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An Asymptotically Optimal
Substructuring Method for the
Stokes Equation

Boris N. Khoromskij and Gabriel Wittum

1 Introduction

In this paper, we propose and analyze an asymptotically optimal Schur complement
interface reduction for the Stokes equation on plane polygonal domains. It is based on
using special Poincaré-Steklov (PS) operators, see also [QV91]. We refer to [KW96] for
the related results based on a coupling of the stream function-vorticity formulation and
the decomposition approach from [GP79]. The multigrid methods of finite elements
(FE) for the Stokes and Navier-Stokes equations have been considered, e.g. in [Wit89).

The main ingredient of our method is an appropriate factorization of the matrix-
valued traction operator S;l :u— (onn, am)T which maps the trace of the velocity
vector into the normal and shear stress components o,, and o,,. We introduce
a symmetric and positive definite (s.p.d.) Poincaré-Steklov operator Sy for the
Stokes equation, see (10), which maps the trace of the pressure into the normal
velocity component under the constraints u,r = divur = 0. This interface operator
admits a stable FE approximation providing an asymptotically optimal stiffness
matrix compression. We study the mapping properties of the continuous PS operator
and briefly discuss the corresponding discrete FE approximations. In the case of a
rectangular domain, we apply the algorithm of the complexity O(N log® N) for the fast
Schur complement matrix-vector multiplication, where N is the number of degrees of
freedom on the (subdomain) boundary, see [KW97]. For domains composed of M > 1
rectangular substructures, our interface reduction is shown to have a complexity
O(MNlog?™ N), where ¢, = 2 for the multilevel BPX interface preconditioner
[JHBX90] and ¢, = 3 in the case of a BPS type [BPS86] preconditioner. Using an
interface reduction by the refined skeleton in the case of polygonal boundaries, see
[Kho96, KP95, KS96, KW96], yields an algorithm of the same complexity as above,
where ¢, + 1 must be substituted for g,.. The approach proposed may be extended to
the 3D case.

Let © € R? be a bounded domain with either a smooth or convex polygonal
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boundary ' = szl T'; composed of linear pieces I';. For given a, v > 0, f € L*(Q)?
and g € {u € H/2(T')2 : (un, 1) 2y = 0}, consider the Stokes equation:
Find (u,p) € X x M such that

ou—vAu+Vp=f inQ € R?
divu =0 in Q (1)
u=g onT,

where M = L}(Q) = {p € L*(Q); [pdz =0}, X = H (Q)>.
r

For ease of presentation, consider the case @ = 0. Denote by n = (n;,ny)T and
T = (—ng,n1)7T the unit outward normal and tangential vectors, respectively. We use
the standard notations Xo = H} ()%, V = {v € X : divv =0} and Vj = V N X, and
define the continuous bilinear form a : X x X — R by

2 1 0u;  Ouy
a(u,v) =2 Z 5@3 51] v)dz, €ij = 5(6.’1! + 6$) (2)

The Vp-ellipticity of a(-, -), the trace theorem and validity of the LBB s p condition

(g, divv) L2 ()

>0: sup ——— 2> 4 0,0, g€ M, (3)
V1,0
imply p estimate u 1.0+ P 0,0 f 10+ g 120 ,see[G 86, Lad69].
oincr t o r tor ort to u tion

Introduce the Poincaré-Steklov (traction) operator

- S, ST u o
1 nn ™ noo._ nno,
S u S. S w T o Xnr = Xors
by the identity
(S7 U, V)r i= opn(u), vy 2r) + Onr(0),vr 2y =va( u, v), ()

u,v € X, ("), where : X,,.(T') — V is the Stokes solution (extension) operator
defined by (1) with f = 0. Here, X,,-(T') is a trace space of the normal and tangential
velocity components

Un
XnT(F) = {VTLT = 1V E H1/2(1-1)2’ (vna 1)L2(F) = 0}7 Vnr = V27T

T

ur purpose is the construction of an e cient FE approximation to the PS operator
S_1 To that end, we construct such approximations for the inverse to the block-
dlagonal components S, and S-! defined as the PS operators on the subspaces
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Vi=Av e X, :v, =0} and V, := {v € X,,; : v, = 0} respectively, each of which
may be identified with a certain subspace of , where

H7'2() = HY2(T) ifre
;:1 H-2(Ty) = ;:1 HY2(T;) if T" is a polygon.
Denote ; ={u€ :(u,1)g2r) =0}.
onsider more precisely the block structure of the 2 x 2 matrix valued-operator S;l.

First introduce the basic PS operators associated with the Laplace and biharmonic
equations (see [KW96, KS96] for the corresponding variational formulations)

Au=0, ue H(Q)

0
-1, g —1/2
ST giup € HTVA(T) wp = € HVA(T), (5)

A? =0, €H?(Q)nH}Q)

S_% 1 > —A It € _ (6)
“nr T € -
Introduce the operator S : — | , where € H 1(Q) solves the equation
A =—L1sfd inQ
o (™)
— = onl.

This operator coincides with S for € Hl_l/Z(F) ={u€ HY2(I): (u,1)r2(r) = 0}.
Let D=—and D 'u= [u()d, ue H{*2(T). Note that the operators S~* and D

provide isomorphisms from Hy/*(T) = {u € HY2(T) : (u, 1)z2(ry = 0} onto HYA(T)
and S~ = D = pan{1}. The operator S~ : Hi/*(T') —» H~Y/2(T") is s.p.d.,
while D = —D is a skew-symmetric one. Due to [KS96], we know that the mapping
S~: = s continuous and s.p.d.

P S;l:XnT—>Xms s s dp s
s d . p s
-D~'S7'S7;87'D~!  —D-'S7'ST; —2D u
S;lu = " (8)
S71S7'D=1 42D 571 ur

ds u € Xp, (D).

roo . The first assertion follows from definition ( ) along the line of the proof of
Theorem 3.1. To prove (8), we pass to the stream function-vorticity formulation
u=u , €H*Q), (vg)=0,m€Tl
v(A LA )LQ(Q) =f, u EHg(Q)
=[ nd =— onT 9)

n



3 KHOROMSKIJ & WITTUM

using the properties of the biharmonic PS operator S~} studied in [KS96]. ore
detailed analysis of the representation (8) may be found in [KW96].

Since FE discretization to the operators D, D=1 and S~! is a rather standard topic,
a crucial point in the implementation of the matrix-valued operator (8) is an e cient
approximation to the operator S™i associated with the bi-Laplacian.  mixed FE
approximation S 2 to S 2 by ;1 — 1 elements has been developed in [KS96]. It was
shown to have the complexity (S 2) = O(N log? N), where ¢ = 2 for a rectangular
domain and ¢ = 3 in the case of convex polygons. However, the corresponding mixed
formulation turns out not to satisfy a uniform LBB condition with respect to the mesh
parameter > 0. Thus, an optimal error estimate was not achieved in [KS96].

Int r ¢ duction t rc¢c ot r ur

To overcome the above drawback and to develop an approach which may be
potentially extended to the 3D problems, we introduce the new Poincaré-Steklov
operator associated with the Stokes equation, which admits a stable FE approximation
and provides a stiffness matrix compression scheme of the same complexity as for the
biharmonic operator S =. Let Q be either a convex polygon or a domain with a smooth
boundary. Introduce the operator Sz : — by

Ap =0, pr= €
Ss¢: — —(u ), , where vAu —Vp =0, (10)
diva | =0 (u), =0,

which maps the trace of the pressure into the normal velocity component (u ), of
the solution to (10) (cf. the decomposition approach developed in [GP79]).

P Sst: — s s ds.p.d. R s
Set = pan{l} p
Sg4=-DS S 28D dS2=-8'D'S;D15™ i (11)
$s s ds.pd. ps d s Ss_t1 : ;= R ds
St S;'DS —2D u
S;lu= - (12)

—S DS;'+2D -S DSL'DS tr

etch o the roo. To prove the mapping properties of Sy, we first note that the
constraint divujr = 0 implies divu = 0 in Q for any u € H?(Q) satisfying (10). We
then apply the basic variational formulation of the second equation in (10) (due to
the corresponding Green s formula): u € X,

va(u ,v)—(p,divv):—/ vnd veX,={ €X: =0}
r (13)
which is valid since the conditions divu |p = 0 and (u ), = 0 yield the representation

onmn(u ) = —p +2vdiva p = —p onI.
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The symmetry and continuity of Sy is derived by the variational equation

Sst »  r2r) =va(u ,u ), , € . (1)
Indeed, due to the trace theorem and Korn s inequality, it follows for u € X,

S 2 = (u)y ? u| °’ oy a(u,u )= (15)

=— Sy > L%(T) — St
14 14

The positive definiteness of Sy; follows from:
a) the norm equivalence (see [KS96])

L2(Q) = € , (16)
where the continuous mapping : — L?(Q), such that = denotes a solution
operator of the Dirichlet problem for the Laplace equation in a form

9 2 1
A dzr = ,% L2(T") €EH (Q)QHO(Q), €
Q

b) s p condition (3) for the subspace Xp.
In fact, we use (16), (3), the continuity of a(-,-) and obtain

, divv
P o0 Sup u = (17
Vi

a(u ,v) 1/2 1/2 1/2

= v sup vilg va(u ,u ) / /2 Sy , L/Z(r)'

The representations (11) and (12) follow from (8) and from the equivalence between
(19) and (7), see also the proof of Theorem 3.2.

The operator S, provides an alternative representation (12) to the matrix-valued
PS operator S;l. In this case, we may avoid the stream function-vorticity formulation
and construct a stable FE approximation to Ss. oreover, the representation (12)
involves only the operators in the normal-tangential (i.e., dimensionally invariant)
form and provides a natural base for an extension of the underlying techniques to the
3D case. The operator Sy also provides an e cient boundary reduction to the Stokes
equation (if £ = 0) with respect to the trace of the pressure.

=pr s (u,p) P
f=0 s s s

€ R: Sz, o= n— (W r2n) € R, (18)
ug S S dp p

—vAuy =0 Q (w), = 5, divug =0 T. (19)
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roo . The unique solvability of (19) is checked by using the substitution uy =

u , € H*), (z) = 0, where satisfies (7) such that — = . and
— = —(ug)n. Then the assertion follows from Theorem 3.1.
8
vd(u ,v)+ (Vp,v)r2q) =0 veX,, (20)

d:XxX—=R sd d

du,v):=(u u, u V)2 + (diva, divv)re (). (21)
P u : X—>R s u V= —2——. s s
s ds s s d d d(-,-).
t roi tiontot Intr c r tor

Let Q be a rectangular domain. ssume M € M and X, € X, to be the spaces
of 14 o 1 FEs, see [Pir89], defined on the regular hierarchical triangulations
and /5 of Q. Let ug be the discrete solution of (19) based on the FE approximation
of the Poisson equation (7) with respect to M . Introduce the equations

ien € =M r, ndp €M ,suchthatp = on T and

(Vo ,Vq )2 =0 ¢ €M NHs(Q) (22)
Findu € X, , such that
vdlu ,v )—(p ,divv )=—( ,(V )a)r2m) v €X, . (23)
For any € , define FE approximation to Ss by
, =vd(u ,u ), € . (2)

The s.p.d. operator  admits a fast matrix-vector multiplication. The discrete system
related to (18) can now be written as a boundary equation with respect to the trace
of the pressure

,  =—((g—w ) n, )rn € . (25)

With  satisfying (25), the approximate velocity u and the pressure p are given by
u =uw +u , p =p . ssuming to be the uniform triangulation, we may
prove the main result.

P : — s s.p.d. Rp d

- (uz20+ p10)- (27)
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p . pplying the trace theorem and Korn s inequality, we obtain
, :Vd(u ,u ) / (11 )n 2(T) / d(u , )1/2.
The other direction follows from the norm equivalence p ¢ , € ,

see [KS96], the discrete inf-sup condition and continuity of d(-,-). Indeed,

p ,divv
p €M : / P 0@ sup gz
V 1.0

=v sup dw_,v) v du ,u )2 =2 , 2
vV 1,9
Now (27) follows from (26) and standard error estimates for (22) and (23), see [KW97]
for more details.
Finally, the symmetric and positive definite FE approximation to S;l from (12) is
obtained by a substitution of D , S and  into (12) instead of the corresponding
continuous operators.

s ds P d s.p.d.
pp P S 2 S 2 =
-S7'p™* D1'st 4 P pp d
p ss . s s d s p ds
S S S
nInt r ¢ duction t o in co o ition

We consider the s.p.d. approximation of by using the operator . To fix the
idea, we assume Q =U;Q; to be composed of rectangular subdomains €2;. First derive
an interface reduction to the equation (1) with the given right-hand side f = 0 and
g = 0. For any subdomain 2;, assume the traction vector ¢; = E ; | of the

corresponding particular solution ug; € Ha(2;)? to be given. Define the related trace
space on the skeleton I'g = U;T'; by

r = {ll =V :VE H&(Q)z, ((Vz')na ].)1" =0,1=1, ,M} (28)

and equip it with the norm u = inf (2)- The interface reduction

to (1) takes the form:
Findu € r ,suchthatu=1ur uso es and satis es

ruvr =Y Spuw,vir =» (osVi)r VE 1. (29)

i=1 i=1

Due to Vp-ellipticity of a(-, -), the continuous and symmetric operator r : r — r

is also positive definite. We approximate S{T1 given by (12) using the s.p.d. operator

. To avoid the divergence-free constraints (u;),,1 . =0,7=1,... M and then to
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apply the standard preconditioning techniques, we first extend the interface operator

r to the constraints-free trace space p :={u=v|p :v € Hj(Q)?} preserving the
symmetry and the norm equivalence on r . This extension is based on a scaling of the
trace of the pressure on any subdomain boundary I'; (by an appropriate choice of the
constants p; = (p, 1) 2(r )) and on using of a special coarse mesh space ; responsible
for the divergence-free constraints on T';.

Let 1 = pan{g},_, r be the coarse mesh space of the dimension
di 1 = M (in general T; uppg?), where the normalized basis functions g
and the corresponding Gram matrix satisfy

d =0, ={ilij=1r, =& v, ‘=107 onl; (30)
Then the following splitting into the direct sum = r 1 holds, such that
1= pan{ %}, = p.Let S7': r — L be the Poincaré-Steklov operator

corresponding to the weighted vector Laplacian. Define the operator ;: ; — ; on
1 (by an inexact - harmonic extension of g?) providing the norm equivalence

18,617 = S'g.gr ge 1. (31)

We then obtain ru,gr = 0and g,ur =0 ué€ r,g € 1 by an
appropriate scaling of pr and by the definition, respectively. The desired extension

r is now defined for anyu,vé€ r andg ,g € 1 by

r (u+g ), v+g r = ruyvr + 18,8 r. (32)

If we assume the right-hand sides (; to satisfy the compatibility conditions
( 0i,g")r = 0 (by an appropriate scaling of ¢,,,(uo;)), then (29) becomes equivalent
to the equation

ue r : r(ut+g),vr :Z( 0i> Vi)r VE r (33)

i=1

posed on the constraints-free trace space r and providingg = 0. learly, the opera-
tor r issymmetric and positive definite. It may be shown to be spectrally equivalent
to S™'. Thus, one may apply any standard preconditioners (which remain verbatim for
the piecewise Laplacian) to solve the equation (33). In particular, the BPS, balancing
type and multilevel BPX preconditioners may be constructed for the iterative solving
of the interface equation (33). ore detailed analysis of the abovementioned precondi-
tioning techniques (also in the presence of right triangular subsructures) may be found
in [KW97]. n e cient computation of the residual for the equations (29) and (33)
is based on a fast matrix-vector multiplication for the local Schur complement matri-
ces i}l associated with SZ._Tl. In the case of rectangular domains, the corresponding
matrix compression scheme of the complexity O(N log® N) was presented in [KW97).
Here N denotes the number of degrees of freedom on the subdomain boundary. With
such compression algorithm, we arrive at the estimate O(M N log?" N) for the over-
all computational complexity of the P G methods applied to the system (33). Here,
qr = 2 for the multilevel BPX preconditioner on the interface and ¢, = 3 in the case
of the BPS preconditioner.
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