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A Note on Domain Decomposition
of Singularly Perturbed Elliptic
Problems

A. Auge, A. Kapurkin, G. Lube and F. C. Otto

1 Introduction

Considerable progress can be observed in the design and analysis of parallelizable
domain decomposition methods for singularly perturbed elliptic problems (see
references). The purpose of this paper is to report on some results and problems
with two domain decomposition methods for the advection—diffusion-reaction model.

Reasonable results are now available for overlapping Schwarz methods. In particular,
the overlap can be minized in the singularly perturbed case using certain exponential
decay of Dirichlet data in overlap regions. In Sec. 3 we consider a modified Schwarz
method which is easy to parallelize in case of a simple geometry. We derive error
estimates in the continuous case which can be extended to the discrete case.

Non—overlapping methods are better suited for parallel implementation. The
problem consists in deriving appropriate interface conditions. We consider in Sec. 4
a method with an adaptive interface condition and discuss recent variants. Strong
convergence is proven for the continuous method. We obtained a robust behaviour of
both methods for two— and three—dimensional test problems using stabilized Galerkin
finite element methods as the basic discretization.

2 Preliminaries
Consider the following Dirichlet problem in a bounded domain Q@ C R?, d = 2,3 with
Lipschitzian boundary 9:

Lou:=—-eAu+(a-VIu+cu=f in u=0 on 99 (1)

Of particular interest are singularly perturbed problems with ||a||. > € (advection
dominated case) or ||c||eo > max{||a||oc; €} (reaction dominated case). The latter case
appears e.g. in an implicit time discretization method. We assume sufficiently smooth
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data of the problem satisfying

(H.1) c(x) > ¢ >0, z€Q V-a=0.

Remark 2.1. The condition ¢(z) > c¢o > 0 can be always guaranteed if all
characteristic curves, the solutions of dz(7)/dr = a(z(7)),z(0) € Q, leave Q in finite

time. The incompressibility condition on a is not essential. |
The basic variational problem is: Find u € W = H}(Q), such that for all v € W

B (u,v) := (eVu, Vv)q + (@ - Vu,v)q + (cu,v)q = LY (v) := (f,v)a (2)

Let 7 = {K} be an admissible triangulation and W" C W a finite element space
of piecewise polynomials of degree k > 1. The (unusual) stabilized Galerkin method
[FFLR  for problem (1) is to find € W" such that

B G ,w) = L% veWh
B %(u,v) := B%u,v) - (Leu, L.v) (3)
L %w) = LS@)— (f, L)

where L. denotes the ad oint operator to L. and are suitably chosen parameters.
For a subdomain C Qset Hlg( ):=W HY( ). B ¢(.,-) and L €(-,-) are the

obvious restrictions of B ¢(-,-) and L “(-,-) to if consists of finite elements in
T. Then define

"O)=HN() Wh () =He( ) M)

yo ,0 and 0 © we denote the out ow, in ow and characteristic parts of &
where the scalar product a - with the outer normal is positive, negative or zero,
respectively.

Furthermore we introduce a nonoverlapping admissible partition @ = Q with
Lipschitz 0Q which aligns with the triangulation 7. Finally, define  := 9Q 0
and = =00 09N .

n erla in ¢ ar et od

Overlapping Schwarz methods for elliptic problems guarantee good convergence
properties if the overlap is sufficiently large. On the other hand, they are not easy to
implement. We propose a o0 i e Schwarz method for singularly perturbed problems
which is more appropriate for parallelization and allows minimal overlap [ S 1.

description in the 2D—case (with obvious modifications in 3D) is as follows: Starting
from the non—overlapping partition @ = Q, we introduce small in era e o ain

covering the interface between ad acent subdomains with thickness A &

and 1o poin region  of diameter k¥ each covering a crosspoint. Starting from an

initial guess © € J(Q), the iteration method for problem (3) reads for €

1. Solve in parallel on each subdomain 2 :

BoS( L) =Lof(v), ve Q) - e @)
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2. Solve in parallel (redundantly) on each interface domain =
B 'Yv=L %), ve ¢( ) - e ()

Then set = ! on the interface generating
3. Solve in parallel (redundantly) on each crosspoint region

BEW YLo)y=L %), ve #(); W '— te &)
Then set 1.= W ! on the corresponding interfaces in the crosspoint
region
4. Set + 1 and goto step 1.

The Schwarz method is similarly defined for the continuous problem (1). We consider
the convergence of the ( on in o ) Schwarz method, for simplicity, in the following
model problems in @ = (0,1) with a very simple ow field @ and substructuring
according to

1@ > 1 >e>0, (z) =0, z €N
(H.1) B: (z)y> >e>0, =1,2 z €
: (z) =0, =1,2; clz)>co>e>0 z €,
Q =(0,1) is split into non—overlapping subdomains  :=
(H.2) (-1y)H,H) (-1)H,H), =1,..., 1, =
1,.., ,H =21,

The crucial point in ( .1) ,( .2) is a uniform behaviour of sgn(a- ) on the interface
between ad acent subdomains. In case B there exist only in ow and out ow parts
00N and OQ .Incase we additionally have characteristic parts 0Q° . In case  we
obtain the trivial case 3Q = 9Q°. ssume that the interface regions are generated by
narrow strips in  of thickness A , A or A° at thein ow out ow or characteristic
part of Q2 . The intersection of the interface strips generates crosspoint regions

e rem .l. e(.1) (.2 an e L>0 K :=|u-—4u q
T er ore a e a e ini al overlap i 0 eimerae Tip ai e
L - L
AA > P In—, A> 7] 4
== "k 0 T = K )
en eo aina er +k ep o e oie ar e o0 a
lu—w I o C )Y ; ()
1 = 3 = 1 an =0imn ae B an re pe ivel an
appropria € €—in epen en on an , >0 O
e er The key of the proof is some exponential decay of presumably

wrong Dirichlet data (appearing during the iteration) in overlapping regions leading
to artificial layers. The proof is based on the barrier function techni ue using the
following variant of the maximum principle on an arbitrary subdomain  C Q with

Lipschitzian and piecewise =~ —boundary: Suppose thatfor , € () ( ) holds
L )= L )Nz),ze , (2) (z), z€0
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Then we obtain  (z) () in
Consider now in particular case : The manifolds ¢ , 9 and 0 ° for
=(,) (cd) C Q2 = (0,1) are located at { } (c,d), { } (c,d) and
[, A{e¢ [, A{d}Let 1, € () ( )besolutionsof(1l). Then = ;—
satisfies
(z) Il ¢ +exp —dist(z,0 )| | ¢
+(1+z— Jexp —=dist(#,0 °) | || ¢
with 0 = ()0 = (). The exponential terms of the barrier function mimic

artificial layers of width O(elog1/e) or 0( elogl/e) at & and & O, respectively.
They are small in subdomains of  with appropriate distance to 0 and 6 ©.
corresponding result holds in case B and

The idea in case and Bisa o mn in orre ion of the solution from subdomain
to subdomain. The chosen thickness of the interface and crosspoint regions guarantees
the e ponen ial e a of the in uence of wrong Dirichlet data in upwind and crosswind
directions. The first iteration cycle 1-4 yields in particular in case  an error of
0( L)insubdomains; , =1,..., .Thenextiteration givesan errorof 0( L)
there and of O( L) in subdomains @ , =1,..., . The desired result follows by
induction. The idea is the same in case B. In case ~we have an i o ropi propaga ion of
information. fter the first iteration cycle the error is of order L in all subdomains
Q . The result follows then again by induction. O

Remark .1. It is possible to extend the result of Theorem 3.1 to 3D and to
more general domains and macro partitions, in particular of singularly perturbed
diffusion—reaction problems (cf. case ). The case of nonsymmetric singularly
perturbed problems is more involved due to the possibly complicated behaviour of
the characteristics at the interface := .

Furthermore, a result corresponding to Theorem 3.1 can be derived for the energy
norm || -|| := B €(-,). The proof of similar results for the i re e Schwarz method
depends strictly on the discretization method. Some ideas and technical details for
the streamline upwind method which is closely related to (3) can be found in [R ,
[ ho . In particular, a discrete maximum principle is not available. O

n da tie on oerla in et od

Consider again a non-overlapping partition @ = Q. The results of Sec. 3 indicate
that a transition to a non-overlapping method should be possible with appropriate
interface conditions at = . first insight is given with the 110
overlapping e o [LeT 4. Consider in the (continuous) overlapping method of Sec.
3 with overlap width A  at a first order Taylor expansion of the solution at
This leads to the non—-overlapping Schwarz ethod proposed by . L. Lions [Lio
Set = —¢ . Starting from an initial guess u°, the iterative procedure reads: Solve
(in parallel) on Q

Lu '=f in Q; u '=0 on 802 99, ()
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with interface condition

ou ! 1 Ou
3 + u :—ea—+ u on . ()

€

first convergence result was given by .L. Lions [Lio  for the fictitious overlapping
method. ssume ( .1) and that no crosspoints occur (strip partitions of Q):

u wstronglyin L (), CCQ; wu u weakly in L (02) ()

Remark .1. modified approach leading to ( ),( ) is the 1ree— el or laion
of | 2 which consists of finding v = {u } with v € H}o(Q ) and Lagrange
multipliers for the eumann and Dirichlet data on the interface. fter using an
augmented Lagrangian techni ue [LeT 4 this formulation can be decoupled iteratively
ending up with the method ( ),( ). O

The result of [Lio  gives no indication for the e ignof  in the interface condition
(). Generalizing an idea of [ at  we propose the following modification of ( )

= =g - )= =la o+ ) ()

with  a strictly positive function on . We analyze the onwvergen e of the adaptive
method ( ),( ), ( ) applied to (1).

e rem .1 e( 1) orc—1V.a >0a 00 09 = an
— €L ( ) or e ol iono en e e eneu = {u } generae
algori onverge or i u u strongly in H1(Q ).

e e r First of all we observe that algorithm ( ), (), ( ) is well
defined provided that — € L ( ). This implies — € L ( ) forall €
The key step is a modification of Lemma 4.4 in [ at : function u € H} o(Q ) with

Lu=0inL (Q)and — € L ( ) satisfies

1 1
| ul] + 5 68i - u d = 5 eai + u d
(10)
with the outer unit normal on  and
_ 1
lull =€lVull o +I "ull o, =c-— §V -a, > og>0a.e. on
The error  ':=u —u !satisfies L, !=01in Q, hence
0 1 0
1 1 1
2 d= — & d

sing ( ),( ), we obtain

I e + [ ' = [
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where

[ = — e — d .

Summing over the subdomains yields

e+t o=, [ = [
1 1

where := | .Summation over implies strong H!—convergence of { } to zero
due to the e uivalence of norms. O
Remark .2. ossible choicesof : (i) The choice = (a- ) + 4ec was derived
in[ at from an zeroth order approximate factorization of the elliptic operator L.
ut this choice failed in case ¢ = 0 if the ow field is parallel to some . In the original
proof ([ at , Th. 4.1) Robin type boundary conditions on 92 were assumed.
(ii) We suggest = (a- ) + e with some arbitrary positive parameter . Then
even if ¢ = 0 no restriction to the ow field is necessary. Thus the Theorem is also
applicable to the oisson problem and improves the result of [Lio

(iii) With = a- one obtains the so called a ap ive o in Ne ann algori

[C , [Tro , [GG . Then Theorem 4.1 is applicable only if a - > 0. In
case of two subdomains [GG  prove weak H!—convergence under the more general
assumption that a - can vanish in a finite number of points. O

The result of Theorem 4.1 means that the corresponding oincare-Steklov operator

is strictly non—expansive and gives no information on the convergence rate.

On the other hand, with our choice for ~ very reasonable results are obtained for a
i re e ver jon of the adaptive non—overlapping method: Instead of ( ),( ),( ) one

has to solve for € ¢ (in parallel for =1,..., )
BuS( v+ - = Lo°Ww), we &, (11)
1 = + 1 — = 1 - . (12)
ere we present some n eri al re 1 for 2D—problems satisfying ( .1) , ( .2).
am e Wechoosee=10 ,a ; partition of {2 and a se uence of different
values of . The (continuous) solution is always =sin z; exp(z —z ) —1 ,hence
f = Le . ore precisely, we consider the advection dominated case with ( ) and

without ( ) characteristic interfaces and the reaction dominated case (C) (cf. also
Th. 3.1 for the weakly overlapping method).

L, rel-error 1/h=24 L, rel-error — " 1/h=24
10° ———— 1/h=48 10° ———— 1/h=48
10" ——v—— 1/h=96 10% ——v—— 1/h=96

———— 1/h=192 ———— 1/h=192
107 1/h=384 10° ——<+—— 1/h=384
10°F 10°
10°EF 10*
10°® 10°
-6 L L L | -6 L L L ]
10 5 10 15 20 10 5 10 15 20
case A case B
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100, L, rel-error 1/h=24

——— 1/h=48
10" ——v—— 1/h=96

——— 1/h=192
10%F ——+—— 1/h=384
10°F A, B
10°F
10°F

gg% 1 1 1

)
s , . !
Clglse c® 10 15 20 AB
J— 1 R
1, 4 1
) 1

The convergence history is similarly as predicted by Theorem 3.1 for the weakly
overlapping Schwarz method: In case , we observe an initial phase of downwind
propagation of information, then we obtain reasonable linear convergence until
the discretization error level is reached. In cases B and , no initial advective
propagation of information appears. Reasonable linear convergence is again obtained.
The algorithm is only slightly sensitive w. r. t.
heuristic explanation of the favourable convergence properties of the discrete
algorithm can be given by means of singular perturbation arguments. In cases  and
, wrong interface data cause artificial layers of exponential (and essentially 1D ) type
for the ux eVu- . The analysis is more involved in case B. Wrong interface data cause
artificial layers which are of parabolic type for the ux. higher order factorization
of the operator L, would better represent the advective transport along the interface
[ at . Fortunately, the diffusive interface transport involved in the transmission
condition ( ), () is obviously sufficient to guarantee convergence. evertheless, further
theoretical foundation of the convergence properties of the discrete algorithm ( ), ( )
is neccesary.

ummar and en Pro lems

Two parallelizable methods are considered for singularly perturbed elliptic problems.
We obtain linear convergence for the overlapping method in the continuous case. The
overlap width can be minimized for advection and or reaction dominated problems.
The non—overlapping method with properly problem adapted interface condition of
Robin type gives strong H! —convergence in the continuous case. The method applied
to the discrete problem provides reasonable performance in the range from diffusion
to advection (or reaction) dominated problems. evertheless, there are still open
problems concerning the convergence analysis even for scalar elliptic problems. The
application to incompressible ow problems is considered in a forthcoming paper.
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