+10g(y—|— 1+y2) +d, ¢,d R (2.5)

The minimal surfaces defined by (2.3) and (2.5) are rewritten in the following forms:

r(z,y) = (2,0, (x))*(0,4,0)=(0,9,0)* (x,0, (z)), (z)=azx+b. (2.6)

r(z,y) = (2,0,0) x (0,y, (y))= (0,9, (y))*(z,0,0) (v)

- (2.7)
=c y 1+y2+log(y+ 1—|—y2) +d, ¢d R

These formulae imply that the minimal surface (2.6) (resp.(2.7)) is a cylinder over a curve
in the xz- (resp. yz-) plane.
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roposition 2. . [15]

(1) e r(z,y) be a cylinder erac re(x,0, () in e xz-plane en T is minimal i
and nly 1
() =ax+0b, a,b R

(2) e r(z,y) be a cylinder erac re(0,y, (y)) in e yz-plane en r is minimal i
and nly 1

(y)=c y 1+y2+10g(y+ 1+y2) +d, ¢,d R
(3) e (z( ),y( )) beacrein ezy-plane parame eri ed by e arcleng en e
r

cylinder —er (z( ),y( )) is

s rs and sec nd ndamen al rms are
I=1+ () d?’+2 (r)dd +d°?

IT= z( )y( )—z( )y( )+ (r)d?*+dd,

n=y( )eg —z( )es.

emean c ra re H e cylinder is

Here is ecra re ecre(z()yl))

One can easily check that the base curve of r is a line in the zy-plane. Hence r is a plane
parallel to the z-axis [20]. (More generally constant mean curvature cylinder is a circular
cylinder. Kokubu [17] obtained corresponding results for (2,R). Sanini characterised
these cylinders in terms of the harmonicity of their tangential Gauss maps. See Propsition 3
in [20].

emark 2. . [10] For a surface with parametrization r( , ) = (z( , ),y( , ),2( , ))is
minimal if and only if satisfy the equation

(1 —2s1 + 1 )og+(2 —285 4+ 2 J)au+(3 —2s3 + 3 )12=0

where
2=(12—21), 2= 23— 32 3= 31— 13,
ox ox 0%z 0%x 0%z
r=—n—= 1, T =7-= 1, =75, =FF——, T = =5
0 ’ 0 ’ 0 2=’ 02=, 0 0

for 5, 9, 2,89, o and 3, 3, 3,83, 3, we change x by y and z respectively.
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heorem 2. . [10] e  be a s race in Heisenberg space i parameri a i nr( , ) =

(z(, )y(, )z(, ) s e a

IL'(,): 12+ 12+21 3
y(, )= 2%+ 2%2+2 45
2(, )= 374+ 32+2;

sais es (12)*+ (23)*+ (31)> 0 and ne e Ul ingc ndiins

a) (12)( 23)( 1) =0
b) ¢l ns e de erminan =de ( , , ) arepr p ri nal  ere
) R =( 1y 2 3) =( 1, be ag, be CL3) =( 1y 2 3)

en es race s reg lar and minimal

. Minimal surfaces in R3

We consider R® with coordinates (z,y, z) and its usual contact form = $(dz — ydz), the
metric ds3, the tensor field and the caracteristic vector field given by

0 1
0 y o

o OO

R3,ds3, , is a Sasakian manifold. The vector field e; = 23%, €y = 2(% + yai) and = 263
is an orthonormal basis called -basis. The sectional curvature of any plane section spanned
by a vector  and is equal -3, for this reason the Sasakian space R®,ds3, , is called
Sasakian space form denoted by R*(—3) see [4]). G. afindratafa in 1 7 obtained other
examples of Sasakian space form R?(—3) as following:

The graphs of the functions z = azy+ (z)+ (y), where |, R[ ], are minimal if and
only if
1. z=ax +b,
2. z=2ay+ay+b,
3. z= %xy—l—ax—i—by—i—c,
4. z=1loy+ ;22— 7%+ az+ay+b, ab R = 1,
5.z:¢xy+ax2—ay2+b, = 1,b Ra —1,1

. Beltrami formula in R® 3

Let M be a surface of a Euclidean space E?, with x as its position vector field in E*. Then
the relation between the Laplacian of z and the mean curvature vector field is given by the
following er rami rm la:

T = —Qﬁ

where  is the Laplacian of the surface and H is the mean curvature vector field of M.
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A Beltrami formula in R*(-2) is given by the following:

t=—2H+H s+ 3) s—(H 24+ 2) 20— (H 1+ 1) 1,

where 1, o, 3areadapted frameand  arecoe cientsof  with respect to the orthonor-
mal basis e of R¥(2).

1=—7 — 33 2=—3 + {3
3=—39( s,2)— 3§ + 3%,
= 139( 1,.Z')+ 23.9( 2,$)—$3(%+( 13)2_1_( 23)2:
1=( 73+ P =015+ PP+ (=0 S+ 7o)
2=(5 3+ 3 ' =( 2 3+ 33" +(= 2 5+ F 35)2°
1

An application of the Bertrami formula

The minimal surfaces as graphs of functions z = f(z,y) in R*(-2) are not always harmonic:

xz = 0.

emark .1. J. Inoguchi et al. [15] and G. afindratafa [27] studied harmonic maps in 3

and vector valued harmonic functions on R*(—3). A vector valued harmonic function on
M into R3(—3) is a smooth map  from M to R3(—3) such that = 0. Here is the
Laplacian of M. A harmonic map from M into R*(—3) is a smooth map whose tension
field vanishes. For the definition of tension field, see [15].

e nition .2. s bmani IdM  a iemannian mani Id s called parallel  en
( h)(, )=0 erehis esecnd ndamenal rm and

C mC,)=C m, )=hC , )=h(, )

ere are ec nneci n ander aerden- r Il 1 e ei- 1iac nnecin
M en rmalc nneci n M in  respeci ely

In1 48 .F. Kagan [16] investigated the parallel surfaces in Euclidean space E*. . Simon
and A. Weinstein [21] generalized Kagan s work to hypersurfaces in E in 1 6 . J. ilms
[26] studied parallel general submanifolds in Euclidean spaces in 1 72. . Ferus [ | and
W. Strubing [22] after showing that the parallel submanifolds of Euclidean space R are
related to their extrinsic symmetry, classified them. E. Backes and H. Reckziegel [1] and
M. Takeushi [23] investigated parallel submanifolds in spaces of constant curvature. G. Pitis
[1 ] studied parallel submanifolds in the Sasakian space form of dimension 2 + 1, 2.

. E. Blair and C. Baikoussis [5, 6] studied -parallel submanifolds, i.e., submanifolds such
that ( kA ) in Sasakian space forms. We refer the reader to . Lumiste s paper [18]. We
classify parallel surfaces in the Heisenberg 3-space Hs. Before that we recall some definitions
and properties of surfaces in Heisenberg space Hj.
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heorem . . [16] s race e  clidean space B® is parallel i and nlyi i is a par
aplane 2 asp ere 2 rar ndcylinder ! !
heorem . . [20] e Heisenberg gr p Hsz d esn  admi ally mbilical s r aces in

par ic larly  ally ge desic nes

Our main theorem is the following:

heorem . . e nly parallel s r aces in e Heisenberg gr p H3 are e er ical planes
(planes parallel ez-ais re | i n H;s) (See Proposition 2.6.)
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