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KT AND HKT GEOMETRIES IN STRINGS AND IN BLACK
HOLE MODULI SPACES

GEORGE PAPADOPOULOS

ABSTRACT. Some selected applications of KT and HKT geometries in string
theory, supergravity, black hole moduli spaces and hermitian geometry are re-
viewed. It is shown that the moduli spaces of a large class of five-dimensional
supersymmetric black holes are HKT spaces. In hermitian geometry, it is shown
that a compact, conformally balanced, strong KT manifold whose associated KT
connection has holonomy contained in SU(n) is Calabi-Yau. The implication of
this result in the context of some string compactifications is explained.

1. INTRODUCTION

In physics, geometries with torsion a three form have found applications in string
theory, in supersymmetric quantum mechanics [1, 2] and in the investigation of
geometry of black hole moduli spaces [2, 3, 4, 5, 6]. ( For other applications see
[7, 8].) The typical geometric structure that appears is a triplet (M ), where
M is a n dimensional manifold with a metric which in addition is equipped with
a three form . uch manifolds apart from the usual evi ivita connection
associated with the metric also admit two more metric connections which
have torsion . e shall refer to (M ) as . The emphasis is
on the connections because many applications in physics involve the reduction
of the holonomy of these connections to an appropriate subgroup of ().

In string theory, M is the spacetime, 1is the orent ian spacetime metric and

is the (closed) three form associated with the eld strength. In super
symmetric quantum mechanics, M is the manifold that a supersymmetric particle
propagates, isa iemannian metric, and is a three form which appears in some
fermion couplings. In the case of black holes, M is the black hole moduli space,
is the moduli metric and  is a three form on the moduli space.

In mathematics, geometries with torsion a three form arise in the conte t of her
mitian manifolds which are ahler.  hermitian manifold is a triplet (M )



of a manifold M with iemannian metric and a comple structure such that
( ) ( ) for any vector elds and . For such manifolds, the com
ple structure is not parallel with respect to the evi ivita connection. owever it
has been known for sometime (see for e ample | ]) that there is connection
with torsion a three form  such that , ie the metric and comple
structure are parallel with respect to . e shall refer to (M ) as a ahler
manifold with torsion or T manifold for short [2]. n every comple manifold
there is always a T structure. This is because given a comple structure it is
always possible to nd a metric which satis es the hermiticity property. iven a
hermitian metric and a comple structure, one can construct a unique connection
e shall refer to as T connection. If the torsion is closed, , the

T structure on M is called strong otherwise it is called weak.

hyper ahler manifold with torsion or T manifold (M ) is a man
ifold with hypercomple structure 1 2 3 , a tri hermitian metric
( ) ( ), and a metric connection  with torsion a three form

such that all three comple structures are parallel with respect to

learly the T structure on a hypercomple manifold is the analogue of T
structure on a comple manifold. owever it is not known whether every hyper
comple manifold can always admit a T structure unlike the case of a comple
manifold which always admits a T structure. If the torsion is closed, ,
the T structure on M is called strong otherwise it is called weak in analogy
with the T case. The de nition of the T structure was given in [1 ] and var
ious properties have been investigated in [1 , 2, 11, 12].  any e amples of T
manifolds have been found which include group manifolds [13] and homogeneous
spaces [14, 15]. For generali ations see [16, 14, 17, 18].

In this paper, we shall begin with a summary of the main properties of comple
and hypercomple geometry with emphasis on the T and T structures. Then
we shall describe how the T geometries that appear in supersymmetric quantum
mechanics and in string theory are related to T and T geometries. e shall
present two main results the following

The moduli space of supersymmetric ve dimensional black holes which
preserve four supersymmetries is a weak T manifold.

ompact, strong, conformally balanced, T manifolds for which the holo
nomy of the T connection is contained in (), hol( ) (), are
necessarily alabi au.

A manifold is hypercomplex if it admits three complex structures  that obey the algebra of
imaginary unit uaternions 1 and



The de nition of a conformally balanced hermitian manifold will be given in the
ne t section. n application of the latter result in string theory is that there are no
supersymmetric warped compacti cations of the common sector of type II string
theory with non vanishing three form and hol( ) ().

The material that I present on the geometry of black hole moduli spaces is a
selection of the work done in collaboration with an utowski in [4, 6, 2 ].  ost
of the material that I describe on T manifolds with holonomy hol( ) ()
has been done in collaboration with tefan Ivanov in [25, 26].

This paper has been organi ed as follows In section two, a summary of the
main properties of hermitian, T and T manifolds is presented. In section
three, the relation between supersymmetric mechanics and geometries with torsion
is e plained. In section four, it is shown that the moduli spaces of ve dimensional
black holes which preserve four supersymmetries are T manifolds. In section

ve, the relation between type II supergravity and geometries with torsion is e
plained. In section si , it is shown that a class of compact, conformally balanced,

T manifolds with hol( ) ( ) are in fact alabi au and an application to
string compacti cations is presented. In addition, a non compact e ample of a T
manifold with hol( ) () is given.

2. R ITI N ND NI O D
et (M ) be a hermitian manifold. sing the hermiticity condition of the
metric , we can de ne a ahler two form on M as
For hermitian manifolds which are ahler, is closed, . bserve
that (M) — andso M is oriented (dimM 2 ).

There are several connections on M which preserve the hermitian structure, ie
they have the property that both the metric and comple structure are parallel.
ere we shall focus on two such connections. ne is the hern connection de ned

as
1
2
where isavector eld, isthe evi ivita connection associated with the metric
and 1 dimM . The torsion of this connection is
1
2

(e have lowered the upper inde of the torsion using the metric .) bserve that
. The main property of the hern connection is that the curvature



two form is (1,1) with respect to  and therefore  is compatible with the comple
structure of the tangent bundle of M.

The T connection , which appears in physics applications, is the unique her
mitian connection which has as torsion a three form. The connection is

1
— 2.1
: (2.0
where is a vector eld and the torsion is
3 (2.2)
( gain we have lowered the upper inde of the torsion using the metric .) bserve
that . Therefore (M )isa T manifold. For generic hermitian
structures, , and so the associated T structures are weak.
In what follows, we shall use a relation between the curvature of hern
connection and curvature of T connection . For this de ne
1
- 2.3
: (2.9
1
— 2.4
: (2.4
It has been shown in [25, 26] that
1
2 — 2.5
) (2.5
This formula is valid for any hermitian manifold.
The form of a hermitian manifold (M ) is de ned as follows
(2.6)
e say that (M ) is ,if the ee form is . In the case
that the ee form , (M ) is called . It can be shown that
if (M ) is conformally balanced with , then (M~ ) is balanced
(D
For T manifolds (M ), the connection  is de ned for each comple

structure as in (2.1). In particular, this implies that the three T torsions (2.2)
associated with the three comple structures are equal.

ome T geometries arise from a T potential [11, 3]. et (M ) be a

hypercomple manifold and a function on M. Then a T structure can be

Our conventions for the curvature of a connection  are as follows
and



de ned on (M ) as

(M) () ()
(2.7)

provided that can be chosen such that the T metric above is well de ned,
where ( ) is the holomorphic e terior derivative with respect to

comple structure.

ome of the applications of T and T geometries in physics are as follows

trong T and T geometries have applications in type II string theory
and in two dimensional supersymmetric sigma models [2 , 7, 8].

eak T and T geometries have applications in supersymmetric quan
tum mechanics [1, 2].

trong and weak T geometries have applications in the moduli spaces
of gravitational solitons and black holes [2, 3, 4].

3. U R TRIC C NIC

The supersymmetry algebra in one dimension is spanned by the generators
1 , where  are the supersymmetry generators and is the translation
generator, sub ect to the anti commutator relation

2 (3.8)

upersymmeric mechanical systems are those that are invariant under (in nitesi
mal) symmetries which reali e the above algebra. There are di erent reali ations
of the above supersymmetry algebra and have been investigated in [1].

3.1. 1 To nd a system invariant under one supersymine
try, let (M ) be a T manifold M equipped with metric and a three form
e t consider a map M. class of 1 supersymmetric mechanics

models can be described by the action [1]

1 1
3 ﬂ( ) (3.)

where is a (worldline) fermion on  which geometrically can be described as
section of the bundle M  is the spinor bundle over and M is the

The torsion three-form  in supersymmetric mechanics is usually denoted with .



pull back of the tangent bundle of M with respect to the map . In addition,

is the pull back of the connection on with respect to . o
()
where () - and is the evi ivita connection of

The action (3. ) is supersymmetric because it can be written in terms of super
elds as

= — (3.1)

where , , and M is a supermanifold with
an even coordinate and an odd coordinate . The in nitesimal supersymmetry
transformation is , where and is the parameter

. The action (3.1 ) is invariant under this supersymmetry transformation
because it is a full superspace integral.

To derive the action (3. ) from (3.1 ), we integrate over the odd coordinate
which is equivalent to di erentiating with respect to  and evaluating the resulting

e pression at . The maps  and fermions in (3. ) are given in terms of the
super elds as and

The 1 supersymmetric mechanics system described by the action (3. ) or
equivalently by (3.1 ) is not the most general one with 1 supersymmetry. ore

general models have been constructed in [1] see also [2].

3.2. 2 4 It is e pected that the dynamics

of black holes at small velocities, ie in the moduli appro imation, is described by

a action similar to (3. ) which however is invariant under at four supersymmetries

instead of one. For this, we investigate the conditions for (3. ) to be invariant under

one and three additional supersymmetries. The in nitesimal transformations of the

additional supersymmetries are most easily written in terms of 1 super elds
as

()

where are the anti commuting in nitesimal parameters and are endomor
phisms of M 1or 12 3.

equiring that the above transformations satisfy the supersymmetry algebra
(3.8) and leave the action (3.1 ) invariant, one nds the following

It is customary to denote the superfield and its first component with the same symbol.



For models with two supersymmetries (2 ), (M )isa T mani

fold (M ), where and
For models with four supersymmetries ( 4 ), (M )Jisa T man
ifold (M ), where  is the hypercomple structure and

In fact the above described geometric conditions for a model to admit two or
four supersymmetries are su cient but no necessary. The derivation of the above
conditions as well as some more general results can be found in [1, 2|.

4. C o) ODU 1 C

upersymmetric black holes are black hole solutions of supergravity theories
which in addition admit a number of illing spinors. illing spinors are solutions
of illing spinor equations and an e ample of such equations will be described in
detail in section ve. upersymmetric black hole solutions in supergravity theories
apart from the spacetime metric also involve non vanishing a well and scalar
elds. The mass of the black holes is related to their charges which is a consequence
of a type of condition. everal supersymmetric black holes can be superposed
together to form a static con guration because there is a balance of forces acting
on them. Ithough the presence of a well and scalar elds in the solution are
essential for the e istence for such superpositions, in what follows we shall focus
on the spacetime metric of a supersymmetric system with black holes. The
spacetime metric of a typical solution which describes supersymmetric black
holes in superposition of a supergravity theory can be e pressed as

C ) C ) (4.11)

where () are the spacetime coordinates, is the wuclidean inner product in
and 1 are the positions of the black holes. ote that
the components of the metric depend of the space coordinates and the

positions  of the black holes. s we shall see for the description of many aspects
of the geometry of black hole moduli spaces, the details of the supergravity action
that (4.11) is a solution are not essential.

The moduli space of a (supersymmetric)  black hole solution is the space
of positions of black holes. This can be identi ed with the space of particles in

, ie

The letter B has been added to denote a particular reali ation of the supersymmetry algebra
with two supercharges according to the terminology used in 2.



where ( ) is the diagonal. The dimension
of the moduli space is . If the black holes have the same masses and carry the
same charges, then the metric (4.11) is invariant under the action of the permuta
tion group acting on the positions of the black holes. For such black holes, the
moduli space is

which is the con guration space of indistinguishable particles in

The geometry on the moduli space of black holes that preserve four supersymme
tries is e pected to be that of the target manifold of supersymmetric mechanical
systems which are invariant under the same number of supersymmetries. This is
because the symmetries of a supergravity solution are e pected to be reali ed as
symmetries of the associated e ective theory. Thus for black hole systems which
have as an e ective theory the supersymmetric mechanics models presented in
section three, it is e pected that their moduli space is a T manifold.

The cases of interest are those of black holes in four and ve spacetime dimen
sions. The computation of the metric on the moduli space is done as follows

The positions of the black holes are allowed to depend on time .

The metric and the other elds, like a well elds, are perturbed by rst
order terms in the black hole velocities.

These perturbations of the elds are determined by using the eld equations.
The moduli metric is read by substituting the perturbed solution into the
appropriate supergravity action and by collecting the quadratic in the ve
locity terms.

The actual computation of the metric on the black hole moduli space is long and
complicated. owever utowski and I found that for most multi black hole so
lutions, those that preserve at least four supersymmetries, the black hole moduli
metric can be determined from the components of the spacetime metric by a sim
ple relation that will be described below [6]. e have shown this by an e plicit
computation for the electrically charged black holes of ve and four dimensional
supergravities which preserve four superymmetries and are coupled to any number
of a well elds [4, 6]. ( ur results include the moduli metrics of the eissner
ordstrom and the graviphoton black holes which had been previously found in
[1 ] and [3], respectively.) e then con ectured that the same relation between the
spacetime metric and the moduli metric holds for all systems of  black holes that
preserve at least four supersymmetries. ur con ectured is based on duality.

This means that these solutions admit four non-vanishing Killing spinors, see section five.



The metric on the moduli space of black holes can be determined from the
associated  black hole spacetime metric as follows

First de ne a function , on the moduli space (
3 4) as

( ) ( ) (4.12)

The metric on the moduli space of four and ve dimensional black holes can be
determined from . In particular for ve dimensional black holes, the metric on

C ) () ) (4.13)

where 1 2 3 is a constant hypercomle structure on associated say
with a basis of self dual two forms on

The moduli space is a T manifold. To show this, one has to nd a
hypercomple structure on and identify the moduli potential given above
with the T potential in section two.  hypercomple structure on the moduli
space is

(L) () (4.14)

It is clear that this hypercomple structure is induced from that on . omparing
(4.13) and (2.7) using (4.14), we can conclude that the moduli metric (4.13) is a

T metric with potential . The torsion on the moduli space is then given as in
(2.7). Therefore we have shown the following

The moduli space, , of ve dimensional black holes which preserve four
supersymmetries is a T manifold whose geometry is determined by the
T potential given in (4.12).

The metric on the moduli space of four dimensional black holes can be deter
mined in a similar way. In this case the geometry on the moduli space and the
associated supersymmetric classical mechanics system are more involved and they
will not be presented here. For more details see [5, 6].

4.1. STU large class of black hole solutions which preserve four
supersymmetries are those of the T supergravity in ve dimensions with eight
supersymmetries. The bosonic elds of this supergravity are a graviton (a metric),
three a well elds and two scalars. In what follows, the details of the action

This function may not be well-defined on the moduli space because the integral may not
converge. However, it can be shown that the moduli metric is well-defined.



of the T supergravity theory are not important. The spacetime metric of the
multi black hole solution is

( ) )

where

for 1 2 3 which are harmonic functions on . The constants 123
are related to the asymptotic values of the two scalars of the theory and the con

stants 123 1 are interpreted as the charge of the th
black hole with respect to the th a well gauge potential 1

are the positions of the black holes. It is clear the solution is not invariant under the
action of the permutation group acting on the positions of black holes unless
the charges are equal.

The moduli potential for the black holes of the T model is
(4.15)

For the masses of the black holes to be positive and for the black hole spacetime
metric not to have naked singularities, we take . The moduli potential
(4.15) gives rise to the moduli metric [6]

[ ]

o 1 1 1
2
1 1
2 [( ) (4.16)
where ,  is the volume of the unit three sphere, ( ) is the
anti self dual part of and

[ ]

The moduli metric has a free term for  particles, and two and three body velocity
dependent interactions. bserve that part of the moduli metric that contains three
body interactions is not given e plicitly since the last term in (4.16) involves an
integration over the spatial coordinates . This term has been investigated in [2 ]



and it was found that it can be determined by the one loop three point amplitude
of a  theory. e remark that if the masses of the black holes

are not equal, then the centre of mass motion does not decouple from the dynamics
of the system. For a discussion of the properties of the two body system see [2 |.

The two black hole moduli space is geodesically complete. In the case that
the centre of mass decouples, the relative moduli space is the connected sum of
two . ne asymptotic region is associated with black holes at small
separations while the other is associated with black holes at large separations.
Thus ( ), where is associated with the free motion of the
centre of mass. For 2, it is not known whether is geodesically complete.

It has been demonstrated in [6] that the T black holes at small separations e
hibit a superconformal structure following a similar work for the graviphoton black
hole in [3]. For applications of the superconformal symmetry in T geometry see
[21].

5. I U R R IT

In physics, there has been much activity in understanding the soliton like solu
tions of supergravity theories because of their applications in the investigation of
non perturbative properties of string theory. ne property of such solutions is that
they are . This means that these supergravity solutions satisfy in
addition a set of at most rst order in the spacetime derivatives equations acting
linearly on a spinor for some . These are called equations.
The solutions of illing spinor equations are called
In supergravity theories, the illing spinor equations arise as the vanishing con
ditions of the supersymmetry transformations of the fermions of the supergravity
theories and is the supersymmetry in nitesimal parameter. ome of the illing
spinor equations are equations for the spinor with respect to a
connection of a spin bundle of spacetime. The integrability conditions of the illing
spinor equations imply some of the eld equations of the supergravity theory. The
e istence of illing spinors is closely related to the stability of a supergravity so
lution against small uctuations. The preserved by a
solution is the illing spinors.

The simplest supergravity system for which some of the illing spinor equations
have a direct geometric interpretation as parallel transport equations is that of
the common sector or sector of type II ten dimensional supergravities



[22, 23, 24]. e shall focus on the type II theory. The discussion for the common
sector of type IT supergravity is similar. It can be easily e tended to the case of
heterotic string as well.

The bosonic elds of common sector of type I supergravity theory are the

spacetime metric , a closed three form eld strength ( ) and a scalar

eld called dilaton. The spacetime (M ) is therefore a T manifold. The eld
equations of the common sector of type II supergravity are

1
- 2
4
(5.17)
In fact there is an additional eld equation that of the dilaton but it is implied
from the above two equations. et M be a basis of the 1i ord
algebra 1li (), 1ie 2 . Then the illing spinor equations
are
1
il 5.18
T (5.18)
where
1
2

and  are sections of the spin bundles , respectively . It is clear that the rst two
of the illing spinor equations are parallel transport equations for the connections
ince these connections of the spin bundles are induced from the tangent
bundle of the spacetime, the investigation of the illing spinor equations is greatly
simpli ed. This is not the case in general, some of illing spinor equations of
supergravity theories are parallel transport equations of a spin bundle but typically
the associated connections are not induced from the tangent bundle of spacetime

ccording to the de nition given in the beginning of this section, a solution of the
eld equations (5.17) is supersymmetric if it satis es the illing spinor equations
(5.18) for some (non vanishing) illing spinors

e have used the notation .
The spin group S n(l ) has two ine uivalent irreducible sixteen-dimensional spinor repre-
sentations and S are the associated bundles.
The Killing spinor e uations of 11 supergravity are parallel transport e uations with
respect to a connection of the spin bundle which is not induced from the tangent bundle of
spacetime.



5.1. T NS e shall illustrate the relation between the holonomy of
the connections and the number of supersymmetries preserved with a simple
e ample. onsider the 5 brane solution [28] of II supergravity

() ()

(5.1)

where is the odge star operation in and 1 —, is the
charge (per unit volume) of the 5 brane.

ince the spacetime metric, three form eld strength and dilaton do not depend
of the coordinates of , the non trivial part of the solution is

()

(5.2)

This metric describes the geometry of a smooth four dimensional manifold M
equipped with a closed three form, ie (M ) is a T manifold. s ,
the metric (5.2 ) becomes that of  while as the metric becomes that of
. In fact M admits two constant hypercomple structures 123

and 1 2 3 . neisassociated with a basis of self dual two forms on  and
the other with a basis of anti self dual forms on |, respectively. It turns out that

and . This implies that the holonomy of both connections
is contained in  (1). It turns out that their holonomy is precisely (1) and there
are si teen parallel spinors. The remaining two illing spinor equations in (5.18)
are satis ed without additional conditions. o one concludes the following

The 5 brane admits two T structures and preserves si teen super
symmetries.
5.2. S KT tring theory is
formulated in ten dimensions. To relate it to physics in (d 1) dimensions ( ),

one uses solutions of the type

() (5.21)

where and are a three form and a function on |, respectively is a compact
manifold. tlow energies the (d 1) dimensional theory emerges as the uctuations



of the (5.21) geometry in ten dimensions.  gain the non trivial part of the geometry

(5.21) is described by the T manifold ( ). uch compacti cations have
been considered in [2 | uch compacti cations for which the dilaton is constant
are also called compacti cations.

special class of solutions of this type are those for which and s

a constant. In such a case, the instein equations imply that the icci tensor
vanishes.  oreover the illing spinor equations imply that the illing spinors
are parallel with respect to the evi ivita connection. For both eld equations
and illing spinor equations to have solutions,  must be the product of suitable

irreducible iemannian manifolds with holonomyin () ( 23 4), , (2)
or (7).

e shall focus on the investigation of compacti cations for which and
the holonomy of one of the connections , say , is a subgroup of ()
(hol( ) ( )). The investigation of the geometry of  that follows is due
to [2 ] but we use the terminology of [25] to describe it. ince hol( ) (),
there is a parallel spinor such that
is an almost comple structure. ince is constant, we have normali ed such
that 1. In fact it can be shown that is an comple structure,

with respect to , , and the metric is with respect

to . Therefore, we conclude the following
If hol( ) (), then ( ) is a T manifold with

e t we consider the second illing spinor equation given by

1
12
on the parallel spinor . This equation implies an additional condition. In partic

ular multiplying the above illing spinor equation and its con ugate with  , and
using the de nition of , we nd that

1

2

where is the ahler form of . In [25, 26|, it was observed using that
the one form



is the , ,of the ermitian manifold as de ned in (2.6). Thus we have
that
2

ince the ee form is , is areal functionon , isa
hermitian manifold. Therefore we nd that supersymmetric compacti cations of
type II strings for which and hol( ) () are associated with manifolds
which have the following properties

( ) is a compact, conformally balanced, strong T manifold whose
T connection  has holonomy which is a subgroup ().

n important property of the above manifolds is that they admit a non vanishing
holomorphic (n, ) form [2 |. To be precise, we have the following

et ( ) be a conformally balanced T manifold with hol( )
(), then  admits a holomorphic (n, ) form.
To prove this, since hol( ) ( ), thereis a parallel (n, ) form . ince
is conformally balanced, then the ee form can be written as 2 for some
function on . Then the (n, ) form is holomorphic. e can easily

demonstrate this by computing using the fact that is parallel and 2

This concludes the description of the geometry of the manifolds  that arise
in the compacti cations which have been investigated in this section. In the ne t
section we shall address the question whether such manifolds can e ist.

6. ON OR NC D NI O D IT hol( ) ()

To nd whether compact, conformally balanced, strong T manifold with hol( )
() can e ist, we de ne the holomorphic aplace operator on a function as

() 2

and observe that it can be rewritten as

()

where is the standard aplace operator. The main result shown in
[25, 26] is the following

et ( ) be a compact, strong, conformally balanced, T manifold
with hol( ) ( ), then isa alabi au manifold.

This corrects a misprint in 2 .



To show this, assume that ( ) in non ahler. From the assumptions of the
theorem and the results of the previous section, admits a holomorphic (n, ) form

et -, where is the norm with respect to the metric . Then
1 1
() 3 5

n the other hand using the holomorphicity of , we nd that

() 2

where is de ned in (2.3), section two. e t observe that
2 (6.22)

and so for a T but non ahler manifold. This follows from the (2.5) and
the assumptions of the theorem which imply that because hol( ) ()
and because is strong T manifold.

ince and , () . From the opf ma imum principle follows
that either or . ince , it follows that , ie the torsion of
the hern connection vanishes and is ahler, so is a alabi au manifold.

ne could reach the same conclusion from (6.22) using a odaira vanishing
theorem. The above result can also be derived under somewhat weaker assumptions
[25,26]. owever the proof is more involved. bserve that if the manifold  is
T, then it is not necessarily the case that because in (2.5). This implies
that compact, weak, conformally balanced, T manifold with hol( ) () can
e ist. For some more vanishing theorems on hermitian manifolds see [27].

n application of the above result [25] to type II string theory is the following

The only smooth supersymmetric compacti cations of common sector of
type II strings with hol( ) (n) are the alabi au compacti cations
of [3 ] for which and the dilaton is constant.

In other words that are no such warped compacti cations of the common sector of
type 1I string theory. In the case of heterotic string though, it may be possible to

nd compacti cations with because due to the anomaly cancellation.
Therefore the relevant compact manifolds are weak T and as we have mentioned
such smooth manifolds can e ist.

6.1. A KT hol( ) (3) The
assumption that  is compact in the theorem of the previous section is necessary.
This is because there are , strong, conformally balanced, T manifolds



( ) for which hol( ) ( ). uch an e ample was found in [31] and
interpreted in [32] as a gravitational dual of pure 1 supersymmetric ang ills
theory in four dimensions. The geometric interpretation of the II supergravity
solution below in terms of T geometry with hol( ) (3) was given in [33].

et - be a basis of left invariant one forms in . The T

geometry is

) 1
sin ) 1 ( )
1 1
O I S B GRS B ()
2
2
sinh (6:23)
where () are the usual angular coordinates on , 1is a radial coordinate and
is an integration constant. In addition
() ( )sin cos
and
2
sinh
coth 2 - (6.24)
sinh 2 4 '
The manifold associated with (6.23) is complete and admits a strong, conformally
balanced, T structure with hol( ) (3). The ahler form [33] is
1 .
5 ) () sin ( ) ( )
1 :
() 4 ) ) sin (6.25)
where
sinh4 4 1
2sinh 2
It would be of interest to construct other e amples of non compact, conformally
balanced, strong (smooth) T manifolds with hol( ) (3) because of the

applications that they might have in supersymmetric gauge theories.
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